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Abstract

This report addresses the issue of separation of concerns in software architecture
modelling of real-time reactive systems. First, the idea of modelling function-
alities and behavior with GAMMA and its coordination language is reviewed,
and a method for reasoning on GAMMA and coordinated specifications is pre-
sented. Then, the new aspect for timing is added to the design method and
the extended syntax, semantics, and reasoning method are proposed. Before
extending the formalisms with timing, decision points are outlined and different
alternatives are investigated.
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Chapter 1

Introduction

Separating different concerns in software design has been proposed in several
classic computer science texts since the very beginnings of this discipline. How-
ever, this issue did not receive enough attention compared to that of integrated
and powerful programming languages/formalisms that are able to cover all dif-
ferent concerns of requirements and design. Furthermore, rarely was there a
way of distinction of or projection on a particular aspect or concern in these
rich languages.

Providing abstract and simple formalisms that are tailor-made for a single
aspect of requirement specification, design, or programming, seems to be of an
overwhelming importance. The idea of using these tailor-made formalisms can
help in a more focused design method that enables designers to concentrate on
each aspect of a design separately. Furthermore, they will ease change of each
aspect without being directly involved with other ones and facilitates reuse of
each aspect in other specialized designs. Thus, a new trend appeared recently
in separating different concerns and providing appropriate ways of focusing on
each concern. A distinguished example of this trend can be seen in Post Object
oriented Programming languages (POPs) [13, 16] and in particular in the As-
pect Oriented Programming (AOP) [13] and Multi-Dimensional Separation of
Concerns [27] methods.

The ultimate goal of the research commenced by this report is to have a
set of declarative and abstract specification languages for each aspect and then
weave any meaningful combination of aspect designs to reflect inter-connections
of aspects and move toward a more restricted model of behavior (i.e., towards
an implementation). The combination of aspect weaving procedures enables
local verification of properties. After a correctness analysis of the set of designs,
an executable behavioral model will be derived from it. This model proposes a
specific composition of basic building blocks. The derivation should preserve the
proved correctness of a design or achieve it in a set of stepwise transformations.
In addition to the executable model of behavior, a set of monitoring compo-
nents might be generated from a specification so that non-functional aspects of
specification can be checked at run-time, too.
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Figure 1.1: Separation of Concerns in Design

This report takes the first steps toward this ultimate goal by providing a
formal framework of separation of concerns for timed systems. It benefits from
previous research on the functionality / behavior modelling paradigm [8] and ex-
tends it to functionality / timing / behavior. Figure 1.1 shows a schematic view
of the proposed method. The novelty of this work compared to the approaches
mentioned above is that, first, it exploits the idea of separation of concerns at
the specification and design level, and, second, it establishes a robust theoretical
basis that allows rigid analysis and verification of designs.

The basic functionality of a design is specified in an abstract formal language
called GAMMA [5], and timing information is added to GAMMA functionalities
in the form of separate intervals. Composed behavior of the system is expressed
in a kind of coordination language. The correctness criteria for the composed
timed behavior are then specified in a timed temporal logic. The composed
behavior of the weaved functionality and timing that should meet certain cor-
rectness criteria is represented by a (timed) coordination language specifying
the order of functionalities, parallelism, synchronization, etc... .

To keep these aspects separate in our framework, we provide semantics for
each meaningful composition of models so that change or even absence of one
model does not prevent reasoning about the other ones. In other words, design
concerns, change, and reasoning can be localized by using the proposed frame-
work. Since the design languages have a formal semantics, reasoning about
the properties of a design in these languages can be done using formal verifica-
tion techniques. We present examples of formal reasoning in each part. In the



practice of adding time to our design method, we enumerate the main decision
points and provide reasons why a decision is made and in which cases the deci-
sion remains sound. We try to preserve the distinguishing feature of separation
of concerns and orthogonality throughout the extension.

The rest of this report is organized as follows. Chapter 2 begins with an
overview of GAMMA, its shared data space model (multiset), syntax and se-
mantics. The discussion continues with presenting principles of our intention for
using GAMMA namely its inherent abstract nature, coordination of GAMMA
programs, and a method for reasoning about them. These aspects motivate
why this formal model is chosen to be enriched with timing information, and
what are the intended applications of the new timed-GAMMA and coordination
framework, and the goals aimed at by doing so. In Chapter 3, properties of time
and its possible ways of representation and semantic modelling are studied. A
set of decisions made in Chapter 3, results in an extended syntax, semantics, and
reasoning method for timed-GAMMA and coordination in Chapter 4. Finally,
Chapter 5 ends the report by presenting conclusions and future research direc-
tions. To illustrate the discussion, simple examples are presented in each section
and worked on during the discussion to show different aspects of specification
in our approach.

In order to take details of a real-time embedded system design into account,
adding some other aspects of design such as hardware (processor) resources, and
a data distribution model is important. We try to abstract from these aspects
of design in this report and when necessary, we make some assumption about
them. However, a complete model will be a result of weaving several aspect
specifications including those mentioned above.



Chapter 2

GAMMA, Coordination,
and Reasoning

2.1 Introduction

The Shared Data Space paradigm is proposed to be a means for temporal and
spatial decoupling of component interactions. As shown in Figure 2.1, com-
ponents can access the data space as the shared communication medium in-
dependent from each other. GAMMA (General Abstract Model for Multiset
Manipulation) is a specification/programming model based on this paradigm.
In GAMMA, the notion of a multiset (bag) is used to model the basic shared
data space and rules represent the functionality of components [6, 5].

Due to the abstract nature of GAMMA, operations (rules) defined on the
multiset are kept as independent as possible and hence unneeded sequentiality
relations (e.g., immense use of semi-colon notation even in parallel versions of
classic programming languages [12]) is not imposed on GAMMA programs. In

Shared Data Space

Component Component

Component

Figure 2.1: Shared Data Space Model



other words, GAMMA programs can capture logically inherent parallelism in the
problem definition [6]. Furthermore, GAMMA programs abstract from many
other aspects such as distribution, replication, and fault tolerance.

This abstractness makes GAMMA a suitable choice for the specification of
computational functionalities of software components. Using this model allows
component designers to concentrate on discrete functionalities of components
and leave the composed behaviors as well as other non-functional aspects of them
to be devised in later design phases, and/or by other specification methods (e.g.
coordination languages for specifying composed behavior). This approach has
been studied in [8], and resulted in a method for designing concurrent distributed
systems.

Considering the complex nature of distributed real-time system design, ex-
tending the above mentioned design method to real-time systems may divide
this complex process into designing individual (real-time) component function-
alities, specification of real-time properties and requirements, and finally finding
a composed behavior that uses functionalities in order to satisfy correctness re-
quirements.

In order to establish a basis for such a real-time extension, we review the
design method in the untimed setting and make changes to it to fit our intended
purposes. Contributions of this report to the (untimed) GAMMA / coordination
model are as follows:

1. The syntax of GAMMA is simplified by keeping only the basic function-
ality (rule) part of programs and postponing all structuring and control
decisions to defining an appropriate coordination schedule for a program.
Hence we eliminate structuring techniques like tropes in [15] and compo-
sition operators in [8].

2. In the foundation of our GAMMA model, we propose a more general
and liberal notion of independent parallel tasks compared to that of [8]
(Original representations of GAMMA formalism [6, 15] does not have a
notion of independence) that allows more parallelism. (We present the
differences in detail in Section 2.2.)

3. We use strong bisimilarity to relate programs and coordination expres-
sions. We re-define the Most General Schedule of a program and prove it
equal to the GAMMA program. An important advantage is that our new
notion of the Most General Schedule has a compositional structure.

In this chapter, in Section 2.2, first we present a basic theory of multisets as
the foundation for the GAMMA model and prove the properties that we desire
from this basic model. After that, in Section 2.3, we give an overview on the
GAMMA language and its chaotic execution model. A coordination language is
defined subsequently in Section 2.4, to organize composition of basic GAMMA
rules. After introduction of the coordination language, the equivalence notion
on GAMMA programs and coordination expressions is defined. Finally, a way
of reasoning is sketched in Section 2.5, to show how a coordinated program is



verified against desired properties expressed in Linear-time Temporal Logic [9].
As mentioned before, each section works on the corresponding aspect of given
examples.

2.2  Multisets

In this subsection, we define a concise and basic theory of multisets that is to be
used through the rest of the paper. For a more detailed discussion on multisets
and some historical accounts, see [26].

Definition 2.1 (Multiset) A multiset is a set that allows multiple occurrences
of elements. More precisely, it is defined in terms of a total function from a set
of data objects U (for universe) to the set of natural non-negative numbers IV
presenting their number of occurrence. Hence, a multiset M is defined as:

M:U — IN.
We refer to the set of all multisets of a universe U as M(U).

The multiset function when applied to an element from the universe, gives
the cardinality of the element. If an element is not present in a multiset, the
result of the multiset function (its cardinality) is zero.

Definition 2.2 (Membership) By definition, for all elements e € U, e is a
member of a multiset M € M(U) if its cardinality is greater than zero:

eEME M) > 0.
If an element e is not a member of a multiset M, this fact is denoted by e & M.

To define a multiset by enumerating its members (extensional presentation),
we use the notation [m;, ma,...], where each element is repeated as often as its
cardinality. The empty multiset (denoted by ) is the multiset that contains
no element.

Definition 2.3 (Multisubset) The multisubset relation is, for all My, M, €
M(U), defined as:

A
M1 E M2 = VeEU Ml(e) S M2(e).
Definition 2.4 (Multiset Basic Operations) To express our formal seman-
tics, we define the following basic operations on multisets, for all e € U, M1, Ms €
MU):
1. Multiset union: (M; U Ma)(e) 2 max(Mi (e), Ma(e))

2. Multiset intersection: (M; M Ms)(e) £ min(M; (e), Ma(e))



3. Multiset addition: (M 8 Ma)(e) 2 Mi(e) + Ma(e)
4. Multiset subtraction: (M B Ms)(e) £ max (0, M1 (e) — Ma(e))

Corollary 2.1 The following properties of basic operations hold for all multi-
sets My, My and Ms € M(U) [26]:

1. Commutativity:

My UMy = My U M,
My M My = My M
M, B My = My B M,

2. Associativity:

My U (M U Ms) = (M U Ms) U Mg
My 1 (My 1 Ms) = (My 1 M,) 1 Ms
My 8 (M, B Ms) = (M, B M,) B M,

3. Zero Element:

MU = M
MBI =M
MBI =M

4. Idempotency:

M, UM, = M,
My M, =M

Substitutions are basic notions of computation in GAMMA semantics. To
define this notion formally, first we define single substitution to represent basic
computation and afterwards, we define multiple substitution as composition of
basic computations.

Definition 2.5 (Single substitution) Let N and N’ be arbitrary multiset in
M(U), then a single substitution is denoted by N/N', and its read, take, and
put part are defined as follows:

read(N/N'") 2 NON
take(N/N') 2 N' B read(N/N')
put(N/N') 2 NE read(N/N'")

Henceforth, applying an arbitrary single substitution ¢ on a multiset M €
M(U) is defined as:

M[o] A [ (M B take(o)) B put(o) if read(o) B take(c) C M
9l = M otherwise



PR read(N/N')
take(N/N')
put(N/N')

Figure 2.2: Single Substitution Parts (Ven Diagram)

Intuitively, applying a single substitution should result in taking N' from
M and putting back multiset N. In this operation, some parts of the multiset
may be only temporarily taken away by N’ and put back by N again (the read
part). According to the above definition, we only remove the take part of the
substitution and replace it by the put part. The distinction of these parts turns
out to be useful in the remainder. Figure 2.2 represents the above definition
using a Ven diagram. Also, the definition of single substitution application
states that a substitution does not change a multiset if the sum of its read and
take parts are not present in the multiset.

Proposition 2.2 For an arbitrary single substitution o: take(o)Mput(c) =01 .

Proof. Suppose that 0 = N/N'; for an arbitrary element e € U, suppose that
N(e) = n and N'(e) = n'. Assume, n < n'. Then, according to Definitions
2.4 and 2.5: put(o)(e) = (N B (N'M N))(e) = N(e) — min(N(e), N'(e)) =
N(e) — N(e) = 0.

Similarly, if n’ < n, take(c)(e) = 0. So in both cases, (put(c)Ntake(c))(e) =
min(put(c)(e), take(a)(e)) = 0, which means that e i take(o) M put(o). X

Definition 2.6 (Multiple substitution) Multiple substitution is denoted by
01,092 where oy and oy are single or multiple substitutions. Functions take, put,
and read of a multiple substitution are defined inductively, based on those for
a single substitution, as follows:

read(oy,02) 2 read(o1) U read (o)
take(o1,02) 2 take(oy) B take(o2)
A
put(o1,02) = put(o1) B put(oz)
The read part of a multiple substitution is the union of its constituing parts

because a single copy of an element can be read by several substitution oper-
ations and remains unchanged afterwards. However, for the take or put parts,



different copies of the elements are removed or added by the individual substitu-
tions. Application of a multiple substitution to a multiset is defined in exactly
the same way as the application of a single substitution (see Definition 2.5).

We define that the independence condition holds for two substitutions with
respect to a multiset if and only if both substitutions can be applied to the mul-
tiset simultaneously or in any arbitrary order. This is a useful notion to model
parallelism in GAMMA semantics. This definition is formalized as follows:

Definition 2.7 ( Independent substitutions) Two arbitrary (single or mul-
tiple) substitutions oy and o9 are defined to be independent with respect to a
multiset M, denoted by M = o7 > 02, as:

M |: o1 X o9 é read(al,ag) H take(al,ag) E M

This means that two substitutions are independent if and only if both can
find enough shared copies of elements to read and enough different copies of
elements to take, or in other words, if and only if the multiple substitution
01,04 is applicable to M.

Proposition 2.3 (Commutativity of Independence) For all multisets M
and substitutions oy and o3, M |= 01 0 if and only if M = o9 > 07y.

Proof. According to Definition 2.6 and Corollary 2.1:

M '= o1 X o2

read(oy,02) B take(o1,02) C M

(read(o1) U read(o2)) B (take(oy) H take(oz)) C
(read(o2) U read(o1)) B (take(o2) B take(o1)) C
read (o2, 01) B take(o2,01) C M

M '= o9 X 01

teo00

Example 2.1 (Independency of substitutions) Consider the multiset M =
[1,2,2]. Two substitutions o1 = [2]/[1,2] and o2 = [2]/[2,2] are independent
with respect to M, because read(o1,02) = [2]U [2] = [2] and take(o1,02) =
[1] B [2] = [1,2] and thus, read(o1,02) B take(o1,02) = [1,2,2] C M. As we
prove later, it allows both substitutions to be applied to M simultaneously (by
taking take(o1,02) from M and putting put(o1,02)) and also in both possible
orders.

However, two substitutions o1 = [1]/[1,2] and o2 = [2]/[2,2] are not inde-
pendent substitutions with respect to the multiset M, because read(oy,02) =
[1] U [2] = [1,2] and take(o1,02) = [2] B [2] = [2,2] and thus, read(o1,02) B
take(o1,02) = [1,2,2,2] which is obviously not a multisubset of M. This is

10



in line with the intuitive meaning of independence because applying o1 to M
results in the multiset [1,2] and does not allow application of o5. Nevertheless,
applying o5 to M results in the same multiset [1, 2], that allows the application
of 1.

The following two lemmas state that for two independent substitutions, they
can be applied in any order (and simultaneously) to the multiset, and the results
are the same:

Lemma 2.4 For two arbitrary substitutions ¢; and o2 and a multiset M, if
M |= 01 < 03:

1. read(oy) B take(o1) E M and read(o2) H take(oz) C M.
2. read (o) H take(o1) C M[o2] and read(o2) B take(os) E MJoy].

Proof. Proofs of all relations are trivial using the definition of independence.
For sake of completeness, we give the proof for read(o2) H take(o2) T M[o1],
using the first relation in the lemma saying that read(o1) H take(o1) C M and
thus, take(o1) C M:

M ': 01 X o029
= read(o1,02) B take(o1,02) C M
= (read(o1) U read(o2)) H (take(o1) H take(o2)) T M

Then, for an arbitrary element e € U:

max(read(o1)(e), read(o2)(e)) + (take(or)(e) + take(o2)(e)) < M(e)
= read(02)(e) + take(o2)(e) < M(e) — take(o1)(e)
= read(o2)(e) + take(o2)(e) < M(e) — take(o1)(e) + put(o1)(e)
= read(o2) B take(oz) C Moi].

Proposition 2.5 For two arbitrary substitutions ¢; and o5 independent with
respect to M:

L (M[o1])[o2] = (M][o2])[oy]-
2. M[O’l,O'Q] :M[O'Q,O'l].
3. (M[Ol])[UQ] :M[O'l,a'z].

Proof. Since M = o1 > 02, due to Lemma 2.4 the max operators (in the
definition of the H operator) can be removed and subsequently added in the
following. Thus, for an arbitrary element e € U :

11



(M{o1])[o2](e)

((Mlo1] B take(0)) B put(0))(e)

(((M B take(o1)) B put(o1)) B take(o2))(e) B put(o
max (0, (M B take(o1)) B put(o1))(e) — take(o2)(e)
max (0, max(0, M (e) — take(o1(e))) + put(o1)(e) —
+put(oz)(e)

max(0, M(e) — take(o1)(e) + put(o1)(e) — take(oz)(e)) + put(o2)(e)
M(e) — take(o1)(e) + put(o1)(e) — take(oz2)(e) + put(o2)(e)
M(e) — take(oq)(€) + put(oz2)(e) — take(o1)(e) + put(o1)(e)
max (0, (max(0, M (e) — take(o2)(€))) + put(o2)(e) — take(o1)(e))

2)(€)
) + put(0s)(e)
take(02)(e))

+put(o1)(e)

(((M B take(o2)) B put(o2) B take(o1))) B put(oy)
(M[oz])[o1](e)

M]oy, 02)(e)

((M B take(o1,02)) B put(o1,02))(e)

max (0, M (e) — take(o1,02)(e)) + put(o1,02)(€)

max(0, M (e) — take(o1)(e) — take(o2)(e)) + put(o1,02)(e)

M (e) — take(o1)(e) — take(oz)(e) + put(o1)(e) + put(o2)(e)
M(e) — take(o2)(e) — take(or)(e) + put(o2)(e) + put(o1)(e)
rﬂr}a[x(O,J\/if(e) take(o2,01)(€)) + put(o2,01)(e)

M[O’l, 0'2](6)

(as in 2) M(e) — take(o1)(e) — take(az2)(e) + put(o1)(e)
+put(o2)(e)

(max(0, M (e) — take(o1)(e)) + put(o1)(e)) — take(oz)(e)
+put(oz)(e)

max (0, (max(0, M (e) — take(o1)(e)) + put(o1)(e)) — take(o2)(e))
+put(o2)(e)

(M[o1])[o2]

X

The following two lemmas prove that if a substitution is independent from a
multiple substitution, then the substitution and the substitutions the multiple
substitution is composed from are pairwise independent and after application
of one of the substitutions the others remain pairwise independent.

Proposition 2.6 For all multisets M and substitutions o, 02, o3:

M'201l><1(02,03):> M[(Tl]'ZUQIXIU3

A M[Uz]'2011><103
A M[O’3]':0'1|><10'2

12



Proof. We prove only the first conjunct. The rest can be proved following the
same reasoning:

M ': o1 X (0’2,03)
= Tea’d(ala (U2a03)) B take(ala (02303)) E M

For an arbitrary element e € U:

read (o1, (02,03))(e) + take(o1, (02,03))(e) < M(e)
= max(read(o1)(e), max(read(o2)(e), read(os)(e)))
+take(o1)(e) + take(oz)(e) + take(os)(e) < M(e)
= max(read(o3)(e), read(os)(e)
+take(oz)(e) + take(os)(e) < M(e) — take(o1)(e)
= max(read(o2)(e), read(os)(e)
+take(oa)(e) + take(os)(e) < M(e) — take(o1)(e) + put(o1)(e)
= M[Jl] '= o9 X 03.

~— N

X
Proposition 2.7 For all multisets M and substitutions o1, 02, 03:
M '=01D<1(02,03):>M|=0'1 D<10'2/\M'=0’1><10'3
Proof. Similar to the previous proposition. X

Definition 2.8 (Constituents of a substitution) The constituents of a sub-
stitution is the multiset of single substitutions present in a (single or multiple)
substitution o, denoted by Const(c), and defined inductively as follows:

1. for an arbitrary single substitution o1: Const(o1) = [o1]

2. for an arbitrary multiple substitution o1, 09: Const(o1,02) = Const(o1)H
Const(o2).

The notion of constituents of a substitution is defined to formalize one of
the main properties that we sought from our independence relation. Namely,
we want the independence relation between two substitutions ¢; and oy to
hold with respect to a multiset M if and only if the constituents of the two
substitutions o1 and o2 can be applied in any order to M. The proof needs the
following lemma.

Lemma 2.8 For two arbitrary substitutions ¢; and o3, and a multiset M,

M |= 01 > 09 if and only if for all substitutions o}, 01, ..., o}, in the constituents
n n

of multiple substitution (o1,02), we have (I_] read(az’-)) B Y take(o}) C M,
i=0

=0
where | | and ) are generalizations of the U and B operators.

13



Proof. M = 01 ™ 03 & take(o1,02) B read(o1,02) E M < (by unfolding the
definition of take(o1,02) and read(o1,02)) (l_] read(ag)) B > take(s;) C M
i=0 i=0

for all o} (0 <14 < n) substitutions in the constituents of o1,09. X

Theorem 2.9 Two substitutions ¢; and o2 are independent with respect to a
multiset M, if and only if for the constituents of o, o2 of the form [o§, o1, ..., oh],
for all i with 0 <i <n, M |= 0] 400, ..., 051,051, 0p,.

n n
Proof. If M |= 01 X 03, according to Lemma 2.8, ( L read(aé)) B take(o}) C
=0 =0

M. But since multiset summation and union are commutative and associative,
(read(o})U(read(og)U...Uread(o;_y)Uread(o],,)U...Uread(oy,))) B (take(o;) B
(take(og)B...Btake(o;_,)Btake(oj,,)HB...Btake(o,,))) C M, folding the union
and summation expressions results in (read(o})Uread(0y, ..., 05_1, 05,1, .--,0;,))B
(take(o}) B take(og, ..., 04_1,0441,--,0,,)) E M. It follows from the definition of
independence that M = o} > (0, .-, 0;_1,0%,1,--,0,,) (The reasoning holds in
the other direction, too). X

The above propositions and the last theorem show that the formal definition
of independence matches the informal intuition behind the definition of inde-
pendence which is to be used to model parallel tasks in GAMMA semantics.

In [8], simpler notions of substitution and independence are defined. There,
a substitution oy = N;/Nj is applied to the multiset M by just removing Nj
and adding Ny if N{ C M. Composition of two single substitutions oy = Ny /N{
and o2 = Ny/Nj is defined as another single substitution N; B N2/N; B Nj.
Subsequently, the independence condition for the above two substitutions is
defined to hold if and only if N{ C M[os] A Ny T M[oq]. Although these
definitions are simpler than the ones we gave before, they are not adequate for
our purpose and lack properties like those of Proposition 2.5. As a counter-
example, recall the substitutions of Example 2.1. Substitutions o1 = [2]/[1,2]
and o2 = [2]/[2, 2] are independent (according to both definitions) with respect
to M =[1,2,2]. However, their composition according to [8] ([2] EH[2])/([1,2] B
[2,2]) = [2,2]/[1,2,2,2]is not applicable to M, thus violating Proposition 2.5. In
other words, the composition of two independent substitutions as defined in [8]
may grow larger than its intuitive meaning and thus it may cause both problems
in the semantics of GAMMA and prevent some logically parallel execution from
being executed simultaneously.

