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ABSTRACT

A partially ordered multiset or pomset is a generalization of a string in which the total
order has been relaxed to a partial order. Strings are often used as a model for sequential
computation; pomsets are a natural model for parallel and distributed computation.
By viewing pomsets as a generalization of strings, the question is raised whether concepts
from language theory can be generalized to pomsets. An important area in the theory of
languages is parsing theory. This paper develops the fundamentals of a parsing theory
for pomsets, called PLR parsing. It is based on the LR-parsing technique, which is the
most powerful deterministic parsing technique in language theory. The basic algorithm
in the class of PLR parsing algorithms, the PLR(0) algorithm is explained in detail.

Keywords: partial orders — partially ordered multisets — pomset languages — pomset
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1. Introduction

Gischer introduces partially ordered multisets or pomsets as follows®:

“Pomsets have been introduced as a model of concurrency. Since a
pomset is a string in which the total order has been relaxed to be a

partial order, in this paper we view them as a generalization of strings,

The motivation for writing this paper could not have been formulated in a
better way. As explained below, the research presented here originated from a
problem in analyzing parallel and distributed programs. However, the presentation
in this paper is mostly in a language-theoretical context. The reason being that
we believe that one should first develop a correct theory, before trying to use it
in actual applications. Thus, theoretical issues are separated from details that are
only important in the context of some application.

The theory of strings and their languages has been investigated in great detail
(see Ref. [11] among others). An important area of research has been the identifica-
tion of meaningful classes of languages, such as regular and context free languages,



ways to describe these classes of languages, such as regular expressions and gram-
mars, and recognizers for these languages, such as automata and parsers. This
paper generalizes some of these concepts from language theory to pomsets.

The main objective of this paper is to develop a parsing technique for pomsets.
First, some basic definitions from pomset theory are summarized. The notion of
pomset languages is introduced. Concatenation, choice, and Kleene star known
from language theory are generalized to pomsets, and two concurrency operators
are defined. These operators are used to extend regular expressions to so-called
concurrent regular expressions. Concurrent regular expressions determine an im-
portant class of pomset languages called the regular pomset languages. Second, the
notion of context-free grammars is generalized to contexi-free pomset grammars,
or CFPGs. CFPGs determine another class of pomset languages, the contezt-free
pomset languages. The generality of CFPGs, however, prohibits a straightforward
adaptation of existing parsing techniques. Hence, the notion of simple CFPGs, or
SCFPGs, is introduced. The class of languages generated by SCFPGs is strictly
smaller than the class of context-free pomset languages, but strictly larger than the
regular pomset languages. The format of the production rules of an SCFPG is such
that it is relatively straightforward to generalize LR parsing to pomset LR parsing,
or PLR parsing. The main part of this paper consists of describing the PLR pars-
ing technique and formalizing the most basic algorithm in the class of PLR-parsing
algorithms, namely the PLR(0) algorithm.

The motivation for the research presented in this paper comes from the area
of analyzing and debugging distributed and parallel programs. A lot of research
effort in this area is put into the analysis of causal relationships between events in
distributed computations. Researchers in this area generally adopt the partial-order
model of parallel and distributed computations introduced by Lamport.!® A typical
question asked when analyzing the causality structure of a computation is whether
some causal pattern, often called a behavioral pattern, occurs in the computation.
Such behavioral patterns can be accurately described by pomsets. So algorithms
for recognizing pomsets can be used to recognize occurrences of behavioral patterns
in a distributed computation.

The automata-theoretic approach to recognizing behavioral patterns has already
been investigated in some detail.” Unfortunately, the resulting formalism is fairly
complex and suffers from some serious drawbacks (see Ref. [2, Section 4.0] for more
details). Surprisingly, parsing techniques have not yet been investigated. Hence,
this paper introduces a parsing technique for pomsets. This technique i1s not meant
to be a ready-made solution to the problem of detecting behavioral patterns in dis-
tributed computations. It is an extension to and a generalization of language theory.
It remains for future work to apply this technique to the analysis of distributed pro-
grams. Some of the issues that still need to be addressed can be found in Ref. [2,
Section 4.5]. In the remainder, some small examples are given to illustrate the use
of the concepts of this paper in analyzing causality in distributed computations. For
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the interested reader, a paper by Schwarz and Mattern'® contains a good survey of

recent results on this topic.



This section ends with a brief overview of the literature on pomsets. A for-
mal definition of pomsets and pomset languages appears as early as the work of
Winkowski'®1% and Grabowski.® Both authors introduce pomsets as an algebraic
characterization of non-sequential processes. Their main interest is the relationship
between pomset languages and Petri nets. The notion of pomsets was introduced
independently by Pratt.'? Pratt is mainly interested in the axiomatizability and
decidability of the equational theory of pomsets. Gischer addresses the issue of the
axiomatizability of pomset languages and string languages extended with an inter-
leaving, or shuffle, operator.*® Finally, Pratt investigates the use of pomsets and
pomset languages as a formalism for specifying parallel and distributed systems.3

The remainder of this paper is organized as follows. Section 2 gives a definition of
pomsets, pomset languages, concurrent regular expressions, CFPGs; and SCFPGs.
Section 3 gives an informal description of the PL R-parsing process. In Section 4, the
basic algorithm in the class of PLR-parsing algorithms, the PLR(0) algorithm, is
formalized. Section b summarizes the results and discusses some open problems and
directions for future work. Finally, Appendix A presents a correctness argument for

the PLR(0) algorithm.

2. Pomset-Language Theory

This section gives an introduction to the fundamentals of pomsets and their
languages. The theory is developed analogously to the theory of string languages.
Section 2.1 gives a definition of pomsets, pomset languages, and the class of reg-
ular pomset languages. Most of this subsection is based on work of Gischer®?
and Pratt.' Section 2.2 defines the notions of context-free pomset grammars and
context-free pomset languages.

An initial remark is in order. The theory of pomset languages is still in an early
stage of its development. This means that the terminology is not yet well estab-
lished. The terminology used in this paper might differ from what other authors
use. However, an attempt is made to develop a consistent and intuitively clear
terminology.

2.1. Regular Pomset Languages

Definition 2.1. (Ilpo and pomset) A 4-tuple (V,X, < pu) is a labeled partial
order, or Ipo, if and only if (V, <) is a partial order and pu, the labeling function, is
a mapping from the vertex set V to alphabet 3.

Two labeled partial orders My = (Vy, %, <o, pto) and My = (W1, X, <y, 1) are
said to be isomorphic if and only if there is a bijective function 7 : Vy <— V; that
preserves ordering and labeling. That is, for any u,v € Vp, u <gv & 17u <y TV
and p1.(r.u) = po.u. A partially ordered multiset or pomset is the isomorphism
class of some labeled partial order. Square brackets are used to denote pomsets.
For example, [Vo, X, <o, po] is the pomset corresponding to My.

The set of all finite pomsets over alphabet X is denoted ¥i. This corresponds to
the notation used by Pratt.!® (In his work i is a closure operator similar to the



Kleene star in language theory.) The vertex set of some labeled partial order or
pomset M | is denoted Vs unless it is explicitly defined otherwise. The same naming
convention is used for the alphabet, the ordering relation, and the labeling function.
The notation ¢ is used to denote the special pomset [¢, X, ¢, ¢], for any alphabet X.
Note that this corresponds to the notation traditionally used for the empty string.
The notation u4 is used to denote the unit pomset [{x}, X, {(z, 2)}, {(x, A)}], for
any A in some X.

Definition 2.2. (Pomset language) A pomset language over X is a set of pomsets
over X.

Note that, since every string is also a pomset, every string language is also a pomset
language.

In order to construct new pomsets from other pomsets and, subsequently, new
pomset languages from other pomset languages, the following two operators on
pomsets are introduced. The first one is sequential composition. This is a general-
ization of concatenation on strings. Two pomsets are joined such that every vertex
of the first one precedes every vertex of the second. The second operator is concur-
rent composition. Two pomsets are joined without adding any order constraints.
An example of these two operators is shown in Figure 1.

Definition 2.3. (Sequential and concurrent composition) Let My = [Vi, Zo,
<o, po] and My = [Vi, 21, <y, p1] be pomsets. Without loss of generality, it is
assumed that V5 and V; are disjoint. Pomset My = [Va, Xa, <o, po] is the sequential
composition of My and M;, denoted My; My, if and only if V5 = Vo U Vi, ¥o =
YUY, <o =<g U< UV x Vi, and ps = g U py. Pomset My 1s the concurrent
composition of My and M, denoted My& My, if and only if Vo = Vo UV, Xy =
Eo UEl, Sz :SO U Sla and Mo = Ko U/,Ll.

