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Abstract. One of the key issues of object-oriented modeling is inheritance. It
alows for the definition of a subclass that inherits features from some super-
class. When considering the dynamic behavior of objects, as captured by their
life cycles, there is no general agreement on the meaning of inheritance. Basten
and Van der Aast introduced the notion of life-cycle inheritance for this pur-
pose. Unfortunately, the search tree needed for deciding life-cycle inheritanceis
in general prohibitively large. This paper presents a backtracking algorithm to
decide life-cycle inheritance on Petri nets. The algorithm uses structural proper-
ties of both the base life cycle and the potential sub life cycle to prune the search
tree. Test cases show that the results are promising.
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1 Introduction

Inheritance of behavior. One of the main goals of object-oriented design is the reuse
of system components. A key concept to achieve this goa is the concept of inherit-
ance. The inheritance mechanism allows the designer to specify a class, the subclass,
that inherits features of some other class, its superclass. Thus, it is possible to specify
that the subclass has the same features as the superclass, but that in addition it may
have some other features.

The Unified Modeling Language (UML) [19, 10, 17] has been accepted throughout
the software industry as the standard object-oriented framework for specifying, con-
structing, visualizing, and documenting software-intensive systems. The development
of UML began in late 1994, when Booch and Rumbaugh of Rational Software Corpo-
ration began their work on unifying the OOD [9] and OMT [18] methods. In the fall of
1995, Jacobson and his Objectory company joined Rational, incorporating the OOSE
method [16] in the unification effort.

The informal definition of inheritance in UML states the following: “The mecha
nism by which more specific elements incorporate structure and behavior defined by
more general elements.” [19]. However, only the class diagrams, describing purely
structural aspects of a class, are equipped with a concrete notion of inheritance. It is
implicitly assumed that the behavior of the objects of a subclass, as defined by the
object life cycle (OLC), is an extension of the behavior of the objects of its superclass.

In the literature, several formalizations of what it means for an OLC to extend the
behavior of another OLC have been studied; see [8] for an overview. Combining the
usua definition of inheritance of methods and attributes with a definition of inherit-



ance of behavior yields a complete formal definition of inheritance, thus, stimulating
the reuse of life-cycle specifications during the design process. One possible formal-
ization of behavioral inheritanceis called life-cycle inheritance (LCI) [8]:

An OLC isasubclass of another OLC under LCI if and only if it is not possible
to distinguish