Our definition of independence is close to the definition of detached bindings
in [11]. However, there, the author does not use the notion of independence
to define the composition of independent tasks since he aims at an interleaving
semantics.

14



2.3 GAMMA

We defined the notion of a shared multiset and basic operations on it and proved
some properties. In this subsection, first, the structure of multiset elements
and basic terms are defined. Then, we define the syntax and semantic of the
GAMMA based on previous definitions.

2.3.1 GAMMA Shared Multiset

So far, we have not mentioned anything about the elements of the universal
set. In the remainder of our discussion, the universal set is constructed from a
base set B containing atomic elements. The base set is associated with a set of
relations and functions forming a logical structure B = (B, 71, .., Tn, f1, -y fm)s
where r; C BJi is a relation with fixed arity j;, and f; : B¥ — B is a function
with fixed arity k;. Later on, we base the syntax of our conditional and multiset
expressions on this structure and, hence, dispense with re-stating them in our
language definition. A more complete text on logical structures can be found in
[28].

Definition 2.9 (Term) The set of terms from a logical structure B (containing
constant set B) and a set of variables V' (disjoint from B), denoted by T (B, V),
is the minimal set satisfying the following properties:

1. forallbe B,be T(B,V);
2. forallveV,veT(B,V);

3. for all f; in B with arity k and for all ¢1,....,¢tx € T(B,V), fi(t1,--,tx) €
T(B,V).

The set of closed terms C7 (B, V) includes only those elements of 7 (B,V)
that do not contain any variable. Conditional expressions can be built the same
way as the terms using relations r; among terms. In this report, we restrict our
attention to the conditions expressed by propositional logic formulae.

To define the elements of the universal set, we close the terms under pairing
and call it basic expression:

Definition 2.10 (Basic Expression) The set of basic expressions BasicExp,
based on the set of terms 7 (B,V) is the minimal set satisfying the following
properties:

1. for all t € T(B,V), t € BasicExp;
2. for all by, by € BasicExpr, (b1,bs) € BasicExp.

In this report, the universal set U is the set of basic expressions based on
closed terms.

15



Program ::= ProgramName = {Rules}

Rules ::= Rule | Rule, Rules

Rule ::= RuleName = MultisetExp — MultisetExp < Condition
MultisetExp ::= € | MExp

MEzp ::= BasicEzp | BasicEzp, M Exp

Figure 2.3: Basic GAMMA Syntax

2.3.2 GAMMA Syntax

The syntax of basic GAMMA programs is presented in Figure 2.3. A GAMMA
program consists of a name (a string of syntactic class ProgramName), and a
non-empty set of rules, each rewriting the content of the shared multiset. Each
rule consists of a name (represented by the syntactic class RuleName) and a
set of terms in the left- and right-hand side of the substitution arrow — and
a condition part that are to be valuated by the multiset content. In the given
syntax, BasicEzpr and Condition non-terminals refer to what we have defined
in Definition 2.9.

Either of the multiset expressions in the right or left side of a rule can
be empty (represented by the empty string €). We use the rule with both sides
empty and condition true as the notion for the idle rule which is always enabled
and does not change the multiset.

Example 2.2 (A rule for addition) The following is a simple example of a
GAMMA rule taking two values from a multiset, and replacing them by their
sum:

Add =z,y = x + y < true

The condition is assumed to be true when left implicit throughout the rest of
the paper.

Example 2.3 (Sorting) A typical example of a GAMMA program is sorting
in ascending order:

Sort = {Swap = (i,z), (j,y) = (6,9), (4, 2) <= (1 <) A (y <z)}

The above program repeatedly substitutes two members (denoted by a (position,
value) pair) of a list or an array. The Swap rule is applied only if the relative
position of two elements is not in line with ascending order.

To make the basic GAMMA theory more usable, we add some syntactic
sugar for strengthening rule conditions and representing the rules that cannot
perform any computation:
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Definition 2.11 (Strengthening condition) The strengthening of aruler =

LExzp — REzp < Cond; by a condition Cond, is defined as: Condy > r =
LExzp — RExp < Cond; A Conds.

Definition 2.12 (Skip rule) We define the rule skip S emee false.

In other words, skip represents a rule that can never be enabled.

In some GAMMA rules, their is a need to read a term from the multiset in
order to check some conditions on its value, to use its value for manipulation of
other elements, or just to check the existence of it. To do this in basic GAMMA
syntax, one has to mention the tuple in both write and left hand side of the
rule. To represent this notion more concisely, we define the following syntactic
shorthand:

Definition 2.13 (Explicit read) When an expression e is only read from
the multiset and no manipulation on it is required, then we denote this by
e?: LExpr — RExpr < Cond, which is defined to be e, LEpr — e, RExpr <
Cond. Similarly, a multiset expression (a list of basic expressions) can be read
using ? notion after each basic term.

2.3.3 GAMMA Semantics

Execution of a GAMMA rule deals with manipulation of the shared multiset by
reading and taking data objects from the multiset and putting back the results.
We have defined the notion of substitution previously in order to represent
execution and computation in our semantics. A rule terminates when there are
not enough enabling elements in the multisets. The execution and termination
of a program depends on the execution and termination of its single rules. Note
that our notion of rule termination is different from the usual process algebraic
notion of termination in that a terminated rule in context of a program may
become enabled later due to execution of other rules.

We aim to prevent imposing behavioral and structuring constraints (such as
ordering and sequentiality) on rule execution at this level of abstraction. Hence,
we allow arbitrary order of rule execution and arbitrary level of parallelism
between them in the GAMMA program semantics. So, the first step in defining
GAMMA program semantics is to define the semantics of a single rule execution
/ termination; the second step is composing execution of program rules in any
possible (chaotic) ordering.

To define the semantics of a single GAMMA rule, we assume all variables in
an expression (in a rule) to range over the base set B. This simplifies the dis-
cussion by preventing type information and type checking problems. However,
for a complex system, using a single base set for all variables may entangle the
specification of rules, and make them less readable. We admit this problem and
we propose further extensions to deal with it in the final section.
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-y M, v xr
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(RuleTerm)

(RuleComp)

where for a rule r = LExp — RExp < Cond: ¢ = 9[RExp|/v[LEzp)

Figure 2.4: GAMMA Semantics: Functionality

Definition 2.14 (Enabling valuation) A valuation function 7: V — B en-
ables a rule r : Name = LExpr — RExp < Cond for a multiset M, denoted
by M,v « r, if and only if:

1. The valuation causes the left-hand side multiset expression of r to be a
multisubset of M: T[LExpr] C M (where T[expr] is the multiset result-
ing from substitution of all occurrences of each variable v € V with its
corresponding value T(v) in expression expr).

2. Tt satisfies the condition part of r: B,v |= Cond .

Note that a more precise definition of v[expr] would need lifting the valua-
tion function to terms and lifting the new function one more time to the list of
terms. The possible existence of several enabling valuations in multiset content
for a single rule, provides another notion of abstraction in GAMMA. For ex-
ample, as shown in the semantics given below, a single rule may cause different
computations and even these computations may be composed in parallel or in
sequence.

The GAMMA semantics is presented in two parts in the style of Structured
Operational Semantics (SOS) [23]. The first part, presented in Figure 2.4, shows
when a single computation is performed (denoted by -3;, where o is the cor-
responding single substitution) or when a single rule terminates (denoted by
V/1)- The second part, Figure 2.5, shows how computations / termination of
a program (set of rules, denoted by = and 4/, respectively) are composed of
computation / termination of single rules.

We separated the two parts of the semantics in order to re-use the first part
in both defining the chaotic behavior of GAMMA programs (the second part)
and also coordinated behavior of schedules (the next section). In other words,
the first part of the semantics serves to define the atomic units of functionality.
Technically speaking, one can replace this particular model of functionality with
an operational semantics of another functionality model (say, Java methods, or
even a hierarchy of interface services), and benefit from the specification and
verification models presented in the remainder. In such cases, enough care
should be taken in order not to loose the orthogonality in the model.
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reR (r,M)=3,(r, M)
(R, M) % (R, M)

(ProgComp)
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VT'ER (T‘, M)\/l
(R, M)/

(ProgPar)

M|:0'1l><10'2

(ProgTerm)

Figure 2.5: GAMMA Semantics: Chaotic Execution

In the given semantics, the tuples (r, M) and (R, M) represent the state of a
system as the GAMMA rule or program (r or R) and the multiset content (M).
Since GAMMA rules remain unchanged during each step in the operational
semantics we could have omitted them from the state definition and added
them to the transition part (as a subscript > g, for example). However, we
followed the current style for readability and also for representation consistency
with the semantics of schedules (presented in the next section).

In the semantics of the first part (Figure 2.4), the rule (RuleTerm) specifies
that a rule r terminates with respect to a multiset M if there is no enabling
valuation for the rule in the multiset. The rule (RuleComp), expresses that
a single computation is performed (by replacing the valuation of the left-hand
side with the right-hand side in the multiset content) if there exists an enabling
valuation from the multiset. The semantics of the basic functionality model is
the smallest transition relation satisfying the rules given in Figure 2.4.

We continue with defining semantics of GAMMA programs. Figure 2.5
presents chaotic execution of GAMMA programs by using the semantics of a
single rule execution and termination. The rule (ProgComp) uses the seman-
tics of single rule execution and extends it to program computation. It specifies
that if a single rule can perform a computation, any program containing such
a rule can do so. The rule (ProgPar) shows the possible parallelism in the
execution of (a set of) rules. It specifies that if a program can perform two
independent computations with respect to a multiset, then it can perform both
computations concurrently. Obviously, repeated application of this rule allows
any possible level of parallelism in the execution of a GAMMA program. The
rule (ProgTerm) specifies termination of a GAMMA program. It specifies that
termination of a program can be deduced from termination of all its rules.

The semantics for GAMMA programs is taken from [8] (with presentation
changes and the modifications concerning the independence relation discussed
before). The rule for parallelism is different from [6] in that concurrency is
modelled with a step semantics instead of an interleaving one. This decision
in selecting a step semantics for GAMMA is made to be able to distinguish
between really parallel executions and permutations of sequential executions
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Figure 2.6: Transition System for the Sorting Program

in the coordination model (and have both notions available in the semantics),
which is presented in the remainder.

Example 2.4 (Sorting) Execution of the sorting program (presented in Ex-
ample 2.3) on the initial multiset M = [(0,5), (1,3),(2,7),(3,4)] results in a
transition system depicted partially in Figure 2.6. To provide a more compact
picture of the transition system, instead of presenting the multiset content in
each state (set of pairs), the resulting list or array is shown as a tuple. Also, we
omitted the substitution labels on transitions for readability. However, in the
semantics we need to keep the information about substitution on transitions to
specify parallel execution of rules.

In this example, a single rule Swap is applied to the multiset, but due to
different enabling valuations for this rule, it causes several different substitu-
tions. Among the substitutions, those swapping two disjoint pairs of values
are independent and can be done in parallel. For example, the transition from
(5,3,7,4) to (3,5,4,7) is the result of parallel execution of two substitutions:
One swapping the relative position of 3 and 5 and the other of 4 and 7. The
dashed line shows the transition resulting from rule (ProgPar).

Example 2.5 (Dining philosophers) A number of n philosophers can sit
around a table with a big bowl of spaghetti in the center, n china dishes, and n
forks in between each pair of philosophers. Philosophers’ lives consist of think-
ing, getting hungry and as a result eating spaghetti. But, the problem lies in
the complex nature of spaghetti which requires each philosopher to claim both
adjacent forks to eat.

Each philosopher, after an arbitrary amount of time spending on philosoph-
ical thoughts, gets hungry, sits down on his/her chair and tries to get hold of
both forks on the right and the left. Unfortunately, one (or both) of these forks
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may already be in use by colleagues and s/he should wait for them to finish
eating.

The informal definition of the dining philosophers problem is formalized in
terms of GAMMA rules (The given rules are slightly different versions of the
ones in [6], also adapted to match our syntax):

DiningPhilosophers =
Sit = (P,i) — (PS,1),
Eat = (PS,1),(F,q),(F,(i+1) mod n)— (PE,1i),
Leave = (PE,i) — (P,i),(F,i),(F,(i +1) mod n)

In the above GAMMA program, thinking philosophers are denoted by (P, 1),
forks beside them by (F,i) and (F, (i + 1) mod n), hungry (sitting) philoso-
phers by (PS,i), and eating philosophers by (PE,i). The system consists of
three rules for modelling actions representing philosophers getting hungry and
sitting around the table (Sit), claiming forks and eating (FEat), and returning to
normal (thinking) condition (Leave). The initial multiset of the system (room)
is specified by: room = [(P,0), (F,0),...,(P,n — 1), (F,n — 1)].

Note that chaotic execution of the GAMMA program satisfies the definition
of the problem and prevents two adjacent philosophers to get hold of one fork
at the same time (mutual exclusion). However, the chaotic execution still does
have the problem of individual starvation (i.e., a philosopher may remain seated
forever without being fed). We return to the properties of this program at the
end of this chapter .

It is worth mentioning that a GAMMA program, if designed in an appropri-
ate way, is often abstract from the multiset size and thus scalable to different
problem sizes without any change. In the above example, adding a new philoso-
pher to the problem does not need any change to the program (assuming that
n works like a parameter of the program). Although this notion of abstraction
seems primitive in this problem, it could be quite useful in more complicated
designs.

Example 2.6 (An elevator system) In this example, an elevator system is
being specified. Our elevator system consists of an elevator moving up and down
between floors of a building (numbered from 0 to MaxzFloor). At each floor,
there is a push button to announce a request for the elevator when turned on.
By arrival of the elevator on a floor and servicing the requests, the request flag
is turned off automatically. The same setting works for the push buttons inside
the elevator, used to indicate the requested stops for passengers inside.

To model such a system, we propose a multiset containing events of requests
for elevator stops represented by ((inStop,i), status) and ((extStop, 1), status)
that show the status of the request button for the i’th floor, inside and outside
the elevator, respectively (status can have the value on or off ). Also, to indicate
the status of the door, the tuple (door, status) is placed in the multiset (with
the status being closed or open). The tuple (cf,i) shows at which floor the
elevator currently resides.
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A GAMMA program for the elevator system is as follows:

ElevatorSystem =
( inRequest = ((inStop, i), off ) — ((inStop,i),on),

extRequest = ((extStop, i), off) — ((extStop,i), on),

moveUp = (door, closed)? : (cf,i) — (cf,i+ 1) < i < MazFloor,

moveDown = (door, closed)? : (cf,i) — (c¢f,i—1) < i >0,

close = (door, open) + (door, closed),

open = (door, closed) — (door, open),

load = (door, open)?, (cf,i)? : ((extStop,i), on) — ((extStop,i), off),
| unload = (door,open)?,(cf,i)? : ((inStop,i), on) = ((inStop,i), off) )

The initial multiset for this system is defined as:

State = [((inStop,0), off), . .., ((inStop, MaxFloor), off ),
((extStop,0), off ), ..., ((extStop, MazFloor), off ),

(door, open), (cf,0)],

which shows that there is no request for the elevator that is staying at the
ground floor with the door open.

The chaotic execution of the GAMMA program for the elevator example
allows the elevator to go up and down the floors without servicing any request.
Following [8], to solve problems of this nature, we use a coordination language
for governing the GAMMA chaotic executions, as explained in the next section.

In the remainder of this section, we formalize some properties of the seman-
tics of GAMMA programs. The following lemma and corollary state that if a
program can perform a computation, then a larger program can do the same,
too:

Lemma 2.10 If a program R can perform a o transition, i.e., (R, M) % (R, M'),
then for an arbitrary rule r, (RU {r}, M) > (RU {r}, M").

Proof. By an induction on the proof length for (R, M) % (R, M'). See Ap-
pendix A for the detailed proof. X

Corollary 2.11 For GAMMA programs R; and Ry, if (Ry, M) % (Ry,M'),
then (R; U Ry, M) 5 (Ry U Ry, M').

The following lemma defines how computations of a program can be de-
composed to (or composed from) computations of an arbitrary rule in the pro-
gram and the rest of the program without this rule. This lemma is particularly
helpful in reasoning about properties of program computations inductively (by
reducing the size of the program in the induction):

22



Lemma 2.12 For an arbitrary GAMMA program R, multisets M and M', and
substitution o, (R, M) = (R, M[c]) if and only if for all rules 7 € R, one of the
following cases holds:

L (R\{r}, M) 5 (R\ {r}, M[o])

2. (R\{r}, M) B(R\ {r}, M[o1]), {r}, M) B {{r}, M[o2]), 0 = 01,09 and
M ':0'1 > og.

3. ({r}, M) = ({r}, M[o])
Proof. See Appendix A. X

2.4  Coordination

The goal of our coordination language is to specify restricted behavior of GAMMA
programs. Hence, it should provide composition operators to structure execu-
tion and restrict the chaotic behavior of GAMMA rules.

2.4.1 Coordination Language Syntax

The syntax of a coordination language is specified in Figure 2.7. This syntax is
a slightly modified version of the one given in [8].

In this syntax, RuleName is the notation to adopt GAMMA rules as the
building blocks of Schedules (the coordination-language expressions). The rule-
conditional operator ~ is used to provide different strategies based on whether
or not a rule can be executed. If the rule in the left operand can be executed,
then the first schedule at its right-hand side is chosen for execution. Otherwise,
the second schedule is chosen for execution. Note that, unlike [8], we only
check the possibility of rule execution in the rule conditional operator (in [8]
denoted by —) and do not necessarily execute it. This becomes clearer in the
semantics given below. As we show in the remainder, this change is useful
in defining a simpler notion of general schedules that mimic the behavior of
GAMMA program executions. Nevertheless, the — operator can be defined
syntactically using our rule conditional operator semantics, as shown below.

The sequential and parallel operators (; and ||, respectively) are also included
in the coordination language to provide appropriate schedule compositions. The
recursion operator p is used to make recursive schedules (pz.s(x)) explicitly.
Only schedules in which all recursion variables are bound by p are of interest in
this report. In the rest of this report, we usually define a name for schedules.
These names serve as a syntactic shorthand for the defined schedules. To use
definitions of other schedules in a new schedule composition (in a hierarchical
structure), one can refer to their name.
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Schedule ::= RuleName
| RuleName ~ Schedule[Schedule]
| Schedule ; Schedule
| Schedule || Schedule
| pRecursionVar. Schedule
| RecursionVar

Figure 2.7: Coordination Language Syntax

2.4.2 Coordination Language Semantics

The SOS rules for the semantics of the coordination language are given in Figure
2.8. In this semantics, the rules (Term) and (Comp) show how termination
and computation of a rule relate to computation and termination of its corre-
sponding schedules. The rules (RCO0) to (RC3) represent the semantics of the
rule-conditional operator. The rule (RCO) specifies that if the rule r can be
scheduled then the first argument at the right hand side of the rule conditional
is selected for execution; otherwise, according to (RC1), the second schedule
is started. The rules (RC2) and (RC3) specify that when the selected ar-
gument (according to the rule condition) terminates, then the rule conditional
terminates.

Obviously, the semantics of the above rules depends on the semantics of
a single rule given in the GAMMA semantics. This fact is denoted in the
semantics by the use of single-rule transition (—3; ) and termination (/,). The
rule-conditional-execution operator — of [8] is defined using our rule-conditional
operator as follows:

r—s[t] 2 re ()t

We use 7 — s and 7 ~ s as shorthands for r — s[skip] and r ~ s[skip].

The rules (S0), (S1), and (S2) are dedicated to behavior and termination of
the sequential composition operator. Note that, we need rules like (RC1) and
(S1), because we only allow action transitions and for example, unlike [8], we
do not allow empty transitions. The rules (P0) to (P3) provide the semantics
for the parallel-composition operator.

The rules (R0O) and (R1) define recursion, where s[y/z] is the syntactic
substitution of recursion variable z with expression y. A recursive schedule
can perform a computation or terminate if the corresponding schedule after
removing the recursion operator and substituting the recursion variable by the
whole (recursive) schedule can perform that computation or can terminate.

The correctness of the semantics highly relies on the properties of multiset
substitution that we proved in Section 2.2. For example, using Theorem 2.9 and
by an induction on the depth of the proof for transitions, we are able to prove
the following propositions:
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Figure 2.8: Coordination Language Semantics
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Proposition 2.13 For arbitrary schedules s and s', arbitrary multisets M and
M', and all substitutions o, if (s, M) 3 (s', M') is a valid computation according
to the semantics, then read(o) B take(c) C M and M’ = M[o].

Proof. By an induction on a proof depth for the transition o:

1. Induction base: Transitions with the proof of depth 1 can be only due
to (Comp) (since other rules call for a proof of a non-trivial transition
in their premises, they need a proof of depth, at least, 2). Thus, s = r
and s' = skip , where r is a GAMMA rule, and (r, M) > (skip, M').
But according to the GAMMA single rule semantics (enabling valuation
definition), if ¢ is of the form N/N’', then N' C M. Hence, read(c) B
take(c) C M and (according to the semantics) M' = M[a].

2. Induction step: We have to prove that if (s, M) % (s', M') then read(c) &8
take(c) C M and M' = M][o]. This statement follows trivially from
analyzing the transition rules in the coordination semantics and using
induction hypothesis on the premises.

X

Proposition 2.14 For all schedules s and s’, all multisets M and M’, and
all substitutions oy and oy, if (s, M) 2" (s', M'), then M |= o1 > o (Thus,
constituents of o1 and o2 can be applied in any order to M).

Proof. Similar to the proof of the previous proposition. X

Example 2.7 (Dining philosophers, Coordination) In this example, three
different coordination expressions are presented for the rules given in Example
2.5. First, we give a schedule that executes rules in their original chaotic man-
ner:

ServeChaotic = ((uX.Sit ~ (Sit || X))
|| (uX.Eat ~ (Eat || X))
) || (uX.Leave ~ (Leave || X))

This schedule replicates arbitrary copies of rules in parallel, and begins ex-
ecuting them. Since, the semantic of parallel composition allows execution of
components in sequence (due to rules (P0) and (P1)) this schedule allows ar-
bitrary parallelism and ordering among rules. We will formalize this intuitive
notion of chaotic schedules in the remainder.

The second schedule is a sequential schedule that first lets all philosophers
think and get hungry, then it begins serving them and letting them leave the
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table one by one:

ServeSeq = uX. Think ; ServeP, ; ... ; ServeP,_1 ; X
Think =||}Zg ™" Sit

ServeP; = Eat; ; Leave; (for 0 < j <n)
Eat; = (i = j) > Eat (for0<j<mn)
Leave; = (i = j) > Leave (for 0 < j <mn)

Note that schedules like ServeP; are a shorthand for a set of schedules each
representing the servicing of a particular philosopher. We use this shorthand in
other places in the rest of the paper as well. Also, ||j.zg_1 is a shorthand for
parallel composition of schedules. This shorthand notations needs commutativ-
ity and associativity of parallel composition which will be proved in the next
section.