Fig. 1. Sequential and concurrent composition of pomsets.

If no misunderstanding is possible, sequential composition is not explicitly written.
The two operators defined above yield an important class of pomsets, called
series-parallel pomsets. Gischer® defines this class as the smallest set of pomsets
that contains the empty pomset € and all unit pomsets, and is closed under the two
composition operators.
The two composition operators defined on pomsets can easily be translated
to equivalent operators on pomset languages. The same symbols are used as for



pomsets. In addition, three new operators on pomset languages are introduced.
Choice is defined as the union of two languages. Two closure operators are defined,
one for sequential composition and one for concurrent composition.

Definition 2.4. (Composition, choice, and closure of pomset languages)
Let L, Ly, and L; be pomset languages over alphabet X. Sequential composition
Lo; Ly = {MoMy, | My € Lo A My € Li}; concurrent composition Lo&L; =
{Mo&M, | My € Lo A My € Li}; choice Lo + Ly = Lo U Ly; sequential closure
L*={e,L,LL,LLL,...}; concurrent closure Lt = {¢, L, L& L, L& L& L, ... }.

In the following, the unary operators have the strongest binding, followed by ;, &,
and +.

The set of operators on pomset languages defined so far is sufficient to generalize
the notion of regular expressions to concurrent reqular expressions.

Definition 2.5. (Concurrent regular expressions) The syntax of concurrent
regular expressions over an alphabet X is defined as follows:

a = g|A|laa|aka|atala*|af,
where A is some label in X.

As in language theory, where each regular expression defines a unique language,
every concurrent regular expression defines a unique pomset language. The mapping
from concurrent regular expressions to pomset languages is straightforward and,
therefore, omitted.

A A
ONF
2¢ N3
A A

Fig. 2. Graphical representation of the pomset N.

The class of pomset languages defined by concurrent regular expressions is called
the class of regular pomset languages. This class is a strict superset of the class
of regular string languages. Note that by definition, a regular pomset language
only contains series-parallel pomsets. The consequences for the expressive power
of concurrent regular expressions can be best explained by means of the following
pomset, which was first defined by Grabowski® and Gischer.? Define N as the pomset
[N, {4}, <N, un], where Vv = {0, 1, 2,3}, <x is the reflexive and transitive closure
of {(0,2),(0,3),(1,3)}, and px.v = A, for all v € V. This pomset gets its name
from its shape that resembles an uppercase “N” (see Figure 2). A pomset is said to
be N-free if and only if it does not have N as a subpomset (possibly after relabeling).
It can be used to prove the following theorem. The proof is fairly elaborate and
is, therefore, omitted. It can be found in Refs. [4,5]. A similar result is proven in
Ref. [6].

Theorem 2.6. A finite pomset is series-parallel if and only if it is N-free.

Theorem 2.6 implies that a regular pomset language can only contain pomsets that
are N-free.



Example 2.7. This section ends with a very simple application of the concepts
developed in this section to the analysis of a distributed computation. Consider the
following computation which shows a simple remote procedure call (RPC).

Py P

Call

RRet 5¢C

The computation consists of two processes Py and Py, and seven events, uniquely
identified by the natural numbers zero to six. Events are instantiations of actions.
Event 0, for example, is an instantiation of action Call denoting a procedure call to
(remote) process Pi. The other actions have the following meaning: C' denotes a
local computation; RCall stands for receive call; Ret means return call and, finally,
RRet is an abbreviation for receive return. It is not difficult to see that the above
pattern of a remote procedure call can be described by the concurrent regular ex-
pression: (Call&C); RCall; C'; Ret; (RRet&C'). Note that, despite the asynchronous
communication, the computation is N-free.

In this example, the concurrent regular expression describes the entire compu-
tation. However, in general, we want to use concurrent regular expressions as a
specification language for certain interesting behavioral patterns that may or may
not occur in a computation. An occurrence of such a patterns simply is a subpomsets
of the entire computation.

2.2. Context-Free Pomset Languages

In this subsection, some relevant definitions concerning context-free grammars
are generalized to pomsets. First, the notion of vertex substitution on pomsets is
defined. Vertex substitution is necessary to generalize the concept of a derivation
to pomset grammars.

Definition 2.8. (Vertex substitution on pomsets®!3) Let M = [V, %, <, u] be
a pomset. A vertexr substitution is a function f that maps vertices of M to pomsets.
Without loss of generality, it is assumed that for every distinct vg,v; in V, the
sets Vi., and V., are mutually disjoint. Pomset M[f] is defined as the pomset
Vi, Zp, <p,pp], where Vi = (Uv : v € V1 Vi), Bp = (Uv : v € V1 Xy,
<= (UviveVi<sy) U (Uug,vr tvo,v1 €V A vg < 11 0 Vig, X Vi), and
pr=Uv:v eV :pus,).

An example of a vertex substitution is shown in Figure 3. For any pomset [V, X,

<, p], vertex v € V, and pomset M, the vertex substitution v := M is the substi-
tution that assigns M to v and leaves all other vertices in V' unchanged. Vertex
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Fig. 3. An example of vertex substitution.

substitution generalizes the process of replacing a non-terminal by a string accord-
ing to a production rule in a derivation based on a string grammar. The following
definition defines context-free pomset grammars.

Definition 2.9. (Context-free pomset grammar, CFPG) A context-free pom-
set grammar is a 4-tuple G = (N, 7,R,8), where A is a finite, non-empty set of
non-terminals, T is a finite, non-empty set of ferminals such that A" and 7 are
disjoint, S € A is the start symbol, and R C N x Vi, where V denotes the union
of N and 7, is the set of production rules.

The difference between CFPGs and CFGs is that a production rule of a CFPG
produces pomsets and a production rule of a CFG produces strings. Since a string
is also a pomset, CFPGs are a true generalization of CFGs. A production rule
(T, M) of a pomset grammar is written T'— M. Obviously, it is possible to give
a graphical representation of a pomset grammar. A simple example of a pomset
grammar is given in Example 2.10. Throughout the remainder of this paper, this
grammar will be used as a running example.

Example 2.10. Consider the CFPG G, = (N, 7., R.,S.) where N, = {S., T, U},
T.={A,B},and R, = {S. = TU &T,T — A,U — B}. The production rules can
be represented graphically as follows. The left-hand and right-hand sides of each
production rule consist of the graph of the corresponding pomset.

Se . To—».U T
(] T ) °

— A.,and U, — B,

Pomset grammars generate pomset languages.

Definition 2.11. (Pomset language generated by a CFPG) For CFPG G =
(N,7,R,8) the binary relation on Vi? produces in one step, denoted =, is de-
fined as follows. Let My = [V, V, <o, po] and M; be pomsets in Vi.

My=M < @o,M:veWy A ppv —MeR: My = Mylv:= M]).
The reflexive, transitive closure of = is denoted ==. The pomset language gen-
erated by pomset My in Vi, denoted £.My, is defined as follows:

L.My={M €T} | My== M}

The pomset language generated by grammar G, denoted £.G, is defined as the pom-
set language generated by the unit pomset labeled with the start symbol 8, i.e.,
EQ = [,.US.



The class of pomset languages generated by CFPGs is called the class of context-free
pomset languages. It is strictly larger than the class of regular pomset languages.
This result follows from two theorems at the end of this section, where a third
class of pomset languages is defined that is strictly larger than the regular pomset
languages, but strictly smaller than the context-free pomset languages.

For a pomset M in the pomset language defined by some CFPG, a sequence of
steps resulting in M is called a derivation for M.
Example 2.12. Consider the CFPG G, as defined in Example 2.10. It is easy to
verify that G, generates the pomset language {AB&A}. A possible derivation for
the pomset AB& A is as follows. On the right, the derivation is shown graphically.

S.
S. ="
= {S. —TU&T} T, .JU
TU&T T,
= {U—B} —
TB&T T _.B
= {T—-4} T.
TB&A -
— { T— A } T-—».B
AB&A A,
—
A B
A

In general, there are many possible derivations for a pomset. In the derivation
given above, for example, the last three steps can be done in any order. This
means that there are six possible derivations for the pomset AB&A. However,
these derivations are not essentially different. Derivations for the same pomset that
are not essentially different can be depicted in a so-called pomset derivation tree or
pomset parse tree. Pomset parse trees are the generalization of parse trees in the
theory of string languages.

Example 2.13. Consider again the CFPG G.. The pomset parse tree for the
pomset AB& A is as follows.

8.,
1
/ \\
/ \
\
T/ LU
) S N
T |

The next definition gives two types of derivations that are of particular interest in
the context of parsing.



Definition 2.14. (Leftmost and rightmost derivation) Let § = (N, 7,R,S)
be a CFPG. Consider a step Mg = M; of some derivation. Assume that My =
[Vo,V, <o, po] and that My = My[v := M], for some v € V and some M € Vi. The
derivation step is leftmost if and only if (V vp: vg € Vi Awvg < v : pigvg € T). Tt
is rightmost if and only if (Y vy : vg € Vo Av < wg : pg.vg € 7). A derivation is
called leftmost (rightmost) if and only if every step is leftmost (rightmost).

A derivation is leftmost (rightmost) if and only if in each step a vertex labeled with a
non-terminal is substituted such that all predecessors (successors) of this vertex are
labeled with terminals. This is the natural generalization of leftmost and rightmost
derivations known from CFGs. Obviously, for context-free pomset grammars, there
exist leftmost and rightmost derivations for every pomset generated by some pomset
grammar. The derivation in Example 2.12 is a rightmost derivation. Leftmost and
rightmost derivations in the theory of string languages are the basis for two well-
known parsing techniques called LL parsing and LR parsing respectively. For any
string in a language generated by an (unambiguous) CFG, there always exists a
unique leftmost and a unique rightmost derivation. LIL-parsing algorithms try to
reconstruct the leftmost derivation. LR-parsing algorithms try to reconstruct the
rightmost derivation. Due to the concurrency introduced in CFPGs, a leftmost
or rightmost derivation for some pomset is not necessarily unique. Steps two and
three of the derivation given in Example 2.12 can be reversed without violating
the rightmost property. Interchanging the last two steps yields another rightmost
derivation.

So far, it has been straightforward to generalize several well-known concepts
from language theory to pomset theory. However, since the production rules of
CFPGs are allowed to have arbitrary pomsets as their right-hand side, it is difficult
to adapt existing parsing algorithms for CFPGs. Therefore, the class of CFPGs is
restricted to the subclass of simple CFPGs. The right-hand side of a production
rule of an SCFPG consists of two concurrent strings. Since the right-hand side of
a production rule of a context-free string grammar consists of a single string, it is
possible to adapt existing parsing algorithms.

Definition 2.15. (Simple context-free pomset grammar, SCFPG) A CFPG
(N, 7,R,8) is simple if and only if R C N x (V*&V*).

Note that ordinary string grammars are also SCFPGs. A pomset language that
is generated by an SCFPG is called a simple context-free pomset language. The
pomset grammar of our running example, G, is clearly an SCFPG. The next two
theorems show that the class of simple context-free pomset languages i1s a non-trivial
and meaningful class of pomset languages.

Theorem 2.16. The class of regular pomset languages is a strict subset of the class
of simple context-free pomset languages.

Proof. First, it is shown that every regular pomset language is generated by some
SCFPG. The proof is by induction on the structure of concurrent regular expres-
sions. Let 3 be an arbitrary alphabet; let & and 5 be two regular pomset languages

over X generated by SCFPGs Gy = (N, X, Ro, So) and G = (N1, X, Ry, S1) respec-



tively. Without loss of generality, it may be assumed that Aj and A are disjoint.
Let 8 be a new non-terminal.
The empty language: The SCFPG ({S},X,9,S) clearly generates the language .
Single label languages: For any A in X, the regular pomset language A is generated
by the SCFPG ({S},{4},{S — 4}, S).
Sequential composition: Pomset language a3 1s generated by the SCFPG
(No UNl U {S}, E,Ro URl U {S — 8081},8).
Concurrent composition: Pomset language a& 3 is generated by the SCFPG
(No UNl U {S}, E,Ro URl U {S — So &81},8)
Choice: Pomset language «a + f is generated by the SCFPG
(No UNl U {S}, E,Ro URl U {S — SQ,S — 81},8)
Sequential closure: Pomset language o is generated by the SCFPG
(N U{SHLE, RoU{S — 2,8 — 88}, 8).
Concurrent closure: Pomset language af is generated by the SCFPG
(NMU{SHEZ, RoU{S —¢,8 — 8 &8}, 8).
Second, it must be shown that there are simple context-free pomset languages that
are not regular. It is not hard to see that each non-regular string language that is
generated by some context-free string grammar, which is an SCFPG, is a simple
context-free but non-regular pomset language. ad
Theorem 2.17. A context-free pomset language is simple if and only if all its
elements are N-free.

Proof. First, assume a context-free pomset language is simple. This implies that
it is generated by some SCFPG. It follows immediately from the format of the
production rules of an SCFPG that the pomset language only contains series-parallel
pomsets. Hence, it follows from Theorem 2.6 that all the pomsets in the language
are N-free.

Second, assume that G is a CFPG that generates a pomset language which has
only N-free elements. Consequently, we may assume that the right-hand sides of all
production rules are N-free. (An N can appear in the right-hand side of a production
rule, only if the production rule is never used in a derivation leading to an accepted
pomset or if one of its four vertices is labeled with a non-terminal generating only
the empty pomset. In both cases, it is straightforward to change the production
rules of G such that they become N-free.) As a result of Theorem 2.6, this means
that all right-hand sides of the production rules are series-parallel. Therefore, it is
possible to transform G into an SCFPG that generates the same pomset language
as follows. A production rule R of G may be of any of four forms. If R 1s of the
form 7' — ¢ or T'— u4, for some terminal or non-terminal A, then R already has
the format of a production rule of an SCFPG. If R is of the form T — MyMy,
where My and M are arbitrary (series-parallel) pomsets, and R is not yet in the
desired format, then R can be transformed by introducing two new non-terminals
Ty and Ty and replacing R by T — TyT1, Ty — My, and Ty — M;. Of course,
the last two production rules may need to be transformed into the desired format
themselves before the result is an SCFPG. If R is of the form 7" — Mg & M, then
the transformation goes along the same lines. ad
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Example 2.18. Consider again Example 2.7. The regular pomset language con-
taining the pattern of a remote procedure call can easily be described by an SCFPG.
Such an SCFPG can be constructed from the concurrent regular expression in Exam-
ple 2.7 by following the construction in the proof of Theorem 2.16. This construction
1s useful for the automatic recognition of occurrences of behavioral patterns speci-
fied by concurrent regular expressions. However, it yields in general unnecessarily
complex grammars. Therefore, we do not follow this construction in this example.
It is not difficult to see that the following SCFPG generates the pattern of an RPC:
({8, T,U,V},{C, Call, RCall, Ret, RRet}, R, S),
where

R={S—-T,U;V, T — Call& C,U — RCall;C; Rel,V — RRet & C}.

3. An Introduction to PLR Parsing

In the area of compiler design, many parsing algorithms have been developed.
Well-known algorithms are those based on the LL- and LR-parsing techniques.!3
LR parsers are the most powerful and most general class of deterministic parsing
algorithms. Therefore, it seems worthwhile investigating whether this technique can
be generalized to (simple context-free) pomset languages.

LR parsing was first introduced by Knuth in 1965.° The name is derived from
the fact that LR parsers scan the input from left to right and in doing so, try to
reconstruct a rightmost derivation in reversed order. This section gives an intro-
duction to PLR parsing. It shows that the basic operation is similar to the working
of LR algorithms. In the next subsection, a suitable format of the input to PLR-
parsing algorithms is discussed. In Section 3.2, the PL R-parsing process is described
informally. In Section 4, this process is formalized.

3.1. The Input Format

Essentially, a pomset is a partial order plus a labeling function. A partial order
can be represented by a set of pairs, consisting of a vertex and its immediate pre-
decessors. Therefore, a pomset can be represented by a set of triples consisting of a
vertex, its label, and its immediate predecessors. An example is given in Figure 4.

Aqa ABC&B
BLO BJby Representation:

{ (¢,A,a)({a},B,bo)(¢,B,b1)({b0},C, C)
Cec

Fig. 4. A simple representation of pomsets.