The third schedule allows philosophers to eat together. This is done by
grouping odd numbered and even numbered philosophers and letting them eat

together:

ServePar = pX.(Think ; (Evens || Odds)) ; X
Think =||)=""" Sit

i=(n—1)+2
Evens :||;-:(()" )2 ServePy;

Odds =|’=*? ServePy.;_1
ServeP; = Eat; ; Leave;
Eat; = (j =1) > Eat

Leavej = (j = i) > Leave

Example 2.8 (The elevator system, Coordination) As before, a general
schedule would represent the chaotic behavior of the program. For sake of
brevity, we dispense with presenting the same chaotic schedule for this example.
The general form of such chaotically behaving schedule is given in Section 2.4.3.

An interesting schedule would be to control the elevator in such a way that
it goes up from the ground floor to MazFloor, and then vice versa, stopping
at each floor, and servicing any available request there. Requests from inside or
outside can occur at any time spontaneously:

ElevatorSchedule = ((pX.(inRequest || X)) || (uX.(extRequest || X)))
|| (uX.(ServiceUp ; ServiceDown) ; X)

ServiceUp = uX.(open ; (load || unload); close ; (moveUp — X))

ServiceDown = pX .(open ; (load || unload) ; close ; (moveDown — X))

2.4.3 Equivalence of Schedules

To show the relationships between different schedules and also schedules and
GAMMA programs we give the definition of bisimilar schedules (GAMMA pro-
grams) in this subsection. These definitions can be used as a basis for both
refinement and process algebraic verification of schedules.
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Definition 2.15 (Statebased Bisimulation Relation) We call a relation R
on states a statebased bisimulation relation if and only if for any two states

(s, M) and (t, M) such that (s, M) R (t, M), for all states (s', M|) and (t', M}):
1. (s, M) 5 (s', M) = for some state (t",M]), (t, M) (t", MI)A for all
MII’ <SI,M”) R <tlI’MII)
2. (t, M) B (t', M}) = for some state (s", M), (s, M) 33 (s", M)A for all
MII, (S”,M”) R (tl,MII)
3. (s, M)y/ = (t, M)/

4. (t, M)/ = (s, M)/

Two schedules s and ¢ are bisimilar (written: s = t) if and only if there exists
a statebased bisimulation relation R such that for all multisets M, (s, M) R {t, M).

Note that with being a little bit sloppy we use the notion of bisimulation re-
lation and bisimilarity between two GAMMA programs (sets of GAMMA rules)
and a GAMMA program and a schedule. In the definition of these three differ-
ent bisimulations the transition arrows and termination ticks refer to transition
and termination to the corresponding GAMMA or Coordination semantics.

Theorem 2.15 (Equivalence) Statebased bisimulation is an equivalence re-
lation.

Proof. Straightforward from the definition of bisimulation. X

Theorem 2.16 (Congruence) Bisimilarity is a congruence with respect to all
coordination operators.

Proof. See Appendix A. X

Proposition 2.17 Some bisimilar schedules: According to the given semantics,
the following bisimilarities hold, for all schedules s, s1, s2, s3 and rule r:

1. skip ;s = s

2. s;skip=s

3. 515 (s2;83) = (s1;82) ;83
4. skip || s = s

5. 51| s22s2|| 51

6. (s1 ] s2) [[ 53 = s1 || (s2 || s3)
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7. r ~ skip[skip] =2 skip
8. r ~r[skip] =r
9. (r~si[s2]) ;83 27~ (s1583)[s2 5 83]
10. If y is not present in s, pz.s = py.sly/z].
Proof. See Appendix A. X

Theorem 2.18 (Most General Schedule) An arbitrary GAMMA program
R, is bisimilar to the following schedule:

MGS(R) £ ||,cp (uXr ~ (r ]| X)).

Proof. See Appendix A. X

Proposition 2.19 For two arbitrary GAMMA programs R; and Ry and two
arbitrary schedules s and ¢, if R; = s and Ry = t, then Ry URy = s || t.

Proof. See Appendix A. X

2.4.4 Local Termination

In the given semantics for GAMMA programs, a program can terminate only
when all rules agree on termination (i.e., when no rule finds an enabling valu-
ation in the multiset). Similarly, the semantics of parallel composition in the
schedules only allows the parallel composition to terminate, when both compo-
nents terminate. In other words, given the current semantics, termination of
parallel programs is a global issue for which all parallel components (rules, or
schedules) have to coordinate. For reasons such as convenience in implemen-
tation, one may want to have a semantics where termination can be decided
locally among the components. In such a semantics, components may decide
to terminate and remove themselves from the system, when they do not find
enabling valuations. To reflect such a decision, the following rules should be
added to the semantics of GAMMA programs:

{r}CR (r,M)/, (R,M)>(R,M)

(ProgComp?2) .
<R= M) - <R\ {T}a Ml)

Note that we require the removed set of rules to be a strict subset of the
original program. This prevents introduction of empty programs. (Hence, we
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use {r} C R instead of r € R.) Similarly, following rules should be added to the
semantics of parallel composition:

<81:M>\/ <825M> 1> (SIZaMQ)

(P4) 7
<$1 || SZaM) - (312aM2>

(s1, M) = (s1, M) (s2,M)y/
(Sl || 827M)£><8117M1>

(P5)

Since chaotic execution of programs and parallel execution of schedules do
not impose any constraint about the order of execution on their components, the
previous semantic rules (allowing global termination) should still remain in the
semantics. So, the semantics with local termination only adds more option for
termination in the execution of GAMMA programs and schedules. One reader
can check that all previous proofs for equivalences (including that of the Most
General Schedule) still hold with the new semantics.

It is essential to change both the semantics of GAMMA programs and par-
allel compositions (or only change the GAMMA program semantics); since a
major feature of our approach is that adding a new aspect is only meant to
restrict the behavior of the basic semantic model or to add information to it.
However, changing the schedules without introducing the local termination in
GAMMA program semantics adds some runs of execution to schedules (leading
to termination) that are not possible in their corresponding GAMMA program
execution. We decided to keep the current semantics of GAMMA programs
(and thus semantics of schedules) to make our timed extensions a conservative
extension of currently available GAMMA semantics.

2.5 Reasoning

The given semantics of GAMMA and the coordination language provides the
basis for reasoning about chaotic and coordinated programs. Since we are aiming
at using this method for the design of reactive (and later real-time) systems, it is
important for us to be able to reason about properties of computation paths in
the executions of a (coordinated) GAMMA program. Temporal Logics are useful
means of expressing these kinds of properties [9]. Furthermore, widespread use
of these types of logics provides a rich set of theoretic background, applications,
and tools, which we can benefit from in this research.

Next, we define a valid computation trace of a coordinated program and use
Linear-time Temporal Logic (LTL) as a specification language to reason about
correctness of schedules. To do this, the notion of a valid run of a GAMMA
schedule should be defined formally so that it can fit LTL’s linear frame.

Definition 2.16 (State sequence) A (possibly infinite) sequence SMy. =

(s0, Mp), {s1,M1),...is a state sequence of the schedule s with initial multiset
M if and only if it satisfies:
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Formula ::= Atom | ~Formula | Formula V Formula
| XFormula | Formula UFormula

Figure 2.9: Syntax of Linear-time Temporal Logic Formulas

1. Initiality: Mo =M, sg = s

2. Sequence: for all i > 0, there exists a o such that (s;, M;) = (si11, Miy1).

Definition 2.17 (Run) The sequence My, = MoMj.. is a valid run of schedule
s and multiset M if and only if there exists a state sequence of s and M,
SMO.. = <80, M0)<S]_,M1)...

The function |My. | is defined to return the number of multisets present in
the sequence M., if it is finite, and oo for infinite sequences. The formula
1 < oo is assumed to be true for all 7 € IV.

Different syntaxes have been defined for LTL. The syntax we are going to
use (presented in Figure 2.9) is taken from [9]. In this syntax, Atom means
propositional logic formulas that can be evaluated using the multiset content
in each state. The syntax of atomic propositions is the same as the syntax of
conditions in GAMMA rules, except that the former cannot contain variables.
Intuitively, Xy means that ¢ will hold in the next state, and 1 Uy means that
¢ will hold some time in a state in the finite future (or now), until which in all
states 1 is true. The following useful temporal operators can be defined based
on the above set of operators:

1. Eventually(finally): Some state in the future (or now) formula ¢ will hold:
Fo 2 true Uep.
2. Globally(always): In all states (now and in the future), formula ¢ holds:
G(p é —|FﬂS0,
3. Release: Dual operator of until:
A
¢ Ro = =(=¢ U-p).

Based on the definition of a run, the semantics of LTL formulas is defined in
Figure 2.10. In this definition «,i |= ¢ means that ¢ holds in multiset M; of
run a.

A temporal logic formula ¢ holds for a run « if and only if a,0 = ¢. An
LTL formula ¢ holds for a schedule s with an initial multiset M if and only
if it holds for all valid runs of s and M. A temporal logic formula holds for
a GAMMA program if and only if it holds for its corresponding most general
schedule.
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a,iEp < |o|>iand M; Ep (for atomic formula p)

aiEp <= |a|>iand a,i E ¢

i1V &= a,iE @1 orailE g

a,iEXp <= |ao|>i+1land a,i+ 1

a,i =1 Upy <= there exists a k such that k£ > 4, |a| > k, and a, k = @2
and for all j such that i < j < k: a,j F ¢1

Figure 2.10: Semantics of Linear-time Temporal Logic Formulas

Example 2.9 (Dining philosophers, Correctness properties) Any model
/solution for this problem should have two basic properties:

1. No two neighboring philosophers eat at the same time. In other words,
philosophers cannot share a fork while eating (providing mutual exclu-
sion). This property is expressed as the following set of LTL formulas:

G((PE,i) E room = (PE,(i+1) mod n)#Z room
A
(PE,(i—1) mod n) & room)

foralli: 0 <i<m.

2. Once a philosopher gets hungry (and transfers to the sitting state), s/he
eventually finds the opportunity to eat (preventing individual starvation):

G((PS,i) E room = F(PE, i) E room)
foralli: 0<i<mn.

Our GAMMA program in Example 2.5, satisfies the first property by construc-
tion. The property holds on all runs, because:

1. The property holds in the initial multiset;

2. For all GAMMA rules in the program: First, an individual execution
of a rule in a correct state (where no two neighboring philosophers eat)
ends in a correct state. Second, two substitutions that allow introduction
of neighboring philosophers are not independent; hence, they cannot be
executed in parallel.

The two proposed coordinated programs in Example 2.7, also satisfy the first
property following the same reasoning. This result could be generalized by
defining a refinement relation between schedules that preserves certain temporal
properties such as invariants. The mutual-exclusion property is an example of
an invariant. [8] contains several possible refinement relations between schedules
that could be exploited for this reason.
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The second property does not hold for the general GAMMA program. A
counter-example is a run presenting three philosophers, with two thinking, sit-
ting, and eating, iteratively and the third one sitting and waiting without being
served. But, the schedules proposed in Example 2.7 solve the problem of starva-
tion by providing a guarantee for feeding every hungry philosopher (for GAMMA
programs with more than one philosopher) after serving finitely many (at most
n — 1) others.

An interesting observation is that the amount of time after which a philoso-
pher is served seems to be different for the two schedules since the first one
serves them in a sequential manner and the second one concurrently; however,
we are not able to reason about it at this stage because the model abstracts
from quantitative timing.

Example 2.10 (The elevator system, Correctness properties) A property
of the elevator system is that any request from inside or outside is eventually
serviced:

G( (((extStop,i),on) E M = F((extStop,i),off ) E M) )
A
(((inStop, i), on) E M = F((inStop,i), off ) E M)

for all i: 0 <i < MaxFloor.

The general GAMMA program for this system (given in Example 2.6) comes
short of satisfying this property since, as mentioned there, it allows runs with
the elevator just going up and down without servicing any request. However,
the given schedule in Example 2.8 satisfies this property by iteratively going up
and down and servicing every request in the worst case after visiting n — 1 other
floors at most two times.
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Chapter 3
Time

3.1 Introduction

Abadi and Lamport argue in [1] that adding a new state variable named now will
extend un-timed system semantics for real-time settings in practice. However,
the rest of their paper shows, ironically, that this new variable is too different
from a normal state variable and fixing the right semantics for it in a system
may need relatively long logical formulas (for example time cannot decrease
along a run).

In addition to the basic properties of time (as a state variable), the timed
behavior of real-time systems are governed by their performance and timeliness
specifications, which is a separate quality aspect with respect to the un-timed
functionality. Thus, it makes sense to specify timing information (requirements)
as a separate aspect of the un-timed model and observe how it reflects on the
semantics of functional and behavioral aspects when composed with their re-
spective models.

This chapter provides a background on our design method and the ways of
modelling time to prepare the basis for our move to a timed setting. First, we
review our general design philosophy and see how it relates to the timed setting.
Subsequently, in Section 3.2, we present the decision points for an extension with
time. Section 3.3 concludes this chapter by presenting the choices made on these
decision points, as well as their rationale.

Our main motivation in developing a new timed formalism is, first, to support
a separation of concerns in the design of real-time systems and, then, exploit
this separation in verifying the correctness properties, and finally transform the
correct design to the implementation domain. As we mentioned before, the
proposed separation of concerns paradigm is meant to support a more focused
design method that also supports localized change and even assessment of some
models in absence of the others. To support these features in addition to the
syntactic separation of models, we have to provide a formal semantics for each
meaningful composition of them.
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In particular, in the timed-GAMMA /coordination settings the general goals
will be realized by the following requirements on our models:

1. Timed-GAMMA should provide a basic model of timed-functionality that
observes the performance measures of components. Furthermore, it should
show the chaotic behavior of GAMMA programs by allowing all possible
timed-behaviors of starting tasks simultaneously or sequentially in any
possible order giving them time to execute, preempting them, etc. In
other words, the only constraint on the timed-GAMMA program should
be observing the execution time of components and beside that, it should
be as general as possible. This general model will serve as an ideal starting
point for further restrictions using refinement methods or composition
with other aspect constraints.

2. Timed-Coordination should only add ordering and synchronization infor-
mation of the execution of components to the basic functionality model. In
other words, the purpose of the timed-coordination language is to execute
components in such an order that certain timed correctness requirements
are met. Hence, the timed-coordination language does not need to ad-
dress the time in its syntax (i.e., the syntax does not change) and it only
needs to use the timing information (provided by the timed-functionality
model) in its semantics. Note that this model of hierarchical semantics
for timed-GAMMA /Coordination provides the possibility to substitute
the time and/or functionality model with another model and still use the
coordination model on top of it.

3. We distinguish between execution-time (performance) modelling of indi-
vidual components (i.e., GAMMA rules) and end-to-end timing require-
ments. While the former is a separate aspect model of basic functional-
ities, the latter is a requirement over the composed behavior. Although
timed-GAMMA has to deal with the execution-time measures for its rules,
ultimately our design method should provide a way of composing timed-
components to meet the end-to-end timing requirements. We will be look-
ing at refinement and similar software construction methods for this pur-
pose in the future.

3.2 Modelling Time: Decision Points

The following decision points are to be solved based on the previous require-
ments:

1. Periodic vs. sporadic behaviors: A periodic process is a process that
is executed iteratively following a fixed period of time. On the other hand,
for a sporadic process; this period is not fixed and only an estimation can
be given for the minimum amount of time between two executions of the
process. As stated in [30]:
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Periodic processes constitute a bulk of computation, while rare
sporadic processes seem to be useful only for environment change
purposes.

. Ways of representing time: Time can be represented in a semantics
by a point (a single value), an interval, or a set (of points, or intervals).
Using points in representing time is the most restrictive method. In con-
trast, using a set (of either points or intervals) is the most general one in
which different ways of a computation (e.g. with disjoint intervals) can be
modelled in a natural way.

As the specification of timing may depend on properties of a system (e.g.
distribution and replication), it should be possible to represent such de-
pendencies in the specification of timing. To this extent, the above repre-
sentations of time could be generalized also to functions (with parameters
from other domains) associating to a computation either a single value,
an interval, or a set of values (set of intervals).

. Relative vs. absolute time: In presenting semantics for real-time sys-
tems, time can be shown relative to some initial time point or relative to
the time of the previous state / transition. The first option is referred to
as absolute time, whereas the second notion is called relative time. As [19]
puts it, in an absolute time setting time contains events while in a relative
time setting events constitute time.

. Dense vs. discrete time: In dense time models, observation of system
behavior is done in snapshots with a time taken from a dense set (a set
is dense with respect to an ordering < if between two arbitrary elements
a,b always a third element ¢ can be found such that a < ¢ < b; for
example, the set of rational numbers is dense with respect to the standard
< ordering). On the other hand, discrete time semantics are concerned
with digital discrete time-value sets (natural numbers, as a distinguished
example).

. Instantaneous vs. durational actions: An instantaneous action may
wait some time before execution but the state change is done without
changing time. In this setting, transitions in a real-time system could be
partitioned into idle(void), time-changing, and state-changing transitions.
On the other hand, in durational semantics, a transition takes time be-
tween its beginning and completion and, hence, state-changing transitions
may be time-changing as well.

. Global vs. distributed time: A real-time semantics, has to associate
a time to states and/or transitions. This time can be uniquely increased
in different parts of the system based on some global clock, even if the
system is physically distributed. However, in a distributed time setting, a
system may exploit different time systems (distributed clocks) in different
parts.
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7. Time stamping states and/or transitions: To add time to an un-
timed semantics, a choice must be made between adding time to states,
transitions, or to both.

8. Progress: Different progress assumptions may be desired due to different
uses of the model. For example when compositionality is considered as
a goal, allowing relaxed idle transitions (stuttering steps) may represent
the time that the processor spends on other parts of computation not
specified by the current program. Thus, in this setting, allowing idle
steps and relaxing the progress assumption is quite helpful. On the other
hand, when verification of a closed model is considered, assuming a kind
of progress may be inevitable to prove useful properties.

3.3 Decisions and Their Rationale

Considering the previously mentioned requirements and decision points, the
following decisions are made to fix the semantics of our model:

1. Periodic vs. sporadic behaviors: We have a preference in favor of spo-
radic process modelling. Assuming periodic execution of atomic actions
is considered to be an assumption about their coordination (scheduling),
which is to be avoided according to our requirements. After providing
a suitable schedule, the whole schedule (or its building blocks) could be
dispatched to processors as periodic processes.

2. Ways of representing time: A first choice is an interval time represen-
tation because we add time to GAMMA for the purpose of estimating ex-
ecution time (and indirectly other timing properties like latency); it would
be hard to have a specific point estimation for execution time. However,
a natural extension is to associate (a finite set of) different intervals to an
operation to gain the most general modelling schema.

With respect to the previously mentioned inter-dependencies of the timing
domain and other specification domains, extending the interval (set of
interval) notation to a function taking a specification of other aspects into
account can be another extension to our model. Since we did not define
any other aspects by now, this extension is not possible at this stage.

Another useful extension is to declare the timing information as functions
of system state. Because the information for determining the execution
time is available when scheduling, this is also a straightforward extension
to our model.

3. Relative vs. absolute time: Using absolute time will lead to an infinite
model for any reactive system presented in timed-GAMMA. Hence, using
relative time has a major advantage over absolute time (especially, when
considering formal techniques on reasoning). As we see in our model, by
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assuming a relative time model, one can derive absolute time models by
fixing the origin of time.

. Dense vs. discrete time: Apart from the complexity of reasoning in
the verification and refinement area, using dense or discrete time will have
no effect on our semantics. Hence, we keep the discussion abstract from
the discreteness or denseness of the time domain as much as possible. In
order to present benefits and drawbacks of a particular decision on the
time domain, we present reasons supporting each side briefly.

Since quantized time is the only time paradigm in computer systems (due
to the presence of digital clocks), algorithms assuming that processes have
arbitrary integer computation times should be satisfactory for most ap-
plications [30]. Also since a discrete time semantics can be closed under
scaling the time unit and shifting the origin of time, it can provide suf-
ficient precision. Dealing with discrete time domains sometimes is the
solution to make the verification process decidable.

On the other hand, it should be mentioned that there exist some contin-
uous models of real-time systems (even without so-called Zeno behavior)
that can not be simulated by any discrete time model [2]. In such systems,
scaling the discrete time unit to arbitrary small chunks does not solve the
problem, either. Although one may argue that such systems do not exist
in reality, they are at least important from a theoretical point of view.
Furthermore, in the dense time domain, digitizability theorems show that
there always exists a discrete (digital) model of a dense time one that pre-
serves the digital versions of properties that were true for the dense time
domain. Hence, a dense time domain is the more general choice than a
discrete one.

. Global vs. distributed time: Almost all models studied up to now use
a centralized clock for measuring and increasing time globally over the
system. Although this assumption is not close to the real world (where
providing a single global clock is a problem), it can be rationalized by
using clock synchronization algorithms in a distributed platform (in the
background, transparent from our modelling). So, we choose a centralized
clock model and leave the choice for distributed timing schemes for further
extensions to our modelling language.

. Instantaneous vs. durational actions: Instantaneous actions make
the modelling semantics more compact and easier to reason about. In
durational semantics, the system state during execution would not be
predictable and a model for assuring atomicity should be defined. Hence,
we use the instantaneous modelling of actions for now.

. Time stamping states and/or transitions: With instantaneous ac-
tions and global time, each computation trace shows deterministically the
system state (values) with their time (when fixing the time origin, an ab-
solute time), and so, adding a time stamp to states would not be useful
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in this case. Hence, we just use time stamping on transitions. For dis-
tributed time modelling, however, time stamping states may make sense
for observing causal relations and for synchronization purposes.

. Progress: Due to our design philosophy, we do not want to impose any
restriction on our functionality and coordination model unless explicitly
specified. Hence, we assume a general progress assumption in which idling
is generally allowed. To restrict idling in the behavior of schedules explic-
itly, we introduce urgency operators.
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Chapter 4

Timed-GAMMA,
Coordination, and
Reasoning

4.1 Introduction

The general design philosophy and the decisions made in the previous chapter
lead to the syntax and semantics of timed-GAMMA and our timed-Coordination
language. To preserve the orthogonality between models, we want to extend
the GAMMA and coordination model in such a way that an un-timed GAMMA
program or an un-timed coordination expression can be interpreted in the timed
setting in a meaningful way. In fact, the syntax of our coordination language
does not change and only its semantics is updated. This will provide both a
kind of backward compatibility and the freedom for the designer to be free from
timing concerns when designing the functionality and behavior aspects.

In this chapter, first we present the syntax and semantics of timed-GAMMA
in Section 4.2. Then, the semantics of timed-Coordination is defined in Section
4.3 based on the new timed functionality model. Finally in Section 4.5, the
method of reasoning is extended to support quantitative reasoning about timed
functionality and timed behavior. In order to support such reasoning in Section
4.4 an urgency operator is introduced.