A pomset represented by a list of triples can be read easily by parsing algorithms.
However, two more conditions must be satisfied. First, it must be guaranteed that
before reading a triple, the algorithm has already read all the vertices in the set of
predecessors. Second, the algorithm must be able to detect the end of the input.
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To fulfill the first condition, the order in which the triples are read must be such
that the total ordering imposed on the vertices is a linearization of the pomset.
Definition 3.1. (Linearization of poset, lpo, and pomset) Let (V, <) be a
poset. The pair (V, <) is a linearization of (V, <) if and only if, for any u,v € V|
u<v = u<;vand < is a total ordering of V. Let M = (V, X, <, ) be an Ipo.
The Ipo (V, X, <4, p) is a linearization of M if and only if (V, <) is a linearization
of (V, <). The definition for pomsets is analogous to the one for Ipos.

The second condition can be fulfilled by adding a special end marker to the input.
Let M be the pomset to be recognized and let # be a label not in Xa;. The
input to a PLR-parsing algorithm is a sequence representing the pomset M # that
satisfies the first condition. The end of such a sequence is marked by a special triple
(Maxv. M, #,4), where #, labeled with #, is a new vertex not in V3y and where
the function Maxv is defined as follows.
Definition 3.2. (Maximal vertices of a pomset) The function Maxv yields the
vertices of a pomset without any successors.

Maxv.M ={vg € Vag | (Y v1: v1 € Var : vg £ v1)},
for any pomset M.

Example 3.3. Assume we wish to determine whether the pomset AB& A belongs
to the pomset language generated by G., the SCFPG of Example 2.10. The input to
the recognition algorithm is a representation of the pomset (AB&A)#. The order
in which the representation is read can be any of the three possibilities below.

A ap
[ Possible Inputs:
B

b A aq (Q),A,al)(c),A,ao)({ao},B,b)({al,b},#,#)
/ (8, A, a0)(9, A, a1)({ao}, B,b)({a1, b}, #, #)
.y £ (¢’A’ao)({ao]”B’b)(¢’A’a1)({a1’b}’#’#)

3.2. An Informal Description of the PLR-Parsing Process

Just like LR-parsing algorithms, a PLR-parsing algorithm reads input from left
to right. In the previous subsection, a special end marker was introduced to mark
the end of the input sequence. A pomset grammar has to be adapted accordingly,
before it can be used by a PLR-parsing algorithm.

Definition 3.4. (Augmented pomset grammar) If § = (N, 7,R,S) is a pom-
set grammar, then the corresponding augmented pomset grammar G’ = (N, 7', R/,

&) is the pomset grammar (N U {8}, 7 U{#}, RU{S — S#}, 8.

Note that this definition 1s the same as for ordinary grammars. Obviously, some
pomset M is an element of the pomset language generated by G if and only if the
pomset M# is an element of the pomset language generated by the augmented
pomset grammar G'. An augmented grammar has the advantage that there is a
unique production rule with the start symbol as the left-hand side.

In order to improve understanding of the operation of PLR algorithms, it is
useful to make a comparison with LR-parsing algorithms. L R-parsing algorithms are
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so-called bottom-up parsers. That is, an LR-parsing algorithm tries to reconstruct
a rightmost derivation in reversed order and, doing so, it essentially builds a parse
tree starting from the leaves and working its way up to the root. If the algorithm
succeeds, the input is recognized. Otherwise, the algorithm either could not make
a decision or recognized an error.

A PLR algorithm is also a bottom-up parser. It also tries to reconstruct a
rightmost derivation. During the process a pomset parse tree is constructed starting
from the leaves. Again, only if the tree can be constructed all the way up to the
root, is an input recognized successfully.

LR parsers are members of the family of Shift-Reduce parsers. Shift-Reduce
parsers essentially work as follows. A stack contains (terminal and non-terminal)
symbols that have already been parsed. Input symbols are read and shifted onto the
stack until the right-hand side of some production rule is matched. Then, the parser
executes a reduce action. The symbols that match the right-hand side are removed
from the stack and the left-hand side of the production rule, which 1s the parent
node in the parse tree, is pushed on top of the stack so that it can be used for future
reduce actions. Every reduce action corresponds to a step in a rightmost derivation
for the input. If the input is read completely and the stack contains only the
start symbol, then the input is recognized successfully. This essentially describes
the operation of any Shifi-Reduce parser. The details vary for every member of
the Shift-Reduce family. The stack usually contains some encoding of the symbols
already parsed instead of the symbols themselves. Furthermore, every Shift- Reduce
parser has a different way of determining what the next parse action should be.

The PLR(0)-parsing algorithm introduced in the next section is also a Shift-
Reduce parser. The following example is a visualization of the PL R-parsing process.

Example 3.5. The augmented SCFPG G/ is the pomset grammar (N, 7/, R, S.)
where N! = {8, 8., T,U}, T = {A,B,#}, and R, = {8, — 8. #,S. - TU&T,
T — A, U — B}. The only element of the pomset language generated by G is the
pomset (AB&A)#. One of its derivations and its pomset parse tree are as follows.

R S
S@ o—».# / \
/ \
T U / \
T># Se )(—’\#
fr— T
' é"# AN
T \
fr— T?/—‘_;?U
T B \ T \? !
L # !
A \
e REEN

A
7%*#
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Note that the derivation above is one of three different rightmost derivations
for the pomset (AB& A)#. Every rightmost derivation corresponds to exactly one
of the three inputs given in Example 3.3. A PLR-parsing algorithm for G. that
gets the second input reconstructs the derivation above in reversed order as follows.
It is easy to see that the particular linearization of the input pomset determines
which rightmost derivation is reconstructed. The steps in the derivation below are
numbered for future reference. Note that a is used to denote the singleton {a}.

(¢’A’ao)(¢’A’al)(ao’B’b)({al’b}’#’#)
— {(v): T—A}

(¢’T’ ao)(¢’A’al)(ao’B’b)({al’b}’#’#)
— {(iv): T—A}

(¢’T’ ao)(¢’T’al)(ao’B’b)({al’b}’#’#)
— {(iy U—B}

(¢’T’ ao)(¢’T’a1)(a0’ U, b)({al’b}’#’#)
= {(@G): S.—TU&T}

(¢aSea{alab})({alab}a#a#)
= {0 Si—=8#}

(9,50, #)

The meaning of the input triples in this derivation is clear. The triples with a non-
terminal as the second element can be interpreted as follows. The non-terminal is an
identifier of a pomset whose immediate predecessors are defined by the first element
of the triple and whose set of maximal vertices is the third element of the triple. If
a set of triples represents a pomset that matches the right-hand side of a production
rule, this set can be replaced by a single triple. Since the input is an unambiguous
representation of the pomset (AB& A)# and the derivation is rightmost, the process
outlined above is unique. The actual parsing process is depicted in Figure 5.

The process consists of nine steps, numbered (0) to (8). They should be read
from bottom to top. The state of the parsing process before and after every step is
described by the contents of the stack and the remainder of the input. The pictures
in the middle represent the stack contents. The sequences on the right are the
remainder of the input. Every time an input is read, 1t is shifted onto the stack.
That is, it 1s added to the figure in the middle. If the right-hand side of a production
rule is matched, a reduce action is executed. The matching symbols are removed
from the picture and replaced by a triple with the left-hand side of the production
rule as its second element and its first and third element as described above. This
depicts a reduce action. Every reduce action corresponds to a step in the derivation
above. The corresponding number is added in the leftmost column. If the whole
figure is compressed in the vertical direction, it strongly resembles the pomset parse
tree above.

This example concludes the introduction to the PLR-parsing process. In the next
section, the PLR(0) algorithm is introduced that essentially operates as explained
above.
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(6), ()

(5), (w2)

(¢a Sea {Cll, b}) o’—»\({ala b}a #a #)

(¢;Sea{a1’b})ﬂ\ ({ala
/ \\ \
/ LD
(0, T 00). a0, U,) (fas,
(0, T ar) ),
|
(¢’T’ aO) .(ClOaBab) ({al,
(¢a Ta Cll) .
(8,7, ao), (a0, B, b)({ax,
(¢a Ta al) ¢
|
(¢aTa Clo) : ag, B, b
. 0, D, {al’
(¢a Aa al) I. ( )(

(¢, A, al)(ao, B, b)({al,

(¢, A, al)(ao, B, b)({al,

(¢’ A, ao)(¢’ A, al)(ao’ B, b)({ala

Fig. 5. A visualization of the PLR-parsing process.
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4. PLR(0) Parsing

LR parsers can be characterized by the number of lookahead symbols used to
determine parsing actions. If an LR parser uses the next k& input symbols, it is called
an LR(k) parser. LR(0) is the simplest form of LR parsing. It does not use looka-
head symbols. It is the basis for all the other LR-parsing algorithms. Therefore, in
this section, LR(0) parsing is generalized to PLR(0) parsing which is the simplest
form of PLR parsing. In Section 4.1, the process described in the previous section
is formalized for simple context-free pomset languages and in case no lookahead
symbols are used. In Ref. [2, Appendix B], it is shown that the PLR(0) algorithm
correctly decides whether an input belongs to some simple context-free pomset lan-
guage. An outline of this proof is given in Appendix A. Section 4.2 investigates
some grammar constructs for which the PLR(0) algorithm cannot always make a
decision. As may be expected from results on LR(0) parsing, there are many such
constructs. Therefore, 1t must be studied how to incorporate lookahead information
into the theory of PLR parsing. In Section 4.2, we briefly return to this point.

4.1. The PLR(0)-Parsing Algorithm

In this subsection, it is assumed that G = (N, 7,R,S) is an SCFPG and that
M = [Var, T, <pr,up] is a pomset in Ti. Furthermore, let the sequence w' =
w(Maxv.M,#,#) be a representation of M# as defined in the previous section.
The notation Vj, is used to denote Var U {#}. Finally, the type input is defined as
2V T % Vi

PLR(0) parsing, like LR-parsing methods, is based on the idea of items. Ttems
encode information about the state of the parse. An item corresponds to a pro-
duction rule. Since we only consider SCFPGs, it is straightforward to extend the
notion of LR(0) items. A PLR(0) item divides each string in the right-hand side
of the corresponding production rule into two parts: one part that has been rec-
ognized already and one part still to be recognized. To keep track of predecessor
information, sets of vertices from the input are added. A more detailed explanation
is given below.
Definition 4.1. (PLR(0) item) The set of PLR(0) items, or items for short, is
defined as follows:

item ={(W,T,00,X,01,6,8,6) | T —op01 € R' N W, X C Vi } U

{(W,T, O'Q,X, O'l,To,Y, Tl) | T — 001 &ToTl & R/\(N/ X V/*) A
W, X, Y C Vi }.

Before any further explanation is given, some notation is introduced that will be
used throughout the remainder of this section. The following notational conventions
are used to denote elements of different types.

a,b,c :Vir  (vertices in the input),
W,X,Y,Z :2Vm (sets of vertices in the input),
U SN (non-terminals),

A, B, C 2T (terminals),

Vv SV (terminal or non-terminal),
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o, T vV (strings of terminals and non-terminals),
1,J : Qitem (sets of items),

LK : (2%™)*  (sequences of sets of items),

w input” (sequence of input triples).

Subscripts are used if the notation introduced above does not suffice. Note that
lowercase characters are used to denote vertices, uppercase characters are used to
denote sets, terminals, and non-terminals, and Greek characters to denote strings or
sequences. Another simplification that is used to improve readability is that a sin-
gleton is denoted by its single element. Finally, an item (W, T, 00, X, 01,7, Y, 1) is
written as W - T — o9 - X - 01 & 79 - Y - 7. Since concurrent composition is commu-
tative, items W -T — oo X o1 &Y -7 and W-T — 7Y -1 &op- X -0
are not distinguished. If 7y and 7 are both equal to ¢ and thus Y is empty, the
item is written as W -1 — o9 - X - 01.

Anitem W -T — o9+ X - 01 & 19 - Y - 7 provides information about the state of
a parse. The parts og and 19 are the parts that have been matched already. The
parts oy and 7 are the parts still to be matched. The vertex sets X and Y can be
interpreted as the immediate predecessors of ¢ and 7| respectively. An item can
be seen as a goal in the parsing process. The next symbol to be matched can be
either a terminal or a non-terminal.

If the next symbol to be matched is a terminal, it has to be matched by an
input. Thus the sets X and Y specify the possible sets of immediate predecessors
of an input triple. Such an item suggests that the next parsing action be a shift
action.

If the next symbol is a non-terminal, it must be matched by the recogni-
tion of a production rule. A production rule T' — o & 7 is recognized by an item
W-T—¢-X -&7-Y - . A goal is fulfilled. Such an item suggests that the next
action be a reduce. The set W can be interpreted as the set of immediate predeces-
sors of the non-terminal 7. The union of X and Y is the set of maximal vertices of
the pomset that matched the non-terminal 7'

If an item is of the format W -T — - W .o & - W -, it is said to predict the
production rule T'— o & 7. The set W specifies the set of immediate predecessors
for the non-terminal 7. The item expresses that, in order to recognize T with W as
its immediate predecessors, it is necessary to recognize both o and 7 with immediate
predecessors W.

Shift-Reduce parsers, and therefore also the PLR(0) algorithm, maintain a stack
to store (an encoding of) the state of the parse. The stack of the PLR(0)-parsing
algorithm contains sets of items. By construction, the top of the stack contains a
set from which all items can be derived that may be applicable at a given point
in the parse. For example, initially, the goal is to recognize the start symbol &'.
This means that besides the item ¢ -8 — -¢-S# also all items that predict a
production rule with left-hand side & may be applicable. The following function is
helpful in describing the state of a parse.

Definition 4.2. (PLR(0) closure) For any set of items I, the closure of I, denoted
by 1, is the smallest set of items that satisfies the following three conditions:
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(i) IcT,

(ii) UW-T—oy- X -Uosi&m-Y -1 €l and U — o € R, then
X U—  -X-0€l,

(i) W T —o0¢- X -Uo1&m-Y -mn€landU — o &€ R\(N' xV'7"), then
X U— -X-0& -X-Tel.

Using this definition, it is sufficient that the top of the stack contains a set of items
such that the closure of this set is the current state of the parse. Initially, the top
of the stack of a PLR(0) algorithm contains the singleton {¢ -8 — - ¢ -S#}. The
initial state is the set of items {g-S" — - o - S#}.

Example 4.3. The initial state of the PLR(0) algorithm for the SCFPG G, is the
set of items {Z., ¢-S. — -0 -TU& -¢-T, - T — -0 A}, where Z, is the initial
item ¢ - S, — -9 -S.#. The stack contains the singleton {Z.}.

As explained, the PLR(0) algorithm does not use lookahead symbols to determine
the next parse action; it only uses the top of the stack. If the state of a parse
contains an item recognizing a production, the parser executes a reduce action. If
the set of items contains items whose next symbol to match is a terminal, then the
next action is a shift action. The action function defines a set of possible actions
based on only the current state of the parse. A reduce action is defined by the
completed item that recognizes a production.

Definition 4.4. (PLR(0)-action function) Function Act : 217¢m — 2itemu{Shift}
is defined as follows:

ActI={W -T—o- X -&7-Y - |W-T—0-X-&7-YV-€I}U
{Shlﬂ | W-T—o0g- X Ao &Y -1y ET},
for any I C item. Note that in this definition, 7, 7, and 7, are allowed to be the
empty string. Thus, a case analysis as in Definitions 4.1 and 4.2 is not necessary.

Example 4.5. Since the initial state of the PLR(0) algorithm for the grammar G,
contains the item ¢ - 7' — - ¢ - A (see Example 4.3), the first action of the PLR(0)
algorithm is a shift.

If at any point during the parse the set of possible actions is empty, an error has
occurred; the input is not an element of the pomset language generated by the
SCFPG. If at any point during the parse there 1s more than one possible action,
the parser cannot decide what to do next. If more than one item recognizes a
production, it is said that a reduce-reduce conflict has occurred. If both a shift
and a reduce are possible actions, a shift-reduce conflict has occurred. A pomset
grammar is PLR(0) for an input pomset if and only if at any point during the parse
the next action is defined uniquely. The pomset grammar is PLR(0) if and only if
it is PLR(0) for any input.

The next step in the formalization of the PLR(0)-parsing process is to define the
so-called PLR(0)-goto relation, or simply goto relation, that determines the next
state of the parse. This state is uniquely determined by the current state, which
is a set of items, and a triple of type label, which is defined as 2¥™ x V' x Vs,
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An element of type label can be interpreted as a terminal or non-terminal with the
set of i1ts immediate predecessors and the set of its maximal vertices. It is either
an input triple, in case of a shift action, or a triple determined by a completed
item, in case of a reduce action. Note that every input triple determines a unique
element of type label. Type label contains the triples that are introduced informally
in the previous section. The goto relation describes the actual execution of a parse
action. It moves the matched symbol from the part of the item that still needs to
be matched to the part that has already been recognized.
Definition 4.6. (PLR(0)-goto relation) The ternary relation - < — - : 2i1em x
label x 21t¢™ ig defined as follows:

I<(X,V,Y)—=J

f=4

JI{W'T—>O'0V~Y~O'1&T0~Z~T1 |W~T—>O’0~X~VU’1&T0~Z~T1 ET},
for any I, J Citem and (X, V)Y) € label.