4.2 Timed-GAMMA

4.2.1 Timed-GAMMA Syntax

In this subsection, the syntax of GAMMA programs is extended with timeliness
properties. Following [4, 24], the change in syntax is done in such a way that a
valid GAMMA program is also a valid Timed-GAMMA program.
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TimedProgram ::= Program Timing
Timing ::= € | , TConstraint Timing
TConstraint :*= TrueName = Interval
Interval ::= [Time,Time] | (Time, Time]

| [Time, Times) | (Time, Times,)

Figure 4.1: Timed-GAMMA Syntax

The syntax of Timed-GAMMA is presented in Figure 4.1. The non-terminal
Program represents an un-timed GAMMA program as presented in Figure 2.3 in
Section 2.3.2. Timing constraints are added to the GAMMA program definition
to represent an estimation of the rule execution time. A timing, defined by the
non-terminal T'Constraint, relates an interval (a convex set of time points) to a
rule via its rule name. Such an interval represents the minimum and maximum
time needed to perform a rule computation. This time is relative to the point
from which the rule is scheduled for execution (i.e. when the previous transition
is finished). To emphasize that an un-timed program is indeed a timed program,
the timing part is isolated via non-terminal Timing with the possibility of being
the empty string e.

Definition 4.1 (Basic time domain) The basic time domain is a set denoted
by T'ime that contains an element denoted 0 and on which a total ordering <
with least element 0 and an addition function + with unit element 0 are defined.
We do not need to have any more assumptions on Time, until we apply the
construction of schedules or automatic verification in the future.

To model unspecified upper bounds of intervals we introduce a new element
to the basic time domain, denoted by oo, and refer to the time domain as:

Times 2 TimeU {o0}. We extend the ordering relation and addition function
on Timey, such that for all ¢ € Time, t < 00, t + 00 = o0 +t = 00, and
0 + 00 = 0.

Bounds of intervals are elements taken from these time domains as described
by the non-terminal Interval. If there is no timing estimation specified for a
rule (as is the case for un-timed specifications), it is assumed to be [0, 00), that
is, an arbitrary execution time. We refer to the lower and upper bound of the
interval I with Ib(I), and ub(I), respectively. We use addition and multiplication
of constants to intervals (¢ + I, and ¢ * I, where t is an arbitrary element of the
time domain) to represent addition and multiplication of its bounds.

Definition 4.2 (In-bound operator) We define that t € Time is in-bound
with respect to the interval I, denoted by ¢ < I if and only if ¢ < Ib(I) Vit € I.
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(RuleSched)

where for a rule r = LExzp — RExp < Cond,
o = U[REzp|/v[LEzp)

tel
RuleC
(RuleComp) (r, M, [0@t : I]) =%, (r, M[o],00)
t+t I
(TimePass) i t'>0

(r, M, 0@t : I]) 5, (r, M, [0Qt + ¢' - I])

Figure 4.2: Timed-GAMMA Semantics: Basic Functionality

4.2.2 Timed-GAMMA Semantics

Following the style of the semantics of GAMMA, the semantics of Timed-
GAMMA is presented in two parts. The first part, presented in Figure 4.2,
shows the basic timed-computation and termination of a GAMMA rule. In the
given semantics, a timed state (r, M, T) consists of a rule r, a multiset M, and
a multiset of scheduled computation tasks T'. A task c@t : I is the substitution
o together with the elapsed processing time ¢ (the duration that the task has
been active and running till now), and the estimated execution time interval T
derived from the rule form which o originates. As shown in the syntax of timed-
GAMMA, after defining the rules of a GAMMA program, an estimation of the
execution times of rules is presented in the T'iming definitions. To refer to an
interval I associated with a rule named r, we use r.I. As mentioned before, if
there is no interval defined for a rule with the name r, .I results in [0, 00). For
the time being, we assume that r.I works as a function returning the interval
representing the estimation of the execution time of a rule, if available, or other-
wise [0, 00). As mentioned before, this assumption could be relaxed by allowing
several intervals associated to a rule, and hence r.I returning a set of time points
which is not necessarily a single convex interval. This relaxed assumption would
not require major change in our semantics. However, for simplicity we assume
the single interval time paradigm from now on.

The transition labels in the given semantics are either of the form 4 (or

— , where t can range over the basic time domain Time) or 5 (or =31 ), just
like in the un-timed semantics where ¢ ranges over multiset substitutions.
A basic timed-computation is divided into three phases:

42



1. First, scheduling a computation task based on a single rule. In the se-
mantics, the scheduling of a task is indicated by a transition S3.. The
rule (RuleSched) shows how a task is scheduled. If there is an enabling
valuation for a rule, then the corresponding task is added to the scheduled
tasks with zero elapsed processing time. Note that in the single-rule exe-
cution semantics, the task multiset should be empty in order to schedule
a new task. In other words, since at this level of semantics we want to
deal with basic functionalities, we cannot introduce several parallel tasks
at one time.

2. Second, passage of time (by spending processor time on a computation).
Passage of a certain amount of time ¢ > 0 is in the semantics indicated by
a transition —;. Rule (TimePass) expresses that for a scheduled task
a certain amount of processing time can be spent up to the limits of the
scheduled task as specified by the interval (¢t +¢' < I). We cannot use the
simpler conditions t < ub(I) or t < ub(I) since they would be problematic
with right-closed and right-open intervals, respectively. We do not allow
passage of zero time, because it is of no interest in our setting and to
distinguish time pass rules from the task scheduling rule.

3. Finally, performing (committing) a computation. The commitment of a
certain task is indicated by a transition -8, where ¢ is the substitution
associated with that task. Rule (RuleComp) specifies that when a task
has received enough processing time (¢ € I), then it can be applied to the
multiset and removed from the current tasks.

This division provides the possibility to put further details in each of these
phases (e.g. specifying scheduling policy, providing timing information for dis-
tributed scheduling or commitment). Rule (RuleTerm) shows that a rule will
terminate if there is no enabling valuation for it and if the current task multiset
is empty (there is no scheduled task being executed).

The following basic properties of the basic timed-computation can be proven.
Commitment of a task extends the task multiset with precisely one task. The
multiset only changes due to commitment of a scheduled task. Time passage
only changes the timing part of the scheduled task.

Lemma 4.1 For any rule r, multisets M and M’, task multisets 7" and T”,
substitution o, and ¢t € Time such that ¢t > 0:

1. if (r, M, T) 3, (r, M',T"), then M' = M, T =1, and T' = [¢'Q0 : r.I]
for some substitution o’;

2. if (r, M, T) 3, (r, M',T"), then M' = M[o] and T' = [ ;

3. if (r, M, T) -3, (r, M',T"), then M' = M.
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Proof. The proofs of these propositions follow easily from the semantics in
Table 4.2. ¢

The second part of the semantics, given in Figure 4.3, specifies the gen-
eral chaotic behavior of timed-GAMMA programs by composing the behav-
ior of rules in all possible orders and also allowing idling transitions. A state
(R, M, T) consists of a program R, a multiset M, and a multiset of scheduled
tasks 7. To show how independent tasks can be scheduled simultaneously in
the Timed-GAMMA chaotic execution model of Figure 4.3, we need to define
the independence of task multisets.

Definition 4.3 Composed substitution of a task multiset denoted by Subst(T")
is a multiple substitution resulting from composing all substitutions in 7" and is
defined as:

1. For an empty task multiset: Subst(ql ) = /[0
2. For an arbitrary singleton task multiset: Subst([c@t : I]) = o
3. For two arbitrary task multisets: Subst(Ty B T2) = Subst(T1), Subst(T>)

Definition 4.4 ( Independent task multisets) For an arbitrary multiset M,
we define that two arbitrary task multisets 77 and 75 are independent with
respect to M (denoted by M | Ty < T») if and only if, their respective com-
posed substitutions are independent, that is M |= Subst(T}) > Subst(T). We
call a task multiset T' consistent with respect to a multiset M, if and only if
METxQ.

Corollary 4.2 For all task multisets 77 and 75 and an arbitrary multiset M,
T and T, are independent with respect to M if and only if 77 HT5 is consistent
with respect to M.

Lemma 4.3 For arbitrary task multisets T and 7" and multiset M: if T BT’
is consistent w.r.t. M, then T is consistent w.r.t. M[Subst(T)].

Proof. Suppose that T = [09Qtp : Iy, ...,0,Qt, : I,] and T' = [041Q@py1 :

Intiy e y0m @ty o Iy]. Then, according to Definitions 2.7 and 4.4 we have
n n n

read(o;)BY " take(o;) E M. It follows from definition of H that ) take(o;) C

=0 =0 =0
(MB Y take(o;))B Y. put(o;). Hence (and due to consistency of THT'),
i=n+1 i=n+1
n
we have Y take(o;) C M[Subst(T")]. X
i=0

In Figure 4.3, the semantics of timed-GAMMA programs is presented. In
this semantics, rule (ProgTerm) extends the termination of a single rule to
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(R,M,T)/

(ProgTerm)

re€R (r,M,[cQt: 1)) (r, M O)
(R,M,[0c@t: |BT)S(R,M'T)

(ProgComp0)

<RaM7T1>U_J><RJ M17T11> <R,M,T2>3<R, MQaTQI)
<R7 M, Ty H T2) S <R7 M[ala 02]7 Tll B T2I)

(ProgComp1)

reR (r,M,[o@t: 1) 5 1(r, M, [0@¢ + ' : 1))

; >0
(R,M,[c@t: [|BT)YS (R, M,[0@t +t : [|ET)

(ProgTime0)

(R,M,Ty) 5 (r, M,T}) (R,M,T») (R, M,T})

(ProgTimel) ;
(R,M, Ty BT>) - (R, M, T| BT;)

t>0

reR (r,M,01)> (r,M,[c@0: I])
(R,M,T)> (R, M,[c@0 : I| B T)

(ProgSched) ME[eQO:I|=<T

(Progldle)

(R,M,T)5 (R, M, T)

Figure 4.3: Chaotic Behavior of Timed-GAMMA Program
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termination of a program. It follows from this rule and rule (RuleTerm)
of Figure 4.2 that Timed-GAMMA programs can only terminate if the task
multiset is empty.

Lemma 4.4 For all timed-GAMMA programs R and multisets M, if (R, M, T)+/
then T =100.

Proof. A program R can terminate if and only if for all its rules r, (r, M,T)/,
terminate. Termination of a rule 7 can only be due to (RuleTerm) which
means that T =[] . X

The rules (ProgComp0) and (ProgComp1) specify how a timed-GAMMA
program can perform single or parallel computations. Along with these rules
(ProgTime0) and (ProgTimel) specify the spending of time on the execu-
tion of single and parallel computations. The above four rules provide the same
kind of abstraction from the true concurrency level that we also have in untimed
GAMMA and extend it to the timed setting. In particular, by allowing a subset
of tasks to spend time on their computations, we model the cases were there
are not enough resources for true concurrency of all tasks. As before, we do
not allow passage of zero time. The rule (ProgSched) shows that a program
can schedule a new task if it can be scheduled by one of its rules and it is
independent from the current context of parallel tasks. The rule (Progldle)
states that a program can make an arbitrary idle transition without changing
its state. This rule helps to keep the timed-GAMMA semantics on the high
level of abstraction and allows stuttering steps that can be helpful for compo-
sitionality. Lemma 2.10 which holds in the untimed setting carries over to the
timed setting. It states that if a program can perform a computation, then a
larger program can do the same, as well.

Lemma 4.5 If a program R can perform an arbitrary transition, i.e., (R, M, T) %
(R, M',T"), then for an arbitrary rule r, (RU {r}, M,T) S (RU {r}, M',T").

Proof. By induction on the depth of the proof for (R, M,T) X (R, M',T").
Similar to the untimed proof, we have to analyze the x transition. In each case
we will either end up in a single rule transition (from which by application of
the same semantics rule we are done) or a rule and a program. In the latter
case, we have to apply the induction step on the program transition and then
use the same semantics rule to combine the new extended program and the rule
transition. For example if x is a substitution, then the transition is due to one
of the following rules:

1. (ProgComp0): Then, T = [c@t : I] BT’ and there exists a rule r € R,
such that (r, M,[c@t : I]) 3, (r, M',[1). Then, according to the same
rule (ProgComp0), (RU {r}, M,[c@t : I|BT') % (RU {r}, M',T").
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2. (ProgCompl): Then, there exist substitutions o; and o3, multisets
M, and M>, and task sets Ty, T|, T», and T4, such that T' = Ty B T3,
T =T/BT), 0 = 01,02, M' = M[o1,02], (R, M, T1) 23 (R, M,,T}) and
(R,M,T) 3 (R, M, T4). Then, by induction, (R U {r}, M,T;) 3 (R U
{r}, My, T}y and (RU {r}, M, T>) B (RU {r}, M5, T4). According to rule
(ProgCompl), (RU {r}, M, Ty BTy) "5° (RU {r}, M[o1, 02], T| B T4),
e, (RU{r}, M,T) S (RU{r}, M',T").

X

Some properties of the given semantics can be proved to show that the formal
semantics follows the informal intuition behind it. These properties reflect the
same intuitions as were given for the basic timed-computation semantics in
Lemma, 4.6.

Lemma 4.6 For any set of rules R, multisets M and M', task multisets T and
T', substitution o, and t € Time such that ¢ > 0:

1. if (R, M, TS (R, M',T"), then M' = M and T" = [0’@0 : I]EBT for some
substitution ¢’ and interval I;

2. if (R,M,T)% (R, M',T"), then M' = M[o] and Subst(T"),o = Subst(T);
3. if (R, M,T) % (R, M',T"), then M = M' and Subst(T) = Subst(T").
Proof.

1. The 0 transition can only be due to (ProgSched). Thus, the case trivially
follows from this rule.

2. By an induction on the depth of the proof for ¢ transition. Suppose
that the transition has a proof of length 1, then it can only be due to
(ProgComp0). Hence, the case holds trivially for the induction base.
For the proofs of length n > 1, the proof is due to (ProgComp1). Thus,
the case holds by applying induction hypothesis to the premises of this
rule.

3. Similar to item 2.

X

The following proposition is an example of such a property showing that
the chaotic behavior of a GAMMA program only allows consistent multisets of
tasks to be scheduled simultaneously.

Proposition 4.7 For all timed states S = (s1, M1,T1) and T = {sq, M5, T5), if

there exists a transition x such that S AT and T is consistent with respect to
M, then T, is consistent with respect to Ms.
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Proof. By induction on the depth of the proof of § % T. We only prove that
each rule maintains consistency.

1. (ProgComp0) Suppose that S = (R, M, [¢@t : [|HT) and S’ = (R, M', T).
Suppose furthermore that [c@t : I| BT is consistent w.r.t M. We have
to prove that 7T is consistent w.r.t. M'. We can use the hypotheses of the
rule, i.e., the existence of r € R such that (r, M, [0@t : I]) =3, (r, M', ).
From this, by Lemma 4.1.2, it follows that M' = M[o]. By Lemma 4.3,
consistency of T' w.r.t. M’ follows from consistency of [¢@t : I|HT w.r.t.
M and M' = MJo] = M[Subst([cQt : I])].

2. (ProgCompl) Suppose that Ty B T; is consistent w.r.t. M. From this
it follows that T; is consistent w.r.t. M and that T is consistent w.r.t.
M. Then, by induction, we obtain the consistency of T{ w.r.t. My and T4
w.r.t. Ma. It can be proven that M; = M[o1] and My = MJo]. Also, by
Lemma 4.6.2, Subst(T1) = Subst(T}), 01 and Subst(T2) = Subst(Ts), o2-
According to Lemma 2.6, M[o1] |E Subst(T]) > Subst(T;),02 and by
application of the same lemma once more, (M[o1])[o2] = Subst(T]) <
Subst(T;). But using Lemma 2.5 we have, Mo1,02] E Subst(T])
Subst(T;). This means that M’ |= T} < Tj.

3. (ProgTime0) Suppose that [c@t : I|BH T is consistent w.r.t. M. We
have to prove that [c@Qt + ¢’ : I] B T is consistent w.r.t. M. This follows
immediately from the definitions by the observation that Subst([cQt+1¢' :
I]) = Subst([cQt : I]).

4. (ProgTimel) The consistency of 7] B T4 w.r.t. M follows immediately
from the consistency of 771 H 7> w.r.t. M using Lemma 4.6.3.

5. (ProgSched) Consistency of [c@0 : I|HT w.r.t. M follows from M =
[c@0:1] ™ T.

6. (Progldle) Obviously, consistency of T' w.r.t. M follows from consistency
of T w.r.t. M.

X

As mentioned in the previous chapter, the intention of the semantics given
here is different from the one in release time, deadline semantics (e.g. [20, 18]),
since timing constraints in that case specify the minimum and the maximum
amount of time an enabled transition should wait before being taken. How-
ever, in our case, the presented estimations are only important when the rule is
scheduled for execution. In other words, the timing estimation in our model is
based on individual component executions and usually due to chaotic behavior
of GAMMA program or later due to a coordination strategy, an enabled rule
may wait (without being scheduled) more than its maximum estimated execu-
tion time. We believe that specification of release time and deadline for a rule, is
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also an important issue but it should be specified separately and proved correct
through a coordination strategy. This is shown in the later examples.

Example 4.1 (Dying dining philosophers) Recall the previous definition
of the classic dining philosophers problem (Example 2.5); the problem definition
is extended with timing properties as follows.

Each philosopher, after spending an arbitrary amount of time (between 0
and tihink) on philosophical thoughts, gets hungry, sits on his/her chair and
tries to get hold of both forks on his/her right and left. Unfortunately, one
(or both) of these forks may be already in use by a colleague (colleagues) and
s/he should wait for the colleague(s) to finish eating. Eating also takes an
arbitrary time, between 0 and teq:. After the philosopher finishes eating, s/he
is ready to leave the table. It is assumed that when a fork is released it can be
instantaneously available to the one waiting for it (washing forks takes no time).
A general statement of the problem can be found in [25]. The timed-GAMMA
specification of the dying dining philosophers is:

DyingDiningPhilosophers =
Sit = (P,i) — (PS,1),
Eat = (PS,1),(F,1),(F,(i+1) mod n)— (PE,1i),
Leave = (PE,i) = (P,i),(F,i),(F,(i + 1) mod n)
s Tsit = [0, tinink)
JTE(It = [07 teat]
JTLeave = [07 0]

To get a better intuition of the GAMMA semantics, we take a concrete
example of the dying dining philosophers with n = 4,tpink = 2,tcar = 3.
Figure 4.4 depicts examples of a timed-GAMMA program run (sequence of
computations). In figure 4.4 (a), the substitution names stand for the following
substitutions: othink, = [(PS,0)]/[(P,0)], othinks = [(PS,2)]/[(P,2)], and the
initial multiset is M = [(P,0),...,(P,3),(F,0),...,(F,3)]. The depicted run
could be executed according to the GAMMA semantics as follows (we show an
acronym of the rule names allowing each transition):

(R, M,)

% (RuleSched), (ProgSched), M = [o¢hink, @O0 : Tsit] b< [l
(R, M, [0thinko @0 : Ts4t])

5 (TimePass), (ProgTime0)

(R, M, [0think, @1 : Tsyt])

5 (RuleSched), (ProgSched), M |= [0thinks @0 : Tsit] >4 [Othink, QL : Tsit]
(R, M, [0thinko @1 : Tsit, Othink, @0 : Ts3])

RN (TimePass), (ProgTime0), (ProgTtimel)

(R, M, [0thinko Q2 : Tsit, Othink, @1 : Tsit])

Tuhinko Jihinks (RuleComp), (ProgComp0), (ProgComp1)
(R, M[0thinko > Tthinks,], [ )
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Othink Teato

Othinks) Ocato

Oeatg
5

Ocats

(©)

Figure 4.4: Examples of the Dying Dining Philosopher Program Execution

NOW; by Sta‘rting from M' = M[athinkoaathinkz] :[(PS, 0)7(Pa ]-)5 (PS> 2)
,(P,3),(F,0),...,(F,3)], we can execute the run in Figure 4.4 (b) using the
following transitions. We do not mention the rule name, for transitions sim-
ilar to previous runs. Substitutions present in the figure stand for ., =
[(PE,0))/[(PS,0), (F,0), (F,1)], 0eats = [(PE,2)]/[(PS,2), (F,2), (F,3)):

(R, M', )

o,

<R: MI: [Ueato Qo0 : Teat]>
)

<R7 Mla [Ueato Q1: Teat])
0

3

<R: M’: [Ueato Ql: Teat; Oecato Q0 : Teat])
1
=
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<R, MI, [Ueato @2 M Teata Ueatg@]- M Teat])
= (RuleComp), (ProgComp0)
<R7 MI[Ueato]y [Ueatg Q1 : Teat])

IR

<R, M’[Ueato]a [a'eatz @2: Teat])

Teaty

<Ra (MI[Jeato])[Jeatz]a m >

In the third example, we start from the same multiset and substitutions
as before (MI = M[Uthinkoaothinkz]a Oecatg = [(PE7 0)]/[(P57 0)7 (F7 0)7 (F7 1)]7
Ocats = [(PE,2)]/[(PS,2),(F,2),(F,3)]) and show how the run in Figure 4.4
(c) can be executed using the following transitions:

(R,M',1[)
% (RuleSched), (ProgSched), M’ |= [0eqt, @0 : Tuqy] < [

<R7 MI: [o'eato Q0 : Teat])

5 (RuleSched), (ProgSched), M' |= [0¢qat, Q0 : Tent] D [Oeqato @0 : Tens]

(Ra MI; [o'eato Q0 : Teat; Oeato Q0 : Teat])
2

_>.
<R7 MI; [Ueato @0 : Teat; Oeato Q2 : Teat])
oeato
._)
(Ra MI[UeatQ]a [Ueato Q0 : Teat])
3
_>

<R, MI[Ueatz]: [Ueato @3 : Teat])

7% (RuleComp), (ProgComp0)
(R, M'[0cat, ][0cat, ], 1)

This execution presents the abstract nature of our parallelism in that it al-
lows sequential execution (or preemption and interleaving) of parallel execution
which may be due to shortage of hardware resources.

Example 4.2 (The elevator system, Timing) Suppose that the following
timing information is given about the elevator system in Example 2.6:

e Requests happen instantaneously (or at least do not take any time from
our system).

e Going up and down between floors takes StepTime for each floor. Stop-
ing at (starting from) each floor and opening (closing) the door takes
StartTime.

e The elevator will be loaded /unloaded within MinService and MazService
amount of time, depending on the number of people and goods waiting
for it.
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(TCoordRuleTerm) w

(r, M, [ )/

(r, M, 1) 31 (r, M, [0@0 : I])
(r,M,[0 ) (r[c@0 : I], M,[0@0 : T))

(TCoordSched)

(r, M,[c@t : I]) 3y (r, M', )

(TCoordCOmP) <T[O’@t . I], ]\4'7 [O'@t : I]> ﬁ> <5klp7 MI’ m >

(r, M, [o@t : I]) 5, (r, M, [0@t +¢' : I])

(rlo@t : I, M, [0@t : I])
(rlo@t +t' : I, M,[0cQt + t' : I])

(TCoordTimePass)

(TCoordlIdle0)

(r, M, [ ) = (r, M, )
(TCoordlIdlel)

(rlo@t : 1], M, [0@t : 1) & (r[o@t : 1], M, [0@¢ : I))

Figure 4.5: Timed-Coordination Language Semantics (Partl): Basic computa-
tion and termination

The following timed-GAMMA program expresses this information:

ElevatorSystem =
inRequest, ext Request, movelUp, moveDown,
{ close, open, load, unload }
7TinRequest = Tethequest = [07 0]
s Trmoverp = TmoveDown = [StepTime, StepTime]
s Teiose = Topen = [StartTime, StartTime]
> T10ad = Tunioad = [MinService, M azService]

Note that in the above program we dispensed with re-stating the rule part
of the GAMMA program and abbreviated them by their respective rule names.
Also, for equal intervals we used a shorthand to combine the timing of different
rules.