Example 4.7. If the first input read by the PLR(0)-parsing algorithm for the
SCFPG G. is the triple (g, 4, ap), then the next state of the parse is defined by
T.<(0, A ap) = {9-T — A-ag-}. The next state is the closure of the singleton
{g-T — A-ag -}, which is the singleton itself. At this point, the algorithm has
matched non-terminal 7. The next action is a reduce.

The parsing process visualized in Figure 5 can now be formalized by the following

relation which is defined on configurations. A configuration is a pair in (2¢7)* x

input®. Tt describes the state of the entire parsing process: the contents of the stack

and the remainder of the input.

Definition 4.8. The binary relation - - - on configurations is defined as follows:
(I, (Z,Aja)w)F (WIw) < Act.] = {Shift} N I<(Z,A,a)— J, and
(Ie,w)F (T w) & Ik =y AN Act.y={W - T—0o - X - &1V -} A

&l =lol+ 17l A TS(W,T,XUY)—J,
where the function | - | denotes the length of a string. The reflexive transitive
closure of t is denoted £ .

The relation b defines the next configuration of the parsing process for the two
cases of shift and reduce actions. In case of a reduce, the number of sets that must
be removed from the stack is determined by the number of symbols in the right-
hand side of the recognized production. This is not surprising, since every matched
symbol causes a change of the parse state which translates to a set of items on the
stack.

Only one issue remains. When is an input accepted by the PLR(0) algorithm?
That is, what is the pomset language recognized by the PLR(0) algorithm? An
input sequence is accepted by the algorithm if and only if, after reading all the
input, the production 8 — S# is recognized and thus the initial goal is fulfilled.
The pomset language recognized by the PLR(0) algorithm contains all the inputs
accepted. This can be easily formalized using the definition above. Let Zy be the
initial item ¢ - &’ — - @ - S#. Recall that M is a pomset represented by w and that
w' = w(Maxv. M, #, #).
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Definition 4.9. (Language recognized by a PLR(0) parser) The language
recognized by a PLR(0) parser for SCFPG G, denoted Lppr().G, is defined as
follows:

M€ LornnyG & (To,w)F (1) A Act.l = {o-8 — S#-#-}

Definition 4.9 completes the formalization of the PLR(0)-parsing process. The
following theorem states that an input is accepted by the PLR(0) algorithm if and
only if it is an element of the language generated by the SCFPG that is being used,
provided of course that the algorithm is able to make a decision. The complete proof
is fairly elaborate and can be found in Ref. [2, Appendix B]. As already mentioned,
an outline of the proof is given in Appendix A.

Theorem 4.10. Let G be an SCFPG and let M be a pomset such that G is PLR(0)
for M.

M e [,pLR(Q).g & MeLg.

Let us return to the example developed throughout this paper.

Example 4.11. Consider again the SCFPG G. = (N.,7.,R.,S.) where N, =
{8.,T,U}, T. = {A B}, and R. = {S. = TU&T, T — AU — B}. The parse
of the pomset AB& A proceeds as follows. It is the formalization of the graphical
representation in Figure 5. The numbers refer to the corresponding steps in this
figure. Let Z, be as before. The sets Iy, ..., I7 as well as their closures are given
below.

(Ie’ (¢’ A, ao)(¢’ A, al)(ao’ B, b)({al’ b}’ #, #))

= {(0): Act.Z, = {Shift} N I.<(9, A, ap) — Iy (see below) }
(Iefo, (¢’A’al)(ao’B’b)({al’b}’#’#))

= {(D),(v): Actly={o-T — A -ag- NIyl = |AIANT. &(0,T,a0) — I }
(Ie[l’ ( ’A’al)(ao’B’b)({al’b}’#’#))

F {(2) Act. I} = {Shlﬂ} A1 C}(¢,A, Cll) — I }
(1611[2, (ao,B,b)({al,b},#,#))
F {(3),(21)) Act. Iy I{¢ T —A-aq - }/\l[zl =|AIANL C}(¢,T, Clo) — I3 }
(1611[3, (ao,B,b)({al,b},#,#))
F {(4): Act. Iz = {Shift} A I3 <(ag, B,b) — I }
(ZelyI3ly, ({ai, b}, #,#))
F {(5),(222) Act. Iy I{ao -U—=B-b- }/\|I4| = |BIAI3 C}(GQ,U, b) — Iy }
(ZelyI31s, ({ai, b}, #,#))
F {(6),(4): Act.Is ={6-Se =TU -b- &T -a1 - A
| LIl = 1TUl + 1T AT, (9, Se, {a1,b}) — Is }
(Zels, ({a1,b}, 4, #))
= {(7): Act. s = {Shift} A Is < ({a1, b}, #, %) — I7 }
(T Is17, ©)

Since Act.I7 ={g- S, — S.# - # - }, the input is accepted ((8), (¢)).
Z.=7.U{-S.— ¢ TU& -6-T,0-T— -¢-A}
Ii=Ilh={¢-T— A a-}

L={¢-8—T ay-U& -¢-T, ¢6-8Sc — -0-TU&T -ap -}
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EI 11U{00~U—> 'ClQ'B, ¢-1T — ¢A}
L=L={¢T—A a -}

132{¢~S€—>T~GQ~U&T~01~, ¢~S€—>T~a1~U&T~a0~}
EI I3U{Clo~U—> 'ClQ'B, Cll~U—> 'Cll~B}
I4:E:{GOU—>BI)}

I {¢Se—>TUb&Ta1}

Is= {o S0 — 8- {a1,b}-#}
Ir=Ir={6 -8, — SH#-#-}

Tt is also possible to describe the PLR(0)-parsing algorithm in terms of an abstract

I
|5

programming language. The notation used here is based on the Guarded Command

Language.®
Algorithm 4.12. (PLR(0)-parsing algorithm)
proc PLR(0)Driver (| G : SCFPG; 1 plr0, error, accept : boolean)

4 Pre: The input sequence w’ is a representation of pomset M#.
Post: plr0 = —error = accept = M € Lprr(0)-9

=1[ (P, L,v): input
.5 stack of 2" p: IN
| s[0],p:=Zo,0
; plr0, error, accept := true, false, false
; Read (P, L, v)
;do plrO0 A —error A —accept
S if |Act.s[p]| > 1
S— LG isnot PLR(0) } plr0 := false
| Acts[p]=0
S—  dsyntax error B error := true
[ Act.s[p] = Shift
S— Shift(P,L,v)
; Read(P, L,v)
| Act.slpl=90-8 — S# - #-
S—  accept 1= true
[ Actslp]=W - T—0o - X - &7V A
Act.slpl o8 — S# - #-
S—  Reduce(W - T—o- X - &7V )
fi
od
1l

Algorithm 4.13. (Procedure Shift)

proc Shift (| (P,L,v): input)
4Pre: p=@Q
Post: p=Q+1 A slpel] (P, L,v) — sp]

:|[J Qitem
| J =9
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ifor W-T — o0 -P-Loy&my-Z -1 € s[p)
S J=JU{W - T—ool v &m-Z -7}

rof
fslpl &(P Lyv) — T F
pi=p+1

;slp] = J
1l

Algorithm 4.14. (Procedure Reduce)
proc Reduce (| X -U —o-Yy- &7 Y1 : item)
$Pre: p=Q A Q> lol + |71
Post:p=Q <lol <lrl+1 A spel]<(X,U, Yo UYT) — s[p]
+

:|[J Qitem
| p=pelol <lrl
i =0

for W- T —og- X -Usi&ro-7 -1 € s[p]
S J=JU{W - T—oU - YoUY, n&m-Z 71}

rof
Lslpl (X, U, Yy UY) — T
spi=p+1

;slpl =
1l

It might not be immediately clear that Algorithm 4.12 establishes its postcondition.
This is caused by the following two simplifications. First, in the fourth alternative
of the select statement, the requirement is omitted that all input has been read.
Second, in the fifth alternative it 1s not tested whether the precondition of procedure
Reduce is guaranteed. The validity of these two simplifications are intermediate
results of the proof of Theorem 4.10.

Usually, LR-parsing algorithms are implemented using a simple driver and two
tables, namely an action table and a goto table. Such a design is chosen because if
the grammar is changed, only these two tables need to be recalculated. However,
an implementation with tables requires that the action function and goto relation
can be calculated given only the grammar. Obviously, this is not possible for the
PLR(0)-action function and -goto relation. Knowledge of the input is required.
Therefore, it is necessary to calculate the action function and goto relation on the
fly. This is exactly what the procedures above do.

A final remark about the algorithm is in order. It follows from the construction
of the algorithm that it behaves like an ordinary LR(0) algorithm if the pomset
language produced by the pomset grammar G actually is a string language. It is a
true generalization of the LR(0)-parsing technique.

Example 4.15. Let us return one last time to our RPC example. We have al-
ready seen that behavioral patterns can be specified by means of concurrent regular
expressions. Following the construction of Theorem 2.16, a concurrent regular ex-
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pression can be transformed into an SCFPG which can be used by the PLR(0)
algorithm presented in this section. In this example, assume that we want to know
whether the computation of Example 2.7 satisfies the pattern of an RPC. We aug-
ment the SCFPG given in Example 2.18, yielding the following result:

(8,8, T,U,V} {C, Call, RCall, Ret, RRet, #}, R',S"),
where

R ={8 —=8;#,S—T;U;V,T — Call& C,U — RCall; C; Ret,

V — RRet & C}.

Assume the input to the parser is the following linearization of the example com-
putation:
(8, Call, 0)(9,C, 1)({0, 1}, RCall, 2)(2,C, 3)(3, Ret,4)(4, C,5)
(4, RRet,6)({5,6}, 4, #).
It is not difficult to verify that the input is accepted. Only the first few steps of the
parsing process are given in detail. The others are left to the reader to verify.

(Zo, (9, Call;0)(s,C, 1)({0,1}, RCall, 2)(2,C, 3)(3, Ret, 4)(4,C, )
(4, RRet,6)({5,6}, #, #))
F { Act.Ty = {Shift} A Iy <(o, Call,0) — I; (see below) }
(Toli, (9,C,1)({0,1}, RCall, 2)(2, C,3)(3, Ret, 4)(4, C,5)
(4, RRet, 6)({5,6}, #, %))
+ { Act.I; = {Shift} N I &(9,C,1)— 1, }
(Tohi 12, ({0,1}, RCall, 2)(2,C,3)(3, Ret,4)(4,C,5)(4, RRet, 6)({5,6}, 4, %))
+ {Actly={g-T— Call-0-&C-1-} A LIl = |Calll + [C| A
Zo (9, 1,{0,1}) — I3 }
(Tols, ({0,1}, RCall, 2)(2,C,3)(3, Ret,4)(4,C,5)(4, RRet, 6)({5,6}, #, #))
Foo{)
(101415, 6)
L={s-T—Call-0- & -0-C}
I, = {¢~T—> Call -0 - &C~1~}
Is={¢-8§—=T-{0,1}-U;V}
L={s-8 — 8 {5,6} #}
Is={0-8 = S;# #}

From I5 we may conclude that the input is indeed accepted.

As already mentioned, in general, one would like to recognize occurrences of
patterns in a distributed computation. That is, one must be able to recognize
subpomsets in the input stream representing a distributed computation. The gen-
eralization of the concepts presented in this paper to recognizing subpomsets is one
of the interesting topics for further research.

4.2. Some Constructs that are not PLR(0)

It follows from Theorem 4.10 that if the PLR(0) algorithm can decide whether
a pomset belongs to the pomset language generated by some pomset grammar,
then it decides correctly. The question thus arises when can the algorithm make a
decision. This section shows a few grammar constructs that are non-PLR(0).
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If the language generated by the pomset grammar is a string language, the
PLR(0) algorithm behaves like an LR(0) algorithm. Therefore, grammar constructs
that are not LR(0) for string grammars are also not PLR(0) for pomset grammars.
Example 4.16. Consider the SCFPG G = ({S},{A4,B},{S— A, S — AB},S).
Note that this SCFPG is also a CFG. It is easy to verify that this grammar generates
the string language A+ AB. It is well known that the non-determinism introduced
by the +-operator causes the grammar to be non-LR(0). Therefore, it is non- PLR(0)
as well. After recognizing a terminal A, the algorithm cannot decide whether it has
successfully recognized the input or whether it still has to match the B. A shift-
reduce conflict occurs. The only solution to this problem is to read the next input
before making a decision.

Another SCFPG that is non-PLR(0) is the pomset grammar G = ({S}, {A},
{8§ — 5,8 — AS},S). Tt generates the string language A*. Obviously, a shift-
reduce conflict occurs in the initial state of the parse. Again, the solution is to read
the next input before making the decision.

The previous example shows two constructs known from LR(0) parsing that are not
PLR(0). However, there is also a construct inherent to pomset grammars that is
not PLR(0).

Example 4.17. Consider the SCFPG G = ({S},{A},{S —¢,8§ — A&S},S). This
pomset grammar generates the language At. Assume the input is pomset A which,
obviously, is an element of Af. The parse of the augmented grammar G’ starts in
configuration (Zy, (9, A, a)(a, #, #)), where Ty is the initial item. The closure of Zg
isToU{e-S— -¢-,6-S— -9-A& -¢-8}. The next action is defined by Act.Zy
which is equal to {Shifi,¢-S — - -}. Again, a shift-reduce conflict occurs.

The examples given in this subsection show that many pomset-grammar constructs
are not PLR(0). Asfor LR parsing, introducing lookahead information in the theory
might solve the problems. However, due to the concurrency inherent to pomsets,
there are several ways to include lookahead information in PLR parsing. One pos-
sibility is to include lookahead information per item; another possibility i1s to add
lookahead information to each of the strings in the right-hand side of an item. The
first possibility is studied in Ref. [2, Section 4.4]. An algorithm using a single looka-
head symbol is proposed. Tt is a very straightforward combination of PLR(0) and
LR(1) parsing. However, it should be noted that correctness of the algorithm re-
mains to be shown. The algorithm solves some of the problems identified in this
subsection. It can handle the two languages given in Example 4.16. However, lan-
guage At of Example 4.17 still cannot be recognized successfully. Another pomset
language that cannot be recognized successfully is the language A& A*. These two
examples show that the addition of a single lookahead symbol to items as a whole
does not really help for pomset languages exhibiting concurrency between multiple
instances of the same terminal. This is an unfortunate conclusion because the main
motivation to develop PLR parsing is the possibility to recognize pomsets instead
of ordinary strings. For the language A, adding lookahead information to each
of the strings in the right-hand sides of items might be a solution; for A& A*, only
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adding at least one more lookahead symbol seems to help. A disadvantage of adding
lookahead information to each string in the right-hand side of an item is that it is
only feasible for SCFPGs. It complicates the generalization of PLR parsing to gen-
eral CFPGs. In order to generate pomset languages with pomsets containing an N,
the pomset N must be allowed in the right-hand side of production rules. For such
production rules, the only possibility seems to be to add lookahead information to
items as a whole. Summarizing, including lookahead information in PLR-parsing
theory remains an interesting challenge.

5. Conclusions and Open Problems

This paper introduces a parsing technique for partially ordered multisets, called
PLR parsing. The basic algorithm in the class of PLR-parsing algorithms, namely
the PLR(0) algorithm, is explained in detail. The PLR-parsing technique is a
natural generalization of the well-known L R-parsing technique.

There are several open problems and directions for future work. Applications
of the theory should be investigated. In particular, it should be investigated how
the technique can be applied to the area which motivated its development: the area
of analyzing causal relationships in parallel and distributed computations. Several
unsolved problems remain in this area. One interesting issue is that recognizing
causal patterns in a computation means recognizing subpomsets instead of pomsets.
This raises questions about the theoretical problems that need to be solved to
recognize subpomsets instead of pomsets. Performance might also be an issue. A
useful algorithm must be able to detect multiple subpomsets or occurrences of the
same subpomset in a single input stream.

An important open problem is the inclusion of lookahead information into the
theory. Due to the concurrency inherent to pomsets, there appear to be several
ways to include lookahead information. One could maintain lookahead information
for each string in the right-hand side of an item. Or one could maintain lookahead
information for entire items at once. It is not yet clear what is the proper way.