4.3 Timed-Coordination

In this part, without changing the syntax of the coordination language given
before, we extend its semantics so that it also works for the timed setting. It
brings the benefit of orthogonality in our design, in that the design process
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for the coordination aspect is completely separated from using real-time con-
straints, changing them, or even waving them. Due to this feature of our timed-
coordination language, we can adopt schedules of previous examples without
any change on the syntax and the new semantics takes care of timing associated
with atomic rules automatically. Of course, it remains to be verified whether
such a schedule satisfies the desired timing properties.

Figure 4.5 shows the first set of semantic rules for the timed-coordination
language. These rules link the semantics of single rule execution to the semantics
of schedules (coordination terms) and introduce the idling transition (in the
same way as the idling of timed-GAMMA programs). In the semantics there
is a tight relationship between coordination terms and scheduled tasks. For
example, in the execution of schedule s || (s ; t), we need to distinguish between
the two tasks instantiated from the parallel component s and the sequential
component s, since starting ¢ should be synchronized with commitment of the
latter, while the former has nothing to do with execution of the task instantiated
by t. Hence, we attach scheduled tasks to its the syntactic expression they
originate from (for example, r[c@Qt : I]).

So, in the given semantics the state (s, M,T) contains s as the coordina-
tion expression that is possibly augmented with scheduled tasks (substitution,
timing, and interval), M is the data multiset, as before, and T is the multiset
of active tasks, as in the timed-GAMMA semantics. Note that the multiset of
tasks can be derived from the annotated schedules too, but we make it explicit
in the state for readability and consistency.

In Figures 4.6 and 4.7, the second part of timed-coordination semantics is
presented. In these figures, the transition % denotes passage of time, scheduling
of a task or performing a computation on a substitution o (x is a variable that
ranges over the time domain plus substitutions). According to the first part of
the coordination language semantics, the schedule terms present in these figures
can be schedules annotated by their corresponding tasks.

Rules (TRCO) to (TRC3) define the semantics for the rule-conditional op-
erator. Expression r m s[t] can schedule a task when either the condition rule
r is enabled and the first argument s can schedule a task (TRCO), or when r
terminates (is disabled at the moment) and ¢ can schedule a task (TRC1). Ob-
viously, it terminates when none of the above cases are possible. The semantics
of the sequential composition operator is defined by rules (TS0), (TS1), and
(TS2). Rules (TPO) to (TP3) specify the semantics of the parallel composi-
tion operator. In particular, rules (TP0) and (TP1) specify how two sides of
a parallel composition can evolve individually in time. Checking independence
of task multisets are necessary due to possible scheduling of new tasks by each
side. Rule (TP2) is meant to represent true concurrency in which processor
time is spent on two different task multisets. Zero time pass is excluded in this
rule since, in our semantics, it represents scheduling new task and specifying
simultaneous task scheduling is of no particular interest for us, provided that it
calls for consistency check of task multisets. Rule (TP3) specifies simultaneous
commitment of two or more tasks. The side condition of these rules assures
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~((r, M, 1)) (s, M,T)3(s', M, T")

(TRCO) .
(r o~ s[t], M, T) = (s', M, T")

(r,M,Q)y/ {(t, M,T)> (', M,T")
(r e~ s[t], M, T) 3 (¢, M, T")

_'(<T7M7T>\/) <3aM7T)\/

(TRC1)

R~ i, M, T

(r, M,T)y (M, T)y
R ) S, M, Ty
(TSO) <315M3 T)£<3115M15TI)

<51 ;827M7T)£<811 ; SQJMIJTI)

(s1, M, T)y/ (s2,M,T)> (sh, M',T")
(sl 5 32;M7T) L <SI25MIaTI)

(51,M,T)\/ <82aMaT>\/
(81 5 32aM7T)\/

(TS1)

(TS2)

Figure 4.6: Timed-Coordination Language Semantics (Part2): Sequential and
Rule-conditional Operators
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<817M7T1>A<8117M17T11>
(51 82, M, Ty BTo) 5 (s} || 52, M', T} B Tp)

(TPO) M' =T =Ty
<$2a Ma TZ) L (8127 MI; TZI>

(TP1)
(s1|| 82, M, Ty BT) 2 (sy || s, M', Ty BT})

M ET =T,

(51, M, Ty) 5 (s, M,T}) (32, M, To) 5 (s, M, T})

t>0
(s1 || 82, M, Ty BTy) 5 (s || sb, M, T! BT}

(TP2)
<31;M,TI>S<SiaMlaT{> <32,M:T2>g<sl27M2aT21>
<81 || SQ,M,Tl ETQ) 01—’()72 <Sll || 8'2,M[0'1,0'2],Tll EET2I)

<317M7T>\/ <827M)T)\/
(s1 ] 82, M, T)y/

(TP3)

(TP4)

(slpa-s/], M, T) 5 (s', M', T")
(uz.s, M, T) S (ux.s', M', T")

(slpuos/a], M, Ty
(px.s, M, T)/

(TRO)

(TR1)

Figure 4.7: Timed-Coordination Language Semantics (Part2, Contd.): Parallel
Composition, and Recursion Operators
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that the task multiset remains consistent if any of the two sides schedule a new
task. Finally, (TRO) and (TR1) specify the concept of recursion. As it can be
noticed in the second part of the semantics, most of the semantics rules given
for coordination operators only reflect the general semantics of these operators
and do not refer to the timing aspect. Note that idling transition is a time pass
transition and hence there is no need to define it over the structure of schedules
syntax.

Lemma 4.8 For an arbitrary schedule s, an arbitrary task set 7', and a multiset
M, if (s, M,T) SN (s, M',T"y and T is consistent with respect to M, then T" is
consistent with respect to M'.

Proof. See Appendix B. X

The deduction rules for parallel-composition operator are the only rules in
which the premises decompose the task multiset in parts. This fact may cause
some concerns about consistency of task multiset and its correspondence with
the tasks attached to schedule terms. This is not going to cause any problem,
since on one hand, time pass and commitment are always possible with the pres-
ence of task both in the schedule term and in the task multiset these steps (time
pass and commitment) will not cause inconsistency between schedule terms and
task multiset. Non the less, time-pass and commitment steps cannot change the
consistency of task multiset at all. On the other hand, scheduling new task also
adds the new task to both resulting multiset and schedule and all scheduling
steps check the consistency of the whole task multiset (not only the decomposed
one, in case of parallel-composition semantics).

Despite the similarities between the (un-timed) coordination language and
process algebras, like ACP and uCRL the given semantics differs in some cases
with the timed-extensions of the mentioned theories [4, 24]. These differences
are particularly due to the intentions we had in the design of our timed theory
and the decisions we made in the previous section. Usually, real time extensions
of process algebras use points of time to represent the time were actions have
to take place. However, in our case, timing information is used to estimate the
amount of time it takes to perform an action. In our semantics, the absolute
time when results of an action (set of actions) are visible depends on the point of
time when the actions are scheduled for execution according to the coordination
expression or chaotic execution.

The extension of CCS by timing intervals given in [10] is close to our work in
that it models timing with intervals that represent relative timing behavior of
processes. However, there are two major differences, compared to our approach.
First, in [10], the timing information is attached to the syntax of process terms
initially, whereas we make a syntactic separation between the two. Second, the
semantics given here is more general, because in [10] parallel processes can only
be executed at the same time (synchronous parallelism) if the intervals have an
intersection. In contrary, we do not have this restriction in our semantics.
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If we extend the notion of bisimulation with timing as follows, the previous
results of schedule equivalences, i.e. equivalence and congruence (Section 2.4.3),
hold for the timed case with the same proofs. A general discussion of different
simulation models in timed systems can be found in [21].

Definition 4.5 (Timed Bisimulation Relation) We call a relation R; on
timed states a timed-bisimulation if and only if for any two timed states (s, M, T')
and (¢, M,T) such that (s, M,T) Ry (t, M, T), for all timed states (s', M{,T})
and (', M}, T,):

1. (s, M, T) X (s', M}, T}!) = for some (t", M}, T}!), (t, M, T) 3 (", M|, T))A

'
for all M", (s', M", Ty Ry {t",M",T!)

2. (t, M, T)X3 (¢', M}, T}) = for some (s", M3, T3), (s, M,T) X3 (s", M3, T3)A
for all M", (s", M", T4 Ry (', M", T%)

3. (s, M,T)/ = (t, M, T)/

4. (¢, M, T)/ = (s, M, T)+/

Two schedules s and ¢ are timed-bisimilar (written: s = ¢) if and only if
there exists a timed-bisimulation relation R; such that for all multisets M,

<S7M7q] )Rt<t>M7m )

As in Chapter 2, we re-use the bisimulation relation between two sched-
ules (defined above) for a schedule and a GAMMA program and two GAMMA
programs. Due to the natural extension of the semantics that separates the
functionality, behavior, and timing parts (resulting in a similar semantics for
schedule operators), all schedule equalities in Proposition 2.17 remain sound
with little or no change in the proofs. Those proofs that need a little change
are given in Appendix B.

Furthermore, the notion of the Most General Schedule from the untimed
setting remains the same in the timed setting. However, since the tasks are
attached to schedule terms, we have to play a bit with the previously given
proof of bisimulation. The new proof is also given in Appendix B.

Theorem 4.9 (Timed Most General Schedule) For all timed-GAMMA pro-
grams R, MGS(R) &; R.

Proof. See Appendix B. X

Example 4.3 (Reactor shutdown system) This example is a simplified ver-
sion of an industrial application used for nuclear reactor control, studied in [22].
The shutdown system we are modelling checks the pressure and the power of
a reactor and if it finds them exceeding the allowed safe values (PrLimit and
PwLimit), it starts a timer. Checking the conditions takes a time between
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tminAnd, and tmazAnd, corresponding to the propagation delay of an And gate.
As the timer starts, the normal systems for controlling the reactor may cool it
down to reach the safe area. But, if after the timer sends the timeout signal
(in tger time with a drift) the system finds the values still above the safety
thresholds, it generates a shutdown command to stop the whole reactor, and
allows it to cool down. The reactor will be allowed to turn on again, only after
teoolDown time passed from the time both measures reach their safe value.

ShutdownSystem =
( checkDanger = power?, pressure? :
< pressure > PrLimit A power > PwLimit,
timer = +— tick,
shutCheck = power?, pressure? : tick —
< pressure > PrLimit A\ power > PwLimit,
shutdown = +— ShutdownCmd,
restart = power?, pressure? : ShutdownCmd —>
< pressure < PrLimit V power < PwLimit

\
7TcheckDanger — LshutCheck — [tminAnd;tmawAnd]
aTtimer = [ttick - dT’ift, tt'ick + dTift]

aTshutdou}n = [tminShutdown7 tmazShutdoum]
;Trestart = [tcoolDounu tcoolDown]

The initial multiset of the above GAMMA program consists of tuples repre-
senting current pressure and power. The identifiers power and pressure abbre-
viate pairs of name and value. The program consists of rules for checking pres-
sure and power values in normal (checkDanger), the timer (timer), the power
and pressure check after the timer generated the timeout tick (shutCheck), gen-
erating shutdown command (shutdown) and restarting the system when the
conditions return to normal mode (restart).

The chaotic behavior of the timed-GAMMA program cannot provide any
guarantee for the shutdown system to work in time, but the following simple
schedule may help in achieving a reliable upper-bound for shutting down the
system:

reactorControl = pX.checkDanger —
(timer || shutCheck —
(shutDown ; reactor Restart)[X])[X]
reactor Restart = pY.restart — reactorControl[Y]

The above schedule first checks the pressure and power values. If it finds
them dangerous, sets the timer and waits for it to timeout (shutCheck requires
the tick to proceed). After the timeout occurs, if the values are still dangerous,
shutdown and restart commands are generated and systems waits for normal
condition to restart, otherwise system restarts executing its control schedule.
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4.4 Urgency Operator

For some coordination operators (not yet included in current schedules syntax)
it may be needed to differentiate between idling and normal time pass transitions
that are spent on computation. This can be done by comparing task multisets
at the two sides of the transition (which remains the same in case of idling). A
particular example of such an operator is the urgency operator, denoted by v
following [29], which forces the schedule not to idle:

o (&M T) L', M, T"Y T #T'
(v(s), M,T) 5 (v(s'), M, T")

(s, M,T) 5 (', M', T')
OV ts), 34,7) 5 (o5, 307, T7)
(s, M, T)/
U2 () 0,1)y

To put it informally, v filters idle transitions and does not allow them to
happen when applied to coordination expressions. A deadline urgency operator
(vr) can be defined to force the sum of idling transition to be within an interval:

(s, M,T) 5 (s', M,T"y T #T'

(IUO) .
(vi(s), M,T) = (vi(s"), M', T")

(s, M,T) = (s', M", T")

(TU1)
(vi(s), M, T) = (vi(s'), M', T")

(s, M,T) 5 (s', M,T"Y T=T" t<1I
(wi(s), M, TY 5 (vy_y(s"), M, T")

(TU2)

(s, M,T) = (s', M,T"Y T=T" tel
(vi(s), M, T) 5 (v(s'), M, T")

(s, M,T)\/
<VI(3)7M7 T)\/

(TU3)

4.5 Reasoning

Because they abstract from real time, classic Temporal Logics are only good for
qualitative reasoning about time. Several extension have been proposed for dif-
ferent Temporal Logics to support specification of real-time properties. Without
going deep into the comparison of these extensions, we use the one that comes
in line with our extension of GAMMA and coordination with intervals, namely
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Formula ::= Atom | -Formula | FormulaV Formula
| Formula UrFormula

Figure 4.8: Syntax of Metric Rich Temporal Logic Formulas

Metric Temporal Logic (MTL, or also Bounded-Operator Temporal Logic). The
interested reader can find detailed comparisons of expressive power and verifi-
cation complexity between temporal logics in [3, 17, 7]. (The results of these
comparisons also show that our choice of MTL is possibly the best for our con-
text.) Since instantaneous actions may happen in our semantics, in addition
to the ordering imposed by time, we need an ordering imposed by causality in
order to represent and order the states caused by such an action. Hence, we use
a richer notion of time (containing both real and causal time) than in Metric
Temporal Logic, and hence we call the slightly modified temporal logic (that
takes also the causal ordering of events into account) Metric Rich Temporal
Logic (MRTL).

The syntax of MRTL is given in Figure 4.8. In this syntax, temporal opera-
tors are bounded with an interval. The until operator ( Uy) means that at some
time within interval I the second formula holds, before which the first formula
keeps being true (from now). As before, other interesting temporal operators
can be constructed from the presented basic ones. For example, Fry is defined
as true Uy, and means that ¢ will hold some time during the interval I, or
Gy is defined as -F;—p and means that ¢ has to be true during the whole
interval I. The next operator is not included in MRTL because it has no in-
tuitive meaning in timed settings (or the same intuitive meaning as Frp). To
define the semantics of MRTL over timed schedules we need to define timed
computations of such specifications. To verify GAMMA programs one may use
the same definitions or simply verify the corresponding most general schedule.

Definition 4.6 (Timed-Closure-Transition) We define that the state (s, M, T")
¢

can perform the timed-closure-transition (s, M, T) —* (s', M, T") if and only if
there exist transitions with the labels t...t,,, such that (s, M, T) iy (s0, M, Tp) R2Y

n
...tA(s’,M,T’) and ) t; =t.

i=0

oc@t
Definition 4.7 (Timed-Computation) The transition (s, M, T) —* (s', M',T")
¢

is a timed-computation of (s, M,T) if and only if (s, M,T)—* (s", M, T") and
(s", M, T"Y 5 (s', M', T").

Definition 4.8 (Timed-Run (timed-state-sequence)) The tuple (o, 7) where
a is a sequence of states and 7 is a sequence of absolute transition times, is a
timed-run of the schedule s and the multiset M if and only if it has the following
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(), tyilEp < |o| >4, 7(1) <t <7(i+1),and M; =p
(for atomic formula p)

(,7),ti = <= |a| 2i, (i) <t <7(i +1), and (, 7), 1,0 ¥

(Ot,T),t,l' IZ 1V — (Oé,T),t,i ': $1 Or (Oé,T),t,i IZ P2

(a,7),t,3 |E w1 Us g <= there exist t' and j such that ¢’ € ¢t + I and
(a,7),t',j E @2 and for all k and ¢ such that
i<k<jand 7(k) <t"<7(k+1):
(Oé,T),t”,k 'Z ¥1

Figure 4.9: Semantics of Metric Rich Temporal Logic Formulas

properties (a(i) and 7(i) are used to denote the i’th element of the sequences «
and 7. If the lengths of the sequences are less than 4 then «(%) is undefined and
7(i) = 00) :
1. Initiality: a(0) = (s, M, ),
c@t
2. Sequence: View 0 < @ < |af, JteTime,e (i) >*a(i +1) and 7( + 1) =
T(1) + t.

Definition 4.9 (Timed-Behavior) The set of all timed-runs of a schedule s
with initial state M is called the timed-behavior of the schedule and is denoted

by [1(s, M).

The behavior of a schedule is closed under shifting the time origin and scaling
the time unit [18]. It means that if (o, 7) is in [[(s, M), then (a,a* T +¢) is in
[1(axs, M), where, ax7+cis a new function mapping each state a (%) to ax7(i)+c
and a = s is a new specification with all r.I being replaced by a * (r.I). In other
words, the given semantics (and, in general, Timed-Computations) do not refer
to absolute time (as it appears from in the semantic rules like (TimePass)),
and without loss of generality the time origin can be assumed 0. So, from now
on we assume that for all timed-runs (@, 7) in the behavior of a program (or a
schedule) 7(0) = 0. As we mentioned before, to verify properties of schedules,
we implicitly rule out idling transitions. This can be formally done by applying
the urgency operator to all rules participating in the schedule (apart from those
appearing as conditions in rule conditional).

The formal semantics of MRTL is described in Figure 4.9, based on the
definition of a timed-run. The formula ¢ holds for the timed-run 6 if and only
if 8,0,0 F . The schedule s with the initial multiset M satisfies ¢ if and only
if for all timed-computations 6 € [](s, M) it holds that 6,0,0 F ¢.
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Example 4.4 (Dying dining philosophers, Timed correctness properties)
Our real-time version of the dining philosophers problem (Example 4.1) should
have the following properties:

1. No two neighboring philosophers may eat (i.e. share a specific fork) at the
same arbitrary time (same as before).

2. No philosopher dies of hunger, in other words, when s/he is hungry, s/he
will receive two forks in a given amount of time (at most ¢4 )-

The following statements formalize these requirements in MRTL:

e The mutual exclusion property in Example 2.9 is extended naturally to
the following property:

Gio,00)(((PE,i) E room) = (PE,(i—1) mod n) & room
A
(PE,(i+1) mod n) & room)

foralli: 0 <i<m.

We may turn this invariant property to a more interesting timed property
by stating that: Every philosopher desires a kind of discipline that his/her
fork remains for him/her for a specified amount of time after s/he has
finished eating:

G[QOO)(((PEJ) E room)

= G[Oatd‘iscipline] (PE, (@ - 1) mod n)E room
N
(PE,(i+1) mod n) #Z room)

* Gio,0)(((PS,i) E room) = Fo,..1(PE,i) E room))

This property asserts that for all states, if a philosopher gets hungry and
sits in his/her chair, waiting for forks, s/he will receive them eventually
before the deadline ¢4 after which the philosopher dies of huger (this is
actually the reason why the problem is named dying dining philosophers).

As we have seen in Example 2.9, the sequential and parallel schedules given
for the dining philosophers example both guarantee that a hungry philosopher
will find the opportunity to eat in the future. But, in un-timed settings we
cannot compare the time needed for serving a hungry philosopher in sequential
and parallel schedules. Now, in the timed setting however, one can observe that
in the sequential schedule, it takes at least tipink + 1 * teqr for a philosopher to
be served. On the other hand, for the parallel schedule there exists a run in
which this time is reduced t0 tpink + 2 * teqt (and to tipink + teat, if the number
of philosophers is odd).

The result for the parallel schedule is due to the semantics of parallel com-
position. It allows independent rules to be executed together, with taking the
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maximum estimation of execution time between them. In the case when the
number of philosophers is odd, members of the two subsets of philosophers (odd
numbered and even-numbered ones) can eat concurrently, and hence, reduce the
service time in this particular run to t.q;. If the number of philosophers is even,
there will be a conflict between philosophers number 0 and n — 1, and hence one
of them should wait one more t.,; in addition to the above estimation.

Example 4.5 (The elevator system, Timed correctness properties) The
un-timed property of the elevator system (in Example 2.10) is extended such
that any request from inside or outside should be service within tgepyice time:

Gio,00) ((((extStop,i),on) E M = Fig 4. ((extStop,i),of f) E M)
/\(((inStop, Z), O’l’l) EM= F[O,tsamice]((in‘gtopa 7’)7 Off) E M)
).

Again, the general timed-GAMMA program (given in Example 11) cannot
satisfy this property with any arbitrarily large tservice (following the same rea-
soning as for the un-timed case). However, the given schedule in Example 7
services every request after visiting at most n — 1 other floors two times. Hence,
by taking a large enough tgepyice, for example, tseryice > 2 *xn * (StepTime + 2 x
StartTime + 2 x MaxServiceTime), the above property holds.

Example 4.6 (The reactor shutdown system, Correctness properties)
Suppose that we specify our correctness property as follows: If both inputs of
power and pressure exceed their limit and remain high for at least tsqp. time,
then the shutdown signal will be generated by the specified system in less than
treaction time:

ShutdownProp = G ) (DangerousCondition
= F(0,t,00110n] (ShutdownCmd £ M))
DangerousCondition = Gygy,,.,..] (pressure > PrLimit
A power > PwLimit).

Obviously, the general GAMMA program does not satisfy the above prop-
erty. What we presented as a coordination in Example 12 is an attempt to
satisfy the above property and as a result the property holds if both inputs
remain high for a minimum required time: tsqp1¢ > tmazAnd + teick + drift then,
the system will shutdown in t.cqction < tmazShutdown-

As shown in the examples throughout this paper, the given coordination
expressions coincide with the properties desired from the system behavior. This
fact invites us to investigate the way schedules can be derived from correctness
properties. Similar to Most General Schedules, we propose studying the Most
General Correct Schedule with respect to temporal properties in both timed
and un-timed cases.
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Chapter 5

Conclusion and Research
Directions

We presented a model for system design which deals with different aspects of
systems as separate orthogonal concerns: A very basic subset of the GAMMA
language is used to define functionality of components, a coordination (schedul-
ing) language for exploiting functionalities in a special order, and a timing model
for representing estimations of execution time. Linear-time temporal logic and
one of its real-time extensions are used to reason about designed systems. This
orthogonality means that specifications of each aspect (functionality, coordina-
tion and timing) can be re-used when changing other aspects or even in the
absence of some other aspects. Figure 5.1 depicts a schematic view of our
method.
We plan to extend our approach in the following steps:

1. Extracting and refining schedules (based on properties): As shown in the
last section, some schedules conform to some correctness properties speci-
fied by temporal logic formulas. Finding the Most General notion of such
Correct Schedules seems to be a challenging problem.

2. Structuring the multiset in GAMMA: We are planning to provide some
basic structuring and typing mechanism for our basic GAMMA language
in order to make it useable for industrial case studies. A current extension
of GAMMA in this direction, namely Structured-GAMMA [14], provides
a starting point.

3. Automatic reasoning about GAMMA programs and schedules: We will
attempt to translate a coordinated program to the input languages of
automatic verification tools. This will mechanize verification of schedule
correctness.

4. Extension by the distribution aspect: Studying the effects of distribution
of data and program parts on timing properties and defining distribution
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Weaving

(Refinement / Construction)

Timed-Schedules Semantics

Figure 5.1: Realization of Our Design Method

policies in GAMMA is another interesting topic for our future research
and a step toward (distributed) implementation.

. Studying fault tolerance and reliability: Replication can provide a basis for
improving fault tolerance and reliability of a system. The GAMMA model
represented in this report is indifferent to replication of single rules or
replication of one rule with several names. This feature can provide a basis
for studying process replication in our design model. Data replication, on
the other hand, is also another interesting topic in this paradigm.

. A detailed timing model: The timing model used here could be extended
by presenting more detailed pieces of timed-functionality (e.g. timing for
communication, for pattern matching in the multiset, and for performing
computation). This extension may bring timing information to scheduling
phase (instead of the current assumption of zero time for scheduling) and
termination, too. Also, this detailed information about timing may involve
timing with other aspects like distribution.

. Specification of real-world case studies: Capabilities and shortcomings of
our design method can be further investigated only by specification and
design of more complex real-world examples. Furthermore, design of real-
world examples may help us with inspiring possible ways of transformation
to the implementation domain.
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Appendix A

Proofs of Untimed
Properties

In this appendix we are mainly aiming at proving the following properties:

1. Bisimilarity of the schedules in Proposition 2.17: This is done by defining a
relation and proving it to be a bisimulation relation according to Definition

2.15.

2. Bisimilarity of GAMMA programs and their corresponding most general
schedule: This is done based on some results for a single rule program {r}
and its single most general schedule pX.r ~ (r || X):

(a)

(b)

(c)

(d)

First, we prove that a single most general schedule is bisimilar with
the rule in parallel with the single most general schedule (Lemma
A2).

Then, we prove that if a single most general schedule performs a
transition, then the resulting schedule is bisimilar to the result of the
transition (Lemma A.4).

Subsequently, it is shown that the schedule comprising of two sin-
gle most general schedules in parallel is bisimilar to the single most
general schedule (Lemma A.6).

Using the above lemmas, we are able to prove the equivalence of a
single rule program and its single most general schecule in Lemma
A7,

After all, we lift the result for a single rule program to an arbitrary pro-
gram in Theorem 2.18 by an induction on the size of the program.

3. The last result in this appendix is the fact that union of programs corre-
sponds to parallel composition of schedules (Proposition 2.19).
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Lemma 2.10 (Section 2.3.3) If a program R can perform an arbitrary o
transition (R, M) (R, M'), then for an arbitrary rule r, (RU {r}, M) % (R U
{r}, M"). (i.e., if a program can perform a computation, a bigger program can
perform it, too.)

Proof. By an induction on the proof depth for the ¢ transition. For simplicity,
we consider the depth of the proof up to the semantics of a single rule:

1. Induction base: If (R, M) 3 (R, M') has a proof of depth one, then this
transition is due to (ProgComp) (proofs that use (ProgPar) need at
least one more step to prove the premises). It follows from (ProgComp)
that there is an 7' € R such that (', M) 3 1 (r', M'). Because r’ € RU{r},
we can apply (ProgComp) again using this transition and conclude that
(RU{r}, M) (RU{r}, M").

2. If (R, M)% (R, M') by a proof of depth n (greater than one), then this
transition is due to (ProgPar) and there exist two substitutions o; and
o2 such that (R, M) 3 (R, My), (R, M) B3 (R, M>), 0 = 01,02, M |= 01 >
o2. Since M' = M[o1,02]. According to the induction hypothesis (because
the premises should have a proof of depth n — 1) (RU {r}, M) 3 (RU
{r}, My), (RU{r}, M) B (RU {r}, My), and M | 01 > 02, 0 = 01,09,
and M' = M[o1,02]. It follows from (ProgPar) that (RU{r}, M), 3 (RU
{r},M"). O

X

Corollary 2.11 (Section 2.3.3) For arbitrary GAMMA programs R; and R,
if <R1, M) £> (Rl, MI), then <R1 U RQ,M) i) (Rl U Rz, MI)

Proof. Tt follows from Lemma, 2.10, using an induction on the size of R,. X

Lemma 2.12 (Section 2.3.3) (R, M) (R, M[o]) if and only if for all rules
r € R, one of the following cases holds:

L (R\{r}, M) = (R\ {r}, M[o])
2. (R\{r}, M) B (R\ {r}, M[o1]), ({r}, M) B ({r}, M[os)), o = 01,02 and

M ': g1 X 0o3.
3. ({r}, M) 5 ({r}, M[o])
Proof. (1) =: By an induction on the proof depth for the ¢ transition:

1. Induction base: If (R, M) (R, M[o]) with a proof of depth 1, then this
transition can be only due to (ProgComp) and there is a rule ' € R
such that (r', M) 3, {(+', M[o]). If r is the same as 7/, then according to
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(ProgComp), {{r},M)% ({r}, M[o]) (item 3). If they are different,
then since v’ € R\ {r} it follows from (ProgComp) that (R\ {r}, M) >
(R\ {r}, M[o]) (item 1).

2. Induction step: Suppose that (R, M) % (R, M[o]) with the proof of depth
n (greater than one), then the transition can be only due to (ProgPar)
which means that (R, M) 3 (R, M[o1]), (R, M) 3 (R, M[02]), 0 = 01,09
and M = o1 < 03. Both transitions of oy and o3 have a proof depth of less
than n, and thus the induction hypothesis applies to both. Considering an
arbitrary rule r € R, applying the induction hypothesis leads to 9 different
cases. But due to symmetry, examining the following 6 cases completes
the proof:

(@) (R\ {r}, M) S (R \ {r}, M[o1]) (item 1) and (R \ {r}, M) 3 (R \
{r}, M[oz]) (item 1). Then it follows from (ProgPar) that (R \
{r}, M)°=5*(R\ {r}, M[o1,02]) and this completes the proof (item
1).

(b) (R\{r}, M) = (R\{T} M[o1]) (item 1), (R\{r}, M) =% (R\{r}, Mo21]),
and <{T} M) ({T} M[O’22]) 09 = 021,022 and M lZ 091 X 099
(item 2). Then we compose the two transitions of o; and o2; using
(ProgPar) (according to Proposition 2.7 M = o7 < 021) It follows

that (R\{r}, M) 3" (R\{r}, Mo1, 0:]) and {{r}, M) =% ({r}, M[o2])

(item 2, independence condition holds following Theorem 2.9).

(c) (R\{r}, M) = (R\{r}, M[o1]) (item 1) and ({r}, M) =3 {{r}, M[o2])
(item 3). Then the lemma trivially holds (item 2).

(d) (R\{r}, M) = (R\{r}, Mlou]), {{r}, M) =5 {{r}, Mo1]) (item 2),
(R\{r}, M)=% (R\{r}, M[o=1]), ({r}, M) = ({r}, M[o2]) (item 2),

with 01 = 011,012, 02 = 021,022, M |— o111 X o2, and M IZ 021 X
022. Composing 011 and o021 on one hand, and 015 and o252 on the
other hand leads to item 2.
(e) ({r}, M) 3 ({r}, M[o1]) (item 3), (R\ {r}, M) (R\ {r}, Mloa]),
({’I“} M) 02 ({7"} M[O’zg]) 09 = 091,022 and M '_ 091 X 092 (item
2). Then according to (ProgPar) and Proposition 2.7, ({r}, M) 723
{r}, M[o1,09]) and (R\{r}, M) Z (R\{r}, M[021]) and since com-
position of substitutions is associative and commutative by definition,
0 = 091, (01,092) (item 2).

(£) ({r}, M) S ({r}, Mo1]) (item 3), ({r}, M) =3 ({r}, Moz]) (item 3).

Composing o7 and o2 (by (ProgPar)) results in item 3.
(2) «<:
1. Immediate consequence of Lemma 2.10.

2. According to Corollary 2.11 (R, M) 23 (R, M [01]) and (R, M) 53 (R, M[03]).
It follows from (ProgPar) that (R, M) % (R, M[o]).
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3. Tt follows from Corollary 2.11 that (R, M) % (R, M[o]).

X

We will use the notation = to denote syntactic equivalence of two schedules.
Two syntactically equivalent schedules are (according to Theorem 2.15) always
bisimilar. The smallest bisimulation relation that relates all syntactically equiv-
alent schedules is denoted by d.

Theorem 2.16 Congruence: Bisimilarity is a congruence with respect to all
schedule operators.

Proof. To prove the theorem we should prove the following propositions: For
all schedules s, s', t, and ¢ and arbitrary rules r and 7/, if r =2 ¢/, t =2 ¢ and
s = s' then :

1L.rvsit]=2r v s'[t]
2. s;t=2s ;¢
3. s||t=s ||t
4. pr.s = px.s'

1. fr =27, t =2t and s = ', we denote the minimum bisimulation relation
relating r and r' as R,, t and t' as Ry, and s and s’ as Ry, we construct the
new relation R 2 R, URU{({r ~ s[t], M), (r' ~ §'[t"], M)|((r, M), (r',M)) €
Ry A ((t,M),(t',M)) € Ry A((s,M),(s',M)) € Ry}. Then:

1. If {r ~ s[t], M) 5 (u, M'), then:

e Either (r, M),/: then according to (RC1), we should have (¢, M)
2 (u, M'"). Butsincer = ' andt = t', (r', M)y/and (t', M) 3 (u', M')
and ({u, M"),{(u',M'")) is in Ry and hence, in R. It follows from
(RC1) that {r' ~ s'[t'], M) % (u', M') and since ({(u, M), (u', M")) €
R, it completes the proof of this case.

e Or —=(r, M)/, then according to (RCO0) we should also have: (s, M)

2 (u, M') since r = ¢’ and s = s', =(r, M) (an immediate conse-
quence of Definition 2.15), (s, M) % (u', M') and (u, M), (u', M')) €

R. Tt follows from (RCO) that (r' ~ s'[t'], M) > (u', M").
2. If (' ~ s'[t'], M) (u, M'), then following the same reasoning of the
previous item (r ~ s[t], M) 3 (u/, M") and ((u, M), (u', M)) € R.

3. If (r ~ s[t], M)/ then according to (RC2) or (RC3) we should have
either =(r, M)/ and (s, M)+/, or {r, M),/ and (¢, M),/. But since r =
,t 2t and s 2 ¢, either —(r', M)/ and (s', M)/, or {r', M),/ and

( M)+/. So in both cases, we have (r' ~ s'[t'], M)/ .
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4. Symmetric to item 3.

2. As in the previous items, we construct the relation R by R 2 R,UR,U {{(s;
t,M),(s"; t', M))|({s, M), (s', M)) € Ry A ((t,M),(t',M)) € R2}. Then:

1. If (s ; t, M) > (u, M'). Then this transition is due to either of the following
rules:

(a) (S0): Then, (s, M) (u',M’') and u =
(s', M)y % (u", M') and ((u M"Y, (u", M’
(S0) that (s ; ¢', M) S (u" ;t',M') and
R.

(b) (S1): Then, (s, M)/ and {(t, M) % (u, M'). Since s = s' and t = ¢/,
(s', M)/, and (t', M) > (u', M'y and ((u, M'), (u', M')) € R;. Then,
it follows from (S1) that (s’ ; ¢/, M) % (u', M') and ({(u, M), (u', M'))
R.

~

u' ; t'. But since s = s/,
)) € Ri. It follows from
(u

((u' 5 8, M), (u” 5 ', M')) €

2. If (s ; t, M) % (u, M'), then following the same reasoning as in previous
item (s’ ; ¢/, M) (u', M') and ((u, M'), {u', M')) € R.

3. (s ; t, M)/ if and only if (according to (S2)) (s, M)/ and (t, M),/ and
since t = t' and s = s’ this holds if and only if (s', M)/ and (¢, M)+/;
thus according to (S2) (s’ ; ¢/, M)+/.

3. Assume the relation R to be R 2 R; U Ry U {{(s || t, M), {s" || t',M))
|((s, M),{s',M)) € R1 A ({t, M),(t',M)) € Ry, for all multisets M}, where Ry
and R» have their previous definition. The proof of bisimilarity is similar to
that of 2.

4. Tt trivially holds; since we only consider closed terms (i.e., s and s’ are bisim-
ilar) introducing recursion does not influence bisimilarity.

X

For the particular schedule s (similarly the program), the multiset M, and
the substitution o, if there is no schedule s’ and multiset M’ such that (s, M) 3
(s', M') is a valid transition, then we write (s, M) - . It follows trivially from
the given semantics that (Vo; (s, M) ») & (s, M),/.

Corollary A.1 For two arbitrary schedules s and s’ and multiset M, if s = s
then (s, M) %» <= (s',M) 5.

Proof. Straightforward consequence of the Definition 2.15. X

Proposition 2.17 Some bisimilar schedules: According to the given semantics,
the following bisimilarities hold, for all schedules s, s1, s2, s3 and rule r:
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1. skip;s=s

2. s;skip=s

3. 51;(s2;83) =2 (s1;82); 83

4. skip||s=s

5. 51| 52 & 52| 51

6. (s1 || s2) || 53 = s1 || (52| s3)

7. r ~ skip[skip] = skip

8. r ~r[skip]| =r

9. (r ~s1[sa]) ;83 =2r v (s1;83)[s2; s3]

._.
e

If y is not present in s, pz.s = py.sfy/x]. Where, s[y/z] is the syntactic
substitution of recursion variable x with y.

Proof.

1. For all M and o, assume the bisimulation relation R 2 idu {((skip ;
s, M), (s, M)), for all schedules s and all multisets M}. For the id subset
of R it is obvious that it is a bisimulation according to Theorem 2.15. (We
do not repeat reasoning of this part in the future.) For the rest, we have:
(1) (skip ; s, M) S (t, M') = either (skip, M) (t, M')(S0) or (s, M) >

(t, M"Y A (skip, M),/ (S1) but since, for all o (skip, M) - , it follows that
(s, M) = {t, M)

(2) (s, M) 5 (¢, M') = (s, M) 5 (t, M') A (skip, M)/ =5V (skip ; s, M)
= (t, M)

(3), (4) (s, M)/ & (skip, M)/ A (s, M)y/ &% (skip; 5, M)/

2. For all M and o, assume the bisimulation relation R 2 jdu {({(s
skip, M), (s, M)) , for all schedules s and all multisets M }:

(1) (s; skip, M) (t, M')y = either (s, M) > (t, M') (S0) or (s, M)/ and
(skip, M) 5 (t, M') (S1), but since for all o, (skip, M)+ , it follows that
(s, M) = {t, M)

(2) (s, ) (t M'y =80 (5 skip, M) S (t ; skip, M') and ({t ; skip, M),
(t, M) €

(3), (4) (s, M)y/ & (skip, M)/ A (s, M)/ &5 (s ; skip, M)y/

3. We define the relation R 2 id U {({s ; (t ; u), M), ((s ; t) ; u, M), for all
schedules s, t, and u, and all multisets M }:
(1) if {s1 ; (s2 ; s3), M) > (t, M'). Then this transition is according to
either of the following;:
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(a) (S0): Then, (sy, M) (', M) and t' ; (s2 ; 83) = t. Then according
to (S0) we have: (s ; so, M) 5 (t' ; 52, M') and using (S0) again
results in: ((s1 ; s2) ; s3, M) 3 {((t'; s2) ; s3, M'). Also, according to
the definition of R, ((t'; (s2; s3), M') , {(t'; s2) ; s3, M")) € R.

(b) (S1): Then, (s1, M)/ and (ss ; s3, M) > (t, M'). The o transition
of so ; s3 is due to either of the following rules:

i. (S0): Then, (s2, M) % (t', M') where t' ; s3 = t. According to
(S1), (s1 ; s9, M) (', M') and by using (S0) we have ((s; ;
s2) ; 83, MY (t' ; s3, M') and since ' ; s3 = t then the two
processes are in the identity subset of R.

ii. (S1): Then, (s1, M)/, {s2, M)/, and (s3, M) > (t, M'). Ac-
cording to (S2), we have (s; ; s2, M)+/. Using rule (S1) results
in ((sq ; 82) ; 83, M) S (t, M').

(2) if {(s1 ; s2) ; 83, M)> (t, M'). Then this transition is according to
either of the following;:

(a) (S0): Then, (s; ; 59, M) 5 (', M'y and t' ; s3 = t. The transition of
s1 ; 8o is either due to:

i. (S0): Then, (si, M) % (t",M') where ' ; s, = t'. According
to (S0), (s1 ; (s2 ; s3), M) (t" ; (s2 ; s3),M') and due to
the definition of R we have ((t" ; (s2 ; s3),M') , ((t" ; s2) ;
s3, M')) € R.

ii. (S1): Then (s1, M)/ and (so, M) 5 (t', M'). According to (S0),
we have (ss ; 83, M) = (t' ; s3, M') and according to (S1) {s; ;
(52 ; 83), M) (' ; s3,M'), and since t' ; s3 = t, this case is
also complete.

(b) (S1): Then (s; ; s2, M)/ and (s3, M) > (t, M'). Tt follows from
(S2) that (s1, M)/ and (s2, M)4/. Hence, according to (S1), we
have (s ; s3, M) 5 (t, M') and again according to (S1), (s1 ; (s2 ;
s3), My > (t, M").

(3), (4) ((s1 3 82) ; 83, M)/ &5 ((s1 5 83), M)/ A (53, M)/ <52
(81, M)\/ A (52, M)/ A (53, M)/ <52 ((s3 5 53), M)y/ A (s1, M)/ <52
(515 (525 83), M)y/.

4. We define R as R 2 {((s, M), (skip || s, M)), for all schedules s and
multisets M }:
(1) If (skip || s, M) = (t, M'), then this transition can be due to
(a) (PO): Tt cannot be the case because for all o; (skip, M) %

(b) (P1): Then, we have (s, M) % (s', M') and t = skip || s', and hence
((s', M'),(t, M")) € R.
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(¢) (P2): It cannot be the case following the same reasoning as in item

(a).

(2) If (s, M) % (s', M"), then according to (P1) (skip || s, M) > (skip ||
s',M"), and we have ((s', M'), (skip || s', M")) € R.
(3), (4) (s, M)y ¢ (skip, M)y/ A (s, M)y/ < (skip || s, M)y/

. We define the relation R as R 2 {{(s || t, M),{t || s, M)) , for all sched-
ules s and ¢t and all multisets M }:

(1) (s1 || 82, M) > (t, M'); then this transition is due to one of the follow-
ing rules:

(a) (PO): (s1, M) (t',M'y and t = t' || so; then according to (P1) we
have sy || 51, M) 3 (s2 || ', M') and according to the definition of
R, ((t" || 52, M"), (s2 || ¢, M")) € R.

(b) (P1): (s2, M) (t',M) and t = s, || ' then according to (P0) we
have sz || 51, M) 5 (t' || s1, M') and according to the definition of
R, ('] s1,t" || s1) € R.

(c) (P2): (s1,M) 5 (ty, My), (s2, M) 3 (ty, M5), with M |5 o1 > 03,
o = 01,02, t =t} || th and M' = Moy, 03]. According to (P2)
and proposition 2.3 with changing the order of hypothesis, we have
(sa||s1, M) 725 (th||t), M[oa,01]). But, it follows from proposition
2.5 that M[o1,02] = M[o2,01] = M' and hence, ({s1 || s2, M"), (s2 ||
s1,M')) € R.

(2) Due to symmetry, the same reasoning holds for: (ss || 51, M) 2 (t, M)

(3),(4) (51 || 82, M)/ &P (s1, M)/ A (52, M)/ &P (55 || 51, M)/

. We define the relation R as R 2 {{(s || @] w), M), {((s ]| t) || u, M)), for
all schedules s, t, and v and all multisets M }:

(1) ((s1 || s2) || 83, M) > {(t, M') then this transition is due to either of
the following rules:

(a) (PO): Then, (s || 82, M) (t',M') and t = t' || s3. This transition
is according to one of the following rules:

(PO): (s1, M) (t",M') where t' = ¢ || s5. From (P1), it fol-
lows that (s1 || (s2 || 83), M) = (t" || (s2 || 83), M') and according to
the definition of R, ((¢" || (s2 || 83), M"),{(t" || s2) || s3, M")) € R.

(P1): (so, M) S (t", M'), where t' = s; || t". From the application of
(P0) and (P1) it follows that (ss || 53, M) = (t" || s3, M') and then,
(51| (s2 || 83), M) (s1 || (¢" || s3), M') and according to the defi-
nition of R, we have ({{s1 || (" || s3), M'), (s1 || t") || 53, M")) € R.
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(P2): (s1, M) D (t;, My), and (so, M) B (ta, M), where M |= oy 1<
o2, and ¢ = 01,09, and t' = t; || t2. Applying (P1) and then
(P2) results in (s; || (s2 || s3), M) {t; || (t2 || s3),M') and
((t1 | (2 |] 83), M"),{(t1 || t2) || 83, M")) € R.

(b) (P1) The reasoning follows the same line as in the previous item.

(C) (P2) <(31 || 82):M> = <t1:M1>a and <337 M> 3 <t27M2>7 where M '=
o1 X o2, 0 = 01,02, M = M[O’l,O'Q], and t' = t1 || to. As in the
previous items, the transition of o; can be done according to (PO0),
(P1), or (P2). We just investigate the case of (P2) since the rest are
similar to the previous items. According to (P2), (sy, M) 3 (t3, M3)
and <82,M)g<t4,M4>, where g1 = 03,04, t1 = t3 || t4, and M '=
o3 < 04. It follows from Proposition 2.7 and Theorem 2.9 that M =
04 X 09 and M |= 03 < (04, 02), and thus by applying (P2) twice, we
have (s1 || (52 || 53), M) ™7 (1 || (&2 || ta), M[os, (04,2)]), but
0 =03, (04,02) and ((t1 || (2 || ts), M), ((t1 || t2) || t5, M")) € R.

(2) The reasoning of this part is similar to the previous item.

(3), (4): {(s1 || 82) || 83, M)y/ & ((51 || 52), M)\/N(s3, M)/ & (81, M)/
(82, M)y/ N (83, M) & (s1, M)/ A (82 || 83, M)/ & (51 || (52 || 83), M)/

. Consider the bisimulation relation relating states {(r ~ skip[skip], M) and
(skip, M) for all rules r and multisets M.

(a) We claim that for no o and M, (r ~ skip[skip], M) can perform a o
transition. Suppose that it does and (r ~ skip[skip], M) > (t, M'),
then this transition is due to (RCO0) or (RC1). However, since for
all ¢ and M; (skip, M) , neither of the cases are possible (thus,
the implication in Definition 2.15 holds trivially).