There 1s another issue that deserves to be studied. The parsing algorithm pre-
sented in this paper can only handle simple context-free pomset languages. This
class of pomset languages is a strict subclass of the context-free pomset languages.
It is an interesting question how to extend the basic parsing technique presented in
this paper to arbitrary context-free pomset languages. This seems possible when
production rules of an SCFPG are allowed to have the pomset N as their right-hand
side. The definitions of items, the action function, and the goto relation have to be
adapted appropriately, as well as the proof of Theorem 4.10. The main reason for
not already doing so in this paper is that it would have unnecessarily complicated
the resulting theory. Also, it is not clear how the addition of lookahead information
and the generalization to production rules allowing the pomset N can be combined
in the best way. Generalizing the theory to arbitrary context-free pomset languages
would have distracted from the main purpose of this paper, namely developing
an elementary, easy to understand, and extendible parsing technique for partially
ordered multisets.
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Appendix A: Correctness of PLR(0) Parsing

This section gives an outline of a correctness proof of the PLR(0) algorithm.
It shows that a pomset for which a given SCFPG is PLR(0) is accepted by the
PLR(0) algorithm if and only if it is an element of the pomset language generated
by the SCFPG. Important intermediate results in the proof are given; their proofs
are omitted. For the details of these proofs see Ref. [2, Appendix B].

Let G be an SCFPG. Furthermore, let M # be the input pomset represented by
the sequence w’ = w(Maxv.M,#,#). The same notational conventions are used as
in Section 4. We can now formulate the proof requirements as follows. First, we
must show that M € Lprr0).6 = M € L.G. Second, given G is PLR(0), it must
be shown that M € L. = M € Lprr(0)9-

In the first and most difficult part of the proof, we construct a derivation from
a successful parse by extracting the arguments of the goto relation causing the
state changes in the parse. These arguments are triples of type label and form a
derivation in reversed order as shown in Example 3.5. In the second part of the
proof, we construct a parse from a derivation by means of an inductive argument.

The proof often uses derivations in terms of triples of type label as shown in
Example 3.5 instead of derivations as defined in Definition 2.11. However, it should
be clear that both representations of a derivation are interchangeable.

Two sets of items occur often in the entire proof and are hence abbreviated.
Let 7; and 7o be the two sets of items defined as 7y <(¢, S, Maxv.M) — Z; and
Ty < (Maxv. M, #,4#) — T>. Recall that Zj is the initial item ¢ - &' — - ¢ - S#.

For the first part of the proof, assume M is an element of Lprr(0).G. It follows
from Definition 4.9 of the pomset language recognized by a PLR(0) parser that
there exist ¢g,..., ¢, and wy, ..., wy, for some n € IN, that satisfy (eo,wo) F...F
(bnywn), to = Ty, wg = @', and ¢, = I, for some ¢ and I, such that Act.] =
{g-8 — S# -#-}. According to the definition of F, none of the sequences ¢; is
empty, which justifies the introduction of m; € IN and I]Z:, for 0 < ¢ < n and
0 < j < my, such that ¢; = Iy ... I}, . In the remainder, it is assumed that ¢ ranges
over [0..n] and j over [0..m;] unless explicitly stated otherwise. We must show that
the steps (o, wo) b ... F (tn,wy) define a derivation for pomset M.

The following property is a basic result which can be proven by induction. The
first part states that every sequence ¢; starts with the singleton containing the initial
item and that this item does not occur anywhere else in the sequence. The second
part says that each state change in any ¢; is caused by a triple of type label.

Property A.l.
(i) For all i, I} = Ty and, for all j # 0, I & IJZ
(ii) For all i, there exist Xt VI, Vi ..., Xfm, Vrfll,YT;l such that
Ié Q(Xi’ Vli’Yli) - Ii e 'Irin,—l ¢>()(rin,’ Vrf@,’yrfz,) - Irin,'

In the remainder of the proof, it is assumed that X]Z:, Vji, and Y]Z are defined as
in this property. The following property shows the uniqueness of the sets of items
Zy,I1, and Zs. It can be proven by applying the various definitions.
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Property A.2.
(i ¢'S/—>S'MaXV.M'#EI]Z: = I]Zf =1.

)
(i) o- 8 =S#-#- €l & I} =1,
)

)

(i) 3X,V,Y : I &(X,V,Y) = 1)) & I} = I,
(iV (ElX,V,YZ I; C}(X,V,Y) —>Iz) <= I; :Il~

The next result is a simple consequence of the previous properties.
Property A.3. bty = ToT175

This property states that a parse always ends in the same final configuration. Note
that since 7o can only be reached by reading the input (Maxv.M, #, #), it follows
that Z5 1s on top of the stack if and only if the remaining input is empty. This
validates the first simplification of the PLR(0) algorithm discussed in Section 4.1.

The next function is essential for the construction of a derivation. For each state
change in a parse, it extracts the triple causing the change.

Definition A.4. (Function /)
The function £ maps sets of items to triples of type label or ¢ as follows:
EIZ:—{E’» o for j =0,
L (XG VY, otherwise.
Function £ is easily generalized to sequences of sets of items as follows:

le=e, (.(ud}) =Ll ]l

Before we can actually construct a derivation, one more result is needed. It shows
the correctness of a reduce action.

Property A.5. Let ¢ be such that the completed item W - T — o - Zy - &7 71 -
not equal to ¢- 8§’ — S# - # - is an element of I}, .. For k equal to lo| + |71,

Q) LI,y D) = (W0t ZoU Z1),

(ii) E.Iﬁﬁ"’il =W, T, Zy U Zy).
In Property A.5(1), triple (W, o& T, ZyUZ7) is an abbreviation of a sequence of triples
of type label representing pomset o& 7 with predecessors W and maximal vertices
ZyU 7, respectively. Property A.5 shows that a reduce action is well-defined. If the
next parse action is a reduce, the stack contains at least & + 1 sets of items, where
k is defined as in the premise of the property. It also shows that after removing
k sets the next state of the parse is well-defined and has the expected label. Note
that Property A.5(i) validates the second simplification of the PLR(0) algorithm
mentioned in Section 4.1. Property A.5 can be used to prove the following result,
which is the basis for the construction of a derivation for pomset M.

Property A.6.

(i) For some i, where 0 < i < n,
(tiywwir1) F (big1,wig1) = Ly = liw.
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(ii) For any k,l, where 0 < k <[ < n,
(tg, wwi) F (¢, wi) = Ly = lupw.

Property A.6(i) shows that a single parse step corresponds to zero or more steps in
a (reversed) derivation. It can be shown that a shift action does not generate any
derivation steps and that a reduce action corresponds to exactly one (rightmost)
step in a derivation. Property A.6(ii) generalizes (i) to an arbitrary number of parse
steps.

At this point, it is not very difficult anymore to show that pomset M is generated
by G. Since we assumed that M is an element of £Lppr(0).G, Property A.3 shows that
(Zo, w’)lj (ToZ1Z2,¢). Tt follows from Property A.6 that E.(IoIllz):*>£.Iow’. Since
LTy = ¢, L(ToThI2) = (9, S#, #), and w’ is a representation of M#, it follows that
S# == M#, or S== M. Hence, we may conclude that M € £.G, which completes
the first part of the proof.

Theorem A.T. Lprr)d CLG.

For the second half of the proof, assume that M € £.G and that G is PLR(0)
for M. It follows that, for n € IN and 7,...,7v, € label®, there is a right-
most derivation v9 = ... = 7y, where yo = (9,8’,#) and v, = w'. Intro-
duce m; € IN, where 0 < ¢ < n, and X},Vf,Y;, where 0 < j < my, such that
vi = (X5, V5, Y5) .. (X}, Vi, Yo,). In the following, the notation p.i, where
0 < i< lpl,isused to denote element ¢ of sequence p. The notation p[i..j) denotes
the subsequence p.i...p.(j ©1); p[i..j] denotes p.i...p.j.
Property A.8. For ¢ and j, where 0 < i < n and 0 < j < my, and p, q, where
0<p<g< vl

(XL, VEY) = w'p.q) A To(XL V], Y])— T

=

(I, w'[p.ma) F (1], w'[q..mp)).

This property shows that each part of the derivation for pomset M can be mimicked
by the parser. It can be proven by induction to the length of the derivation. The
proof uses the fact that the above derivation is rightmost. Property A.8 is sufficient
to complete the second half of the proof. Since M is an element of £.G, it follows
that (¢, S, Maxv.M) == w. Property A.8 and the definitions of Zo and Z, yield that
(To, w(Maxv.M, 4, #)) F (ToTy, (Maxv.M,#,#)). Since G is PLR(0), it follows
from the definition of Ty that (ZoZ1, (Maxv.M,#,#)) F (ZoZ1Z2,¢) and thus M €
Lprr(0).G.

Theorem A.9. Let G be PLR(0).

L.GC Lprr0)Y-

Theorems A.7 and A.9 together prove Theorem 4.10.
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