(b) Similarly, for all o and M; (skip, M) » .
(c) (skip, M),/ &RC2:RC3) (1 ~ skip[skip], M),/

. We define R £ id U {({r ~ r[skip], M), (r, M)), for all r and M}

(a) {r ~ r[skip], M) > (t, M'), then following a reasoning similar to that
of previous item, this transition can be only due to (RCO). Thus,
(r, M) = (t, M').

(b) (r, M) (t, M'), then according to (RCO) (r ~ r[skip], M) > (t, M').

(c) {r ~ rlskip], M)y &RCDr®ES) (r 01)

. Consider the minimal bisimulation relation containing identity and pairs

of ({(r ~ s1[s2]) ; s3, M), {r ~ (s1 ; s3)[s1 ; s3], M)), for all rules r,
schedules s1, s2, and s3, and all multisets M:

78



(a) {(r ~ s1[s2]) ; 83, M) > (t, M'); then this transition is due to either
of the following rules:

i. (S0): (r ~ sy[sa], M) S (t',M') and t = t' ; s3. This transition
is due to either (RCO) or (RC1):

(RCO): —~(r, M)/ and (s1, M) > (t', M'). Tt follows from (S0)
that (s1 ; s3, M)3 (' ; s3, M') and thus according to (RCO),
(r ~ (s1;83)[s2; 83], M) = (t, M").
(RC1): (r, M)/ and (s, M) (t', M'). Tt follows from (S0)
that (sy ; s3, M)5 (' ; s3, M') and thus according to (RC1),
(r ~ (s1; 83)[s2 5 83], M) = (t, M").

ii. (S1): (r ~ s1[s2], M)/ and (s3, M) 3 (t, M'). The termination
of the rule conditional can be due to either of the following rules:
(RC2): —((r,M)+/,) and (s1, M)+/. It follows from (S1) that
(s1; 53,M) (t,M ) and according to (RCO) (r ~ (s1 ; s3)[s2 ;
s3], M) 5 (t, M").

(RC3): (r, M)/, and (s2, M)+/. Tt follows from (S1) that (s, ;
83, M) (t,M') and according to (RC1) (r ~ (s1 ; s3)[52 ;
s3], M)y > (t, M").

() (r ~ (s1; 83)[s2 ; 83], M) 5 (t, M'). Then, this transition is due to

one of the following rules:
i. (RCO) —~({r,M))\/, and (s1 ; s3, M) > (t, M'). Then this tran-

sition is due to either of the following rules:
(S0): (s1, M) (t',M') and t = ' ; s3. Thus according to
(RCO), (r ~ s1[s2], M) % (', M') and according to (S0), {(r ~
s1[s2]) 5 83, M) 2 (t, M").
(S1): (sy, M)/ and (s3, M) % (t, M"). Tt follows from (RCO)
that (r ~ s1[s2], M)+/ and using (S1) results in ((r ~ s1[s2]) ;
S3,M) i) (t, MI)

ii. (RC1): Similar to the previous item.

(c) ((r ~ 31[32]) 3 s3, M)y 52 (1~ sifsa], M)y A (s3, M)y &
(RC2)or(ROS) (1, M)/, Asz, M)N)V=((r, M)/ )N (s1, M)W))A (s3, M)/
=(52) (( )<\/1A<82 583, M)/) V (—((r, M)/ 1) A(s1 s 83, M)Y/) &

(RC2)or RC$) re (81 ;53)[82 : S3],M)\/ 0

10. Trivially follows from (RO) and (R1).

Lemma A.2 For an arbitrary rule r;, 7; || uX.r; ~ (r; || X) 2 pXr; (7 ]
X).

79



Proof. We define the bisimulation relation R , as the smallest set containing
id together with pairs of ((r; || uX.r; ~ (r; || X), M), (uX.r; ~ (r; || X), M)):
(1) (uX.r; ~ (1 || X), M) (t, M'). This transition can only be due to (R0),
and hence: (r; ~ (r; || pX.r; ~ (r; || X)), M) (t, M'). But this transition
can only be due to (RCO) (since the second argument of the rule conditional
is skip); according to (RCO) this means that (r; || uX.r; ~ (r; || X), M)
5 (t, M").
(2) (ri || pXr; ~ (5 || X), M) (t, M') Then, this transition is according to
(P0), (P1), or (P2). In the first and the last case, we have that (r;, M) has to
make a transition, and hence —{r;, M)/. If the transition is due to (P1), then
(uX.ri ~ (ri || X),M)5 (#",M") and again since this transition can only be
due to (RO) and (RCO) —(r;, M)+/. So in all three cases —(r;, M)+/.

Using the original transition of {r; || uX.r; ~ (r; || X), M)> (t, M') and
according to (RCO), we have (r; ~ (r; || pX.r; ~ (5 || X)), M) > (t, M') and
hence, according to (RO) (uX.r; ~ (r; || X), M) 2 (t, M').

(3) (pXory ~ (ri || X), M)y/ =®Y {ri ~ (ry || pXori ~ (r || X)), M)y
= RE2r(RES) () M)\/V (=i, M)/ A {ri || nXors o~ (1 || X), M)y/) =)
(ris M)/ V (= (ri, M)/ A ((ris M)/ A (pXori - (ri || X), M)V)) = (ri, M)y/V
false = (r;, M),/ =(P3) (using the initial assumption) (r; || uX.r; ~ (r; ||

X), M)/

g) (ri || pXori o~ (ri || X), M)y =P (uX g~ (ri || X), M)y

Corollary A.3 For an arbitrary program R = {rg,...,7p}, and a rule r; € R,

(X0 > (10 11 X)) 1] ) | (X > (ra || X)) = 74 || (X ~ (1 || X)) |
)| X (|| X))

Lemma A.4 For an arbitrary rule r;, arbitrary substitution ¢ and arbitrary
multisets M and M', If (uX.r; ~ (r; || X), M) > (t, M"), then uX.r; ~ (r; ||
X) >t

Proof. Consider the bisimulation relation of Lemma, A.2; we take its union with
bisimulation relations of Proposition 2.17, close it under symmetry, congruence
and transitivity, and denote it by R. Now, we do not need to prove that R is
a bisimulation relation (since it is a closure of several bisimulation relations),
but we have to prove that, for all o transitions and multisets M, (¢, M) and
(uX.r; ~ (r; || X), M) fall in this relation. We do this using an induction on
the depth of o transition:

1. Induction base: If (uX.r; ~ (r; || X),M) > (t,M'), with a proof of
depth 3 (The minimum depth of the proof for this term is 3, because the
recursion and rule conditional should first be resolved), then this transition
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can be only due to application of (R0), (RCO0), and (P0) subsequently.
Hence, (uX.r; ~ (r; || X), MY > (skip || uX.r; ~ (r; || X), M'); then
t = skip || pX.r; ~ (r; || X). It follows from Proposition 2.17 that
((t, M), (uX.r; ~ (r; || X),M")) € R. Since R is a bisimulation relation
((t, M), (uX.r;i ~(r; || X),M)) € R, for all M.

2. Induction step: Consider the transition (uX.r; ~ (r; || X), M) > (t, M)
with a proof of depth n, then this transition should be according to (RO)
and (RCO) and hence, {r; || uX.r; ~ (r; || X), M) > (t, M'). Then, this
transition can be according to either of the following rules:

(a) (PO): (uX.r; ~ (ry || X), M) (skip || uX.r; ~ (r; || X),M') and
((skip || pX.ri ~ (ri || X), M'), (uXori ~ (ri || X), M")) € R.

() (P1): {(uXr; ~ (ri || X),M)S(t',M') and t = r; || ¢. Thus,
according to the induction hypothesis, ' = puX.r; ~ (r; || X) and
since R is closed under congruence ({r; || t', M"), {r; || pX.r; ~ (r; ||
X),M")) € R. But, according to Lemma A.2, ((r; || pX.r; ~ (r; ||
X), M"Y, (uX.r; ~ (r; || X), M')) € R, hence since R is closed under
transitivity ((¢, M"Y, (uX.r; ~ (r; || X),M')) € R.

(c) (P2) (ri, M) = (skip, My), (uX.r; ~ (r; || X), )g(tz,Mz) o=
01,09 and according to the induction hypothesis ((uX.r; ~ (r; ||
X), M), {2, M')) € R. Thus, (uXr; A~ (ri || X), > (skip ||
to, M'y and ((uX.r; ~ (r; || X), M'), (skip || t2, M")) € R

X

Corollary A.5 For an arbitrary program R = {ro,...,mn}, if ((pX.10 ™~ (70 ||
XN ) || (X ~ (rn || X)), MY (t, M'), then t = (uX.ro ~ (1o ||
XN N (uX o ~ (ry || X))

Lemma A.6 For an arbitrary rule 7;, pX.r; ~ (5 || X) = pXory ~ (5 ]| X) ||
uX.r (g || X).

Proof. Consider the bisimulation relation of Lemma A.4 together with pairs of
WXy~ (ri || X) || pXor; ~ (ri || X), M) and (uX.r; ~ (r; || X), M), closed
under congruence, symmetry and transitivity (denoted by R):

Lo (uXori o~ (ry || X),M) 5 {8, M") = (X ~ (ri || X) || pXori ~
(r; || X), MY S (uXr; ~ (r; || X) || t, M'). According to Lemma A.4,
(&, M), (uX.r; ~ (r; || X),M")) € R. Also according to the definition
o, (s o | 30 (s e (| SO0 | (s
(ri || X),M"))) € R. Since R is closed under congruence ({(uX.r; ~ (r; ||
X), M"Y, {(uX.ri ~ (r; || X)) || t, M')) € R. Ris closed under transitivity

and hence ((t, M"), (uX.r; ~ (r; || X) || t,M")) € R.
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2. (uXri ~ (i || X) || Xy ~ (75 || X), M) (t, M') we prove that
(uX.ri ~ (ri || X), MY (', M') and ((t, M'),{t', M")) € R by an induc-
tion on the depth of the proof for ¢ transition.

Induction base: The minimum depth of a ¢ transition is when either of
the parallel components (uX.r; ~ (r; || X)) or both of them perform a
single rule transition:

(a)

(b)
(c)

(P0): Then, this transition is due to (R0), (RCO), and (P0); then
(ri, MY % (skip, M'), t = skip || (uX.r; ~ (ri || X) || uX.ri (75 ||
X)) and so, according to (PO) (r; || uX.r; ~ (r; || X), M) > (skip ||
puX.r; ~ (r; || X),M"). Thus, it follows from (RCO0) and (RO)
that (uX.r; ~ (r; || X), M) (skip || uXr; ~ (ri || X),M').
According to the definition of R (uX.r; ~ (r; || X), pX.r; v (15 ||
X) || pXri ~ (r; || X)) € R. Since R is closed under congruence
(skip || kX1 ~ (s || X),skip || (uXors o (rs || X) || pXors > (5 |
X))) € R.

(P1): Similar to the previous item.

(P2): (r;, M) D (skip, My), {ri, M) 3 (skip, M), M = 01,05 and
o = 01,02. Then, according to (P0) and (RCO) (r; ~ (r; ||
pX.r; ~ (v || X)), MY (skip || pX.r; ~ (r; || X),M;) and
according to (RO) (uX.r; ~ (r; || X), M) D (skip || pX.ri ~ (r; ||
X), M). Due to (P2)and (RCO) and (r; ~ (r; || pX.ri ~ (r; ||
X)), M) "5 (skip || (skip || pX.rs ~ (r; || X),M'). Finally, ac-
cording to (RO), (uX.r; ~ (r; || X), M) > (skip || (skip || uX.r; ~
(r; || X),M'). Since R contains pairs of Proposition 2.17 and is
closed under transitivity and congruence ((skip || skip || pX.r; ~
(ri || X), M), ((skip [| uX.ri ~ (i || X)) || (skip || pXori ~ (ri ||
X)),M')) e R

Induction Step: The transition o can be due to (P0), (P1), or (P2).
Because of symmetry, we only consider the cases of (P0) and (P2):

(a)

(P0): Then (uX.r; ~ (ri || X), M) S @', M"Y and t = #' || uX.r;
(r; ]| X). This completes the case if we show that ((¢t', M"), (t, M")) €
R. According to Lemma A.4, ((¢, M"), (uX.r; ~ (r; || X), M')) € R.
According to the definition of R, ({(uX.r; ~ (r; || X) || pX .1 ~ (i ||
X), M"Y, (uX.r; ~ (r; || X),M")) € R. Since R is closed under tran-
sitivity and congruence, ((¢' || pX.r; ~ (r; || X), M"),{t', M")) € R.
and hence ((uX.r; ~ (r; || X), M"Y, ({t" || pXri ~ (r; || X),M")) €
R.

(P1): Similar to the previous item.

(P2): (uX.r; ~ (ri || X), M) D (t1, My) and (uX.r; ~ (r; || X), M)
2 (ty, M,). Then each of these transitions should be due to (RO) and
(RCO) (r; || uXri ~ (5 || X), M) D (t1, My) and (r; || uX.r;
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(r; || X), M) % (to, Ms). Each of these transition can be due to (P0),
(P1), or (P2) leading to 9 different cases. Due to symmetry 6 cases
can be differentiated as follows:

i

ii.

iii.

iv.

Vi.

(P0) and (PO0) (the same case as item (c) in the induction base):
<Ti7M)S<8kipaM1)a (riaM)B<8kipaM2)a th =ty = (Sklp ||
X, ~ (s || X)) || (skip || pXor; ~ (ri || X)). Then,
according to (P0) and (RCO) {r; ~ (r; || pXri ~ (r; ||
X)), MY B (skip || uX.r; ~ (r; || X), M;) and according (RO)
(uX.ri ~ (ri || X), MY 23 (skip || uX.r; ~ (r; || X), M;). Due
to (P2)and (RCO) and (r; ~ (r; || pX.ri ~ (r; || X)), M) 7257
(skip || (skip || uX.r; ~ (r; || X), M'). Finally, according to
(RO), (uX.ri ~ (rs || X), M) "7 (skip || (skip || pX.ri ~ (ri ||
X),M') and ((skip || skip || pX.ri ~ (r; || X), M"),((skip ||
pXori o~ (ri || X)) || (skip || pXors ~ (ri || X)), M')) € R.

(P0) and (P1): (r:, M) = (skip, M), (pX.ri ~ (ri || X), M) 3
(th, Ms), t = (skip || uX.r; ~ (r; || X)) || t2 and t2 = r; ||
tfz. Due to (P2) and (RCO) (r; ~ (r; || pXri ~ (r; ||
X)), M) “28? (skip || ty, M') and hence, (uX.r; ~ (r; || X), M)
% (skip || th, M'). Accordlng to Lemma A.2, ((th, M'), (t2, M"))
€ R. It follows from Lemma A .4 that ((skip || th, M"), (uX.r; ~
(r; || X),)) € R. This it follows from Proposition 2.17 and
congruence that ((skip || ty, M"), (t, M")) € R.

(P0) and (P2): Similar to item 1 and 2.

(P1) and (P1): (uX.r; ~ (r; || X), M) 3t My), {(uX.r;
(7‘,’ || X),M>E<IQ,M2), t1 =1 || tll and t; = r; || tlz It
follows from application of (P2) that (uX.r; ~ (r; || X) ||
pX.ri (s || X), M) T2 (! || th, M') since the transition has
a proof of depth n — 1, the 1nduct10n hypothesis applies. This
results in {(uX.r; ~ (r; || X), M) (t', M') where ((t', M'), (t| ||
5, M')) € R but according to Lemmas A.2 and A.4 (and due to
transitivity), (¢} || t5, M'), {t1 || t2, M"}) € R.

(P1) and (P2): Similar to item 4.

(P2) and (P2) <’I‘,, )011 (Skip7 Mll)a (/J‘X"ri ~ (T’i || X)7M>
_g <t117M12>7 <T17M) A (Sklpa M21)7 and </‘sz ~ (Ti || X)7M)
T (t,, Mys), and t = (skip || t}) || (skip || t}). First, composing
transitions o5 and oap results in (uX.r; ~ (r; || X) || uX.r;
(ri || X), M) 7282 () || th, M[o12,022]) and since the new tran-
sition has a proof depth less than n, the induction hypothesis ap-
plies: (uX.r; ~ (r; || X), )am"722 (t", M[O’12,0'22]> According
to induction hypothesis, for all M", ({t",M"), (] || th, M")) €
R. Tt follows from Proposition 2.17 that ((t", M”), (t,M")) € R.
By composing o1; and 021 and using (RCO0) and (RO) to the
above transition (similar to item 4), we have (uX.r; ~ (r; ||
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X), M) % (skip || (skip || t'"),M') and ({t, M), (skip || (skip ||
t"),M')) € R.

3, 4. (uXi ~ (ri || X), M)/ ©®3) (uXri ~ (ri || X), M) || (uXri (||
X), M)y

X

Lemma A.7 For an arbitrary rule r;, R = {r;} = pX.r; ~ (r; || X).

Proof. We define the bisimulation relation @) relating pairs of (R, M) and (s, M)
for all multisets M and all schedules s proved bisimlar to uX.r; ~ (r; || X) in
the previous lemmas.

(1) Suppose that (R, M) % (R, M'). We prove that (uX.r; ~ (r; || X), M) >
(t, M'), and R = ¢ by an induction on the depth of the proof for the ¢ transition
of R:

1. Induction base: For a o transition of depth 1, if (R, M) 3 (R, M'), then
this transition can be only due to (ProgComp), and hence, (r;, M) %,
(ri;; M'"). Hence, according to (R0), (RCO0) and (P0), (uX.r; ~ (r; ||
X), M) (t,M). According to the Lemma A.4, ¢ is bisimilar to uX.r; ~
(r; || X) and thus ({R, M),{t, M)) € Q.

2. Induction step: Consider the transition (R, M) (R, M') with the proof
of depth n. This transition can be only due to (ProgPar) (n > 1).
Hence, (R, M) 5 (R, M;), (R,M) 3 (R, M), and M = o, < 0. But
according to the induction hypothesis (uX.r; ~ (r; || X), M) 3 (), My)
and (uX.r; ~ (r; || X), M) 3B (t), My). Thus, according to (P2) and
Lemma A.6 (uX.r; ~ (r; || X), M) (t", M') and t" is bisimilar to #} ||
ty. According to Lemma A.4, t" and thus ¢} || ¢5 is bisimilar to pX.r; ~
(ri || X) and thus ({R, M'), (¢} || t5, M")) € Q.

(2) (uX.r; ~ (r; || X), M) (t, M') then (R, M)% (R, M'). This statement
can be proved following a similar reasoning to that of the previous item (by an
induction on the ¢ transition proof depth).

(3) (uX.ry ~ (ri || X),M)y/ =2®Y (ri ~ (r; || pXri ~ (r5 || X)), M)y/
=(RC2)or(RC3) (. MY/ V (= (ry, MY/ A (15 || uXory ~ (15 || X), M)y/) =3
(ri, M)/ V (=(ri, M)y/ A ((ri, M)/ A pX.ri (i || X), M)y/)) = (ri, M)y/V
false = (r;, M),/ =(Comp) (ri, M)/, = (ProgTerm) ({p.1 A1),/

(@) ({ri}, M)y/ =R (rj ~ (ri || pXori o~ (ri || X)), M)y =B (uXori
(ri || X), M)+/. X
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Lemma A.8 For all programs R = {ry, ..., 7, } and multisets M, (M GS(R), M)/
if and only if {ro, M)/, ..., and {r,, M)+/.

Proof.

1. =: Suppose that (MGS(R), M)/, then according to (P3), for all r;,
(uX.r; ~ (r; || X), M)y/. Then according to Lemma A.7, (r;, M)/.

2. «: Consider an arbitrary rule r; € R, (r;, M)./; It follows from (RC3)
that (r; ~ (r; || uX.r; ~ (r; || X)), M)y/. Then, it follows from (R1)
that (uX.r; ~ (r; || X), M)+/. By applying the same procedure on other
rules and using (P3), we have (MGS(R), M)+/. O

X

Theorem 2.18 Most General Schedule: For an arbitrary GAMMA program
Ruy1 = {ro,.;rn}, (0Xoro o~ (ro || X)) || ) || (uXorn ~ (rn | X)) = Ry

Proof. The bismiluation relation of this relation contains pairs relating (R, 1, M)
and (¢, M) for all schedules ¢ that are proven bisimilar to MGS(Rp+1) (through
Lemmas A.2, A.4 and A.6 ). We prove the theorem by an induction on the size
of the program (the number of rules):

1. Induction base: For n = 0, we have uX.ro ~ (ro || X) = MGS(R1) = Ry
according to Lemma A.7.

2. Induction step: We prove that if for a program of size n, MGS(R,) & R,
then for a program of size n + 1, MGS(Rp41) = MGS(R,) || pX.1p
(rn || X) = Rpya:

1. (MGS(Rny1),M)-> (t, M'). Then, this transition is due to either of
the following rules:

i. (P0): (MGS(R,),M)% (', M"Yy and t = t' || uX.rp, ~ (ry ||
X). Then, according to the induction step (R,, M) % (R, M")
and according to Lemma 2.10 (R, 11, M) % (R, 11, M') on the
other hand, it follows from Corollary A.5 that ¢’ = ((uX.rg ~
(ro || X)) [ --) Il (uX.rn ~ (rp || X)) and hence, ((Rp1, M),
(t,M") € Q.

ii. (P1): (uXry ~ (rp || X), M) (#',M') and t = (uX.rg ~
(ro || X)) I| -) || (uX.ry ~ (75 || X))Ry, || t'. Then, according
to Lemma A.7 ({r,}, M) > {{r,}, M'). By Lemma 2.12, we will
have (R,11, M) 5 (Ryq1, M'). According to Lemma A.4, t' =
uX.rn ~ (ry || X) and hence, ({Rn41, M), (¢, M")) € Q.

iii. (P2): (MGS(R,), M) 3 (t;, My) and {(uX.r, ~ (r, || X), M)
% (ty, M). Then, according to the induction step (R,,, M) 5
(Ry, M;) and according to Lemma A.7, ({r,}, M) 3 ({r,}, M).
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Applying Lemma 2.12, will result in (Rp41, M) = (Rpq1, M').
Again ((Rp41, M'),(t, M')) € @ according to Lemma A.4 and
Corollary A.5.

2. Suppose that (Rni1, M)3 (Rpy1, M'). Then according to Lemma

2.12 for the rule r,,, one of the following cases hold:

i ({ra}, M) > {{ro}, M'), then (uX.rn ~ (ra || X), M) = (t, M),
and according to (P1) {((uX.ro ~ (ro || X)) || ) || (uX.rp
(rn || X)), M) = {((uX.ro ~ (ro || X)) || ) || £, M), and ac-
cording to Corollary A.5, (uX.ro ~ (ro || X)) || ---) || (X.rpn
(rn || X)) is bisimilar to ((uX.ro ~ (ro || X)) || ...) || t- Hence,
(Bntr, M), ((pX.rg ~ (ro [| X)) || ) | £, M) € Q.

ii. ({rn}, M)3 ({rp}, M1), (Rn, M) B3 (R,, M), M = o1 = 09,
and ¢ = o01,09. Then according to Lemma A.7, (uX.r,
(rn || X), M) 3 (t1, M;) and according to the induction hypoth-
esis, MGS(R,) 3 (t2, M). According to (P2), (MGS(R,) ||
pX.rp o (rn || X), M) S5 (t1 || ta, M'). Tt follows from Lemma
A5 and Corollary A.5 that ((Rpy1, M'), (t1 || t2, M")) € Q.

iii. (R, M) (R, M') and according to the induction hypothesis,
(MGS(Ry,), M) (t', M'). Tt follows from (P0) that (MGS(R,,) ||
pX.rn (|| X), MY S || uXr o~ (|| X), M'). Accord-
ing to A.5, we have t' || uX.r, ~ (r || X) 2 MGS(R,41) and
thus (Rpp1, M), ' || pX.r o~ (rn || X), M")) € Q.

3, 4. Tt follows from Lemma A.8 and (ProgTerm) that (MGS(Rp+1), M)/
=4 (Rn+1,M)\/.

X

Lemma A.9 For two arbitrary GAMMA programs R; and Rs such that Rs C
R1, and (Ry, M) (R, M'), one of the following cases hold:

1. (Rl \RQ,M)£)<R1 \RQ,M')
2. (Ry \ Ry, M) B3 (Ry \ Ry, M'), (Ry, MY B3 (R, M'), 0 = 01,09 and M |=

g1 X0y
3. (Ra, M) (Ro, M")
Proof. By an induction on size of Rs:

1. Induction base: For program R, with a single rule the case reduces to
Lemma 2.12.

2. Induction step: Consider a program Rs of size n + 1 with the form
{ro,...;tn}. For the subset {rg,...,rn_1} of R2 containing n rules, due
to the induction hypothesis, one of the following cases holds:
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(a) (Ri\{r0,-,Tn_1}, M) (Ry \ {ro, -, n_1}, M'). Now consider the
rule r,, by applying Lemma 2.12 to the program R; \ {r¢,...,"n—1},
one of the following cases should hold:

i A(Ra\{ro, -, ra—1 D\{rn}, M) = ((Ri\{r0, ..., rn1})\{ra}, M),
thus, (Rl \ Rz, M) E) <R1 \ Rz, MI)

ii. (Ri\{ro, a1 D\{rs}, M) S {(Ri\{r0, ..., rn1})\{rn}, M1),
{rn}, MYB ({r,}, My), 0 = 01,02 and M | 01,05. Tt fol-
lows from Corollary 2.11 that (R; \ Ry, M) 3 (R; \ Ry, M;)
(Ra, M) 3 (Ry, M>).

iii. ({rn}, M) ({rn}, M'). Tt follows from Corollary 2.11 that (R, M)
% (Ra, M").

(b) (Rl\{To, ceey ’I‘nfl}, M) S <R1\{’r‘0, ey ’I'nfl}, M1> and <{T0, ceey ’I‘nfl}, M)
B ({ro,--yTn_1}, Ma). According to Corollary 2.11, (Ra, M) 3 (Ra, M>).
Similar to the previous case, by considering rule r,,, applying Lemma,
2.12 on the o7 transition leads to the desired cases.

(¢) ({ro,-eyTn-1}, M) 5 (R\{ro, ..., n—2}, M); according to Lemma 2.10
(Ra, M) (Ry, M).

X

Proposition 2.19 For two arbitrary GAMMA programs R; and Rs and two
arbitrary schedules s and ¢, if R; = s and Ry = t, then Ry U Ry = s || t.
Proof.

1. (s || t,M)3(s" || t',M'); then, this transition is due to either of the
following rules:

(a) (PO): (s, M)>(s',M') and t' = t, then since s = Ry, (R, M)
(Ry, M'). Tt follows from Corollary 2.11 that (R, U Ry, M) % (R, U
Ry, M') and since s = Ry, it should hold that s’ = R; and since
bisimilarity is congruence, s’ || t = Ry U Rs.

(b) (P1): Similar to the previous item.

(c) (P2): (s, M) (s', My), (t, M) 3 (', M), and M | o1 a1 02. Then,
since s = Ry and t = Ry, (Ry, M) 3 (Ry, M), (Ry, M) 3 (Ry, M>).
It follows from Corollary 2.11 and (ProgPar) that (RjURy, M) % (R U

Ry, M'), also since s' = R; and t' = Ry, it follows from s || ¢ =2
R; UR, that s' || t' = Ry UR,.

2. (Ri URy, M) (R; URy, M') then considering R,, according to Lemma
A.9, one of the following cases hold:

(a) ((RiUR2)\R2, M) % ((RiUR2)\ R2, M') then according to Corollary
2.11 (Ry, M) (Ry, M') and since s = Ry, (s, M)3(s',M') and
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4. (Rl U RQ, )\/ &S Vre Ry U RQ,(T,

s' = Ry. Tt follows from (P1) that (s || t, M) (s' || t,M'), and
SI ||th1UR2.

(b) {(RiUR2)\Re, M) = ((R1URy)\ Ry, M'), (Rp, M) 53 (Ry, M), 0 =
01,09, and M |= o1 X 09.
Then, due to Corollary 2.11 (R;, M) % (Rl,M') and (Ry, M) 3
(Ry, M'). Since s = Ry and t = Ry, (s, M) 2 (s', M') and ( M3
(t',M'y. Tt follows from (P2) that (s || t, M) (s' || t',M') and
s ||t'~R1 U Rs.

(¢) (R, M) (Rz, M') then similar to item 1, {s || t, M) > (s || t/, M")
and s || ' 2 Ry UR,.

M)\/, & Vr € Ry;{r,M)\/, AVr €
R?&()T\?/M)\/l (R1, M)/ A (Ra, M)\/ & (s, M)/ A (t, M)y/ & (s ||
t, M)+/.

X
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Appendix B

Proofs of Timed Properties

In some cases, to prove properties of timed-schedules, we have to be sure that
annotations in the schedule term are in line with the tasks in the corresponding
multiset. So, we assume that a state is valid if it has this property. Nevertheless,
by starting from an empty multiset and a syntactically valid schedule (which
is obviously not annotated), we will only reach states that are valid in the
above sense because the only rules that change the task multiset, change the
annotations to keep them valid, either.

Lemma 4.8 For an arbitrary schedule s, an arbitrary task set 7', and a multiset
M, if (s, M,T) SN (s, M',T"y and T is consistent with respect to M, then T" is
consistent with respect to M'.

Proof. The proof is done by an induction on the depth of the proof for the x
transition. For the proof of depth one, the transition can be done only due to
the semantic rules of basic computation (Figure 4.5), but all rules of this figure
have only one or no task in the task multiset (the scheduled task in the multiset
is consistent due to the Definition 2.14 (Enabling valuation)).

The induction step proceeds by analyzing the structure of the schedule per-
forming the transition. Suppose that (s, M,T) % (s', M',T") by a proof of depth
n + 1.

If s is a rule-conditional, sequential, or recursive schedule, then the transition
should be according to the semantic rules (TRCO), (TRC1), (TS0), (TS1),
or (TRO) (see Figures 4.6 and 4.7), and the premises of these rules contain a
transition with the same multiset and task multisets. Since the transition in
the premises has a proof of (at most) depth n, according to induction step the
resulting tasks in 7" (which remain the same in the deduction) are consistent
with respect to M’, too.

If s is a parallel schedule, then the transition is due to (TP0)-(TP3). Rules
(TPO) and (TP1) observe the consistency condition. Rules (TP2) and (TP3)
do not result in the introduction of any new task. Hence, application of these
rules cannot cause inconsistency (in case of task execution transitions, the case
follows trivially from Lemmad4.3, and in case of time-change transitions, the cor-
responding composed substitutions do not change at all). X
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Using the above lemma, in all the of the following proofs we assume the
task multisets to be consistent. As another simplification in our proofs of bisim-
ulation, we rule out analyzing idling transitions since for all schedules (and
GAMMA programs) the same idling transitions are applicable.

Theorem Congruence: Bisimilarity is a congruence with respect to all schedule
operators.

Proof. To prove the theorem we should prove the following propsoitions: For
all closed schedules s, s', t, and ¢’ and an rules r and r/, if r = ', t = ' and
s =, s' then :

1. r v s[t] 2 r' 8]

2. 55t 85t

w

st s
4. px.s = ux.s'

The proofs of the above propositions follow the same line as those of the
un-timed one. There are only two changes necessary to make the proofs valid
in timed settings:

1. Changing the bisimulation relation and states to contain annotated sched-
ules and task multisets and changing transition labels to range over both
time pass (scheduling) and computation.

2. Analyzing the parallel composition transition to cover the new parallel
time pass rule (TP2).

For an example of these changes, see the next proposition. X

Proposition B.1 Some timed bisimilar schedules: According to the seman-
tics of the timed-coordination language, the following bisimilarities hold, for all
schedules s, s1, 82, s3 and rule 7:

1. skip;s=4s
2. s;8kip =y s
51 (82583) =4 (515 82) ;83
skip|| s = s

51 ]| 82 = 52| 51

I

(1] 52) || 3 =¢ 81 || (52 ]| 83)
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7. r ~ skip[skip] = skip

8. r ~r[skip] = r

9. (r~s1[sa]) ;83 2 r (51 83)[s2 ; 53]
10. If y is not present in s, pz.s 2% py.sfy/z].

Proof. Apart from the syntactic changes in states and relation, the way to prove
items 1, 2, 3, 7, 8, 9, and 10 remain the same as untimed proofs of Proposition
2.17 in Appendix A. Proofs of items 4, 5, and 6 change a bit. To sketch the
changes, we give the proof for 5:

We define the relation R as R 2 {{s || t, M, T),(t || s, M,T))} Uid for all
schedules s and ¢ (possibly annotated with respect to T'), multisets M, and task
multisets T
(1) (s1 || 82, M, T) 2 (t, M', T"); then this transition is due to one of the follow-
ing rules:

1. (TPO): (s;, M, T\) S (', M',T}). If T, = TET), then T = T; BTy,
T' =T{HBTs,and ¢t = t' || s2. Then, according to (TP1), (s2 || s1, M, T>H
T) 5 (sy || t',M', T, B T!) and according to the definition of R, ((t' ||
S2>MI>TII Ea2112)7<82 || tlaM,7T2 EHTII)) € R.

2. (TP1): Due to symmetry, similar to the previous item.

3. (TP2) <817M7T1> i)< IlaMaTll)a M' = M7 (SzaM;TQ) _t>< 127M7T2,)7 T =
T'BT,, T' =T{BT, and t = ¢} || t5. According to (TP2), with changing
the order of the hypotheses, we have (sz2||s1, M,T) LN (5|11, M, T"), and
(<81 || SQ,M,TI),<82 || $1,M,TI)) € R.

4. (TP3): (s1, M, T0) B (t\, M1, T}y (s2, M, T) B3 (th, Mo, T3), T = Ty BTy,
T"=T/BT,,t =t || th, x = 01,020 and M' = M[o1,02]. Ac-
cording to (TP3), with changing the order of the hypothesis, we have
(sal|s1, M, T) “25* (ty||t,, M[oa,01], T"). But, it follows from Lemma, 2.5
that M[O’l,O'Q] = M[UQ,O’l] = M' and hence, (<81 || SQ,M',T'),(SQ ||
s1, M',T')) € R.

(2) Due to symmetry, the same reasoning holds for (sy || s1, M, T) 2 (t, M', T").
(3)7(4) <51 || 82, Ma T)\/ <=>(TP4) <31,M;T>\/ A <32= Ma T)\/ Ad <32,M,T>\/ A
(51, M,T)/ &TPY (s3 || 51, M,T)y/

Lemma B.2 For all transitions of the form ((uX.r ~ (r || X)) || ((r[oo@to :
I|] ..) || ron@ty, = 1)), M, T) 5 (t, M', T"), where T = [00Qtq : I,...,0,Qt,, : T]
and T' = [03@tg : I,...,00,QtL = I]; t =2 (uXor ~ (r || X)) || (rog@tg = I] ||
) || o, @t : ).
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Proof. We define bisimulation R as the union of the identity relation and the
bisimulation relations in the previous lemma, closed under congruence. (Note
that we do not have to prove that this is a bisimulation relation.) The x tran-
sition can be due to one of the following cases:

1. (TPO): (uX.r ~ (r || X),M,T1) S (¢/,M',T]). But the only transi-
tion that can be taken is scheduling a new task (the schedule term in the
left-hand side does not have any annotated task to allow time pass or com-
mitment). Thus, x = 0 and 7] = T H8[¢'@0 : I]. But then, the whole tran-
sition is of the form: ((uX.r ~ (r || X)) || ((r[o0@to : I] || ...) || r[onQt,, :
1), M, T) 5 ((uXr ~ (r || X)) || r[o'@0 : 1)) || ((r[oo@to = 1] || -..) ||
rlonQ@t, : I]), M, TH[o'@0 : I]) and ({(((uX.r ~ (r || X)) || rl[o’@0: I]) ||
((rloo@to : I] || ...) || rlon@ty : I), M, T B [c’'Q0 : I]),{(pX.r ~ (r ||
X)) || (rle’@0 : IN || ((r[oo@to : I] ]| -..) || r[on@ty : I])), M, T B [¢'QO0 :
I])) € R. Since R is a bisimulation relation, this completes the case.

2. (TP1): Then the transition can be due to a number of time pass transi-
tions or a number of task commitments. So, in general the transition will
be of one of the following forms:

(@) ((uXr ~ (r || X)) || ((rloe@to : I || ...) || rlon@t, : 1)), M, T) 5
((uXor v (r || X)) [| ((rloo@to = I] || oo || (ros@t; + 2" = I] [] ..)) ||
rlo,Qty,, : I]), M, T') (several tasks might have increased their execu-
tion time by t'), T' = [r[oo@tg : I],...,r[0;@t; + t' : ], ...,00Qt, : I].
Hence, the lemma holds trivially (due to the identity part of R).

(b) ((uXr ~ (r || X)) || ((rloo@to = 1) || ...) || 7[oa@ty : 1)), M, T) =
(pXr ~ (r || X)) || ((rloo@to = I] || ... || (skip || ...)) || rlon@ty :
1)), M[o],T"), and T" is the result of removing the committed tasks
from T. The lemma again holds since ¢t only has skip schedules
instead of committed tasks that are absent in T".

S~

TI
TI

3. (TP2), (TP3): Transition according to these rules is not possible since
the first schedule (uX.r ~ (r || X)) does not contain any active task set
to perform a time pass or commitment.

X

Lemma B.3 For all T = [00Qty : I,...,0,Qt, : I], uXr ~ (r || X) ||
((rloo@ty : I] || ...) || Plon@ty = 1)) = (uXor ~ (7 || X) || (uXr ~ (r ||
X)) || ((rloo@to : I] || ...) || r[on@ty, : 1])).

Proof. (1) (uX.r ~ (r || X) || (rloo@to : I] || ...) || [on@t, : I]), M, T) S
(t, M',T"). The transition can be due to one of the following rules:

1. (TPO): Then the transition can be only scheduling a new task since
there is no active task associated with the component on the left-hand
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side of the outermost parallel composition. Hence the transition will
be of the form: (uX.r ~ (r || X) || ((rloo@to : I] || ...) || r[on@ty, :
0),M,T) 3 ((uXr ~ (|| X) || (|| - 1] 7)) 1] ((Ffoo@to = 1] ] ...) ||
rlon@Qty, : I]), M,[0'Q0 : I,00Qtg : I,...,0,Qt, : I]). But then, the same
transition can be done by uX.r ~ (r || X) || pX.r ~ (r || X) by just
unfolding one of the two parallel components.

2. (TP1): Then the transition is due to time pass and commitment of the
task set which is the same for both schedules and hence the transition
can be mimicked exactly by (uX.r ~ (r || X) || pXr ~ (r || X)) ||
((rlooQto : I] || ...) || r[on@Qty : I])).

3. (TP2), (TP3): No transition is possible due to these rules because the
first part (uX.r ~ (r || X)) is not able to perform time pass or task
commitment.

(2) Similar to the previous item.

(3), (4) (pXor o~ (r || X) || (rloo@to : 1] || ...) || r[on @ty : 1)), M, T)y/ & T =
0 A (uXr ~ (|| X), MDY & (uXor ~ (|| X) || pXor o~ (e ] X)) ]
((rloo@tg : I] || ...) || rlon@ty, : I]), M, T)+/.

Note that separating the scheduling from time pass and commitment simplifies
the proof significantly compared to the un-timed settings (Lemma A.6).

Lemma B.4 For all M and T = [0¢@ty : I, ...,0,@t,, : I], there is a bisimula-
tion relation R such that ({({r}, M,T),(uX.r ~ (r || X) || ((rloo@ty : I]]] ...) ||
rlo,Qt, : I]), M, T)) € R.

Proof. We assume the minimum bisimulation relation R containing the pairs
of ({r}, M,T) and (t, M, T) for all schedules related to (uX.r ~ (r || X) ||
((rloo@tg : I] || ...) || 7[on@ty, : I]), M,T) using identity and the bisimulation
relations of Lemma B.3 and Proposition B.1, closed under congruence.

(1) {r}, M, TY S ({r}, M',T"), for some multiset M and consistent task multi-
set T. By an induction on the depth of the x transition:

1. Induction base: Suppose that the x transition is of length one. If the
transition is commitment of a task, then the transition can be only due
to (ProgComp0). Hence, (r, M,[c@t : I]) 3, (r, M',[N), 0@t : TE T
and x = 0. Then according to (TCoordComp) (r[c@Qt : I], M,[cQ¢ :
Iy % (skip, M', ). Without loss of generality, suppose that ¢ = op.
Then it follows from (TP1) that {(rlog : to : I] || ...) || 7[on : tn :
I,M,TY 5 ((rloo : to : I] || ...) || skip, M',T') and due to (TP1),
(X~ (r || X) || ((rloo s to : 1) || ...) || o < tn = 1), M, TY S (uX.r ~
(r [l X) || ((r[oo : to - I] || ...) || skip), M",T") and ({{r}, M",T"),{((r[o0 :
to : I] || .-.) || skip) || uX.r ~ (r || X),M',T")) € R.

The rest of the proof (for the cases of time-pass and scheduling transition)
for the induction base is similar to above.

93



2. For the induction step, the transition is due to either of the following rules:

(a) (ProgComp0): See induction base.

(b) (ProgCompl): ({r}, M,T1) = ({r}, M{,T{) and ({r}, M, T BT)
B ({r}, M}, T3). Thus, according to induction step ((uX.r ~ (r ||
X)) || ((7[owo = tro = I) || ) || Plowm = tim = 1)), M, T1) B {(uX.r ~
(r [l X)) I (rloto : t1o = IV || --), M1, T7) and ((uX.r ~ (r || X)) ||
((rogo : tao = I] || ) || rlozm : tome = I]), M, To) B ((uX.r ~ (r ||
X)) || (rlogg = the = I] || ---), M3, Ty). It follows from (TP3) that
(Xer o> (11 X) | X > 1 X)) 1 (oo <o = 11 ) [ rlom :
o2 1), M,T) "5 ((uXor > (1 || X) || pXor ~ (r [ X)) || ((rloh -
ty : I] || ...),M',T"). However, according to Lemma B.3(uX.r ~
(1| X) [ 1Xr ()l X0) 1 (oo = o : 1) 1| ) || 7l b
1) = uXa (1 X0) 1 ((rloo < to s 1) I ) [[ rlow : o = 1)
and hence, (uX.r ~ (r || X)) || ((rloo : to = I] || ---) || rlon :
tn : 11), M,T) 25 (¢, M, T') and ((t, M, T"), {(uX.r ~ (r || X) ||
puXr (e ]| X)) || ((rlog =ty = I ]| -..)), M',T')) € R. It follows
from Lemma B.3 and the definition of R that the left-hand side of
the transition is bisimilar to ({r}, M,T') with respect to R.

(c) Cases (ProgTime0) and (ProgSched) are similar to item 1 and
that of (ProgTimel) is similar to item (b).

(2) (X~ (r || X) || (7o = to : I || ...) || #[onm : tn = I]), M, TY 2 (t, M, T")
Then the transition is due to one of the following rules:
1. (TPO) Then (uX.r ~ (r || X), M, T1) S (t, M, T}). This transition can
be only due to scheduling of a new task and hence, T' = T H [0,@t, :
I, (r, M, ) 5 (rlog@tg = I], M,[o3@t) : I1). According to Lemma B.2,
t = pXor ~ (r ]| X) || (rlog@ty = I | ...), where T' = [o4Qt : I,...].
It follows from (TCoordSched) that (r, M,[] )—0>1 (r, M, [o{Qt = I).
Then, according to (ProgComp) {{r}, M, T) A {r}, M, T").

2. (TP1) Similar to the proof of Lemma B.2.

(3), @) (uXor ~(r || X) || ((rloo :to : I] || ---) || lon = tn = I]), M, T)+/ but this
holds if and only if (with a reasoning similar to that of Lemmas 4.4 and A.7)
T =10 A{r, M,T)y/ and according to (TCoordRuleTerm) and (ProgTerm)
this holds if and only if ({r}, M,T)+/. X

For brevity in presentation, we define the following schedule term: TSMGS(r;,
N
T) = (,uXr, N (Ti || X) || (Ti[a'io@tio : I@] || || ri[o'in@tin : Iz]))

Corollary B.5 For an arbitrary rule r, {r} =2, TSMGS(r,[0).
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Corollary B.6 For all transitions of the form (T'SMGS(ro,Tp) || .- || TSMGS
(rn,Tp), M, To B ... BT,) S (t, M'\ T} B ...BT"), then t =, TSMGS(ro,Tp) ||
|| TSMGS(ry, T)).

Lemma B.7 For a timed-GAMMA program R, (R, M,T) > (R, M',T") if and
only if for all rules r € R, one of the following cases holds:

1. (R\ {r}, M, T) S (R\ {r}, M',T")

2. (R\{T}7Ma Tl) X_& (R\{Ir}aMlaTDa <{T}7 M, T2> g <{T}7 M27T2I> and 7" =
T! BT

3. ({r}, M, T) 5 {r}, M', T

Proof. Similar to untimed case proof (Lemma 2.12), by an induction on the
depth of the proof.

Theorem 4.9 For an arbitrary timed-GAMMA program R, R 22, ((uX.ro n
(ro [ X)) [| ) || (uX.rp ~ (rp || X)).
Proof. We con%truct a bisimulation relation R containing pairs of the form
(R, M,T),( (T)1§€z§n (X ~ (ri || X) || (rifoioQ@tio = L] || -.) || 7iloin @t :
Ii]),M, Tro B..H Trn)a where Tri = [O'io@tio : Ii; ---;Uin’@tin’ : IZ]

By an induction on the size of timed-GAMMA program:

1. Induction base: For a program {r} with single rule r, it follows from
Lemma B .4.

2. Induction step:

1. If (R,M,T) (R, M',T') then according to Lemma B.7, and using
either (P0), (P2) or (P3) will prove the hypothesis.

2. llp.er WX (|| X) || (ri[sigmain@tio : I] || ...) || riloin @tins :
L), M, T, 8B...8T, )5 (t, M,T'): Tt follows from decomposing the
transition (according to (P0), (P1), (P2) or (P3)) and applying
the induction hypothesis.

3,4 (R,M,T)y/ <= T =10 andforall r € R, (r,M,[0)\/, <=
( riER uX.ri ~ (r; || X) || (ri[sigmaio@tio : Ii] || we) || Ti[(finl@tinl :
IZ])7 M, \/)

X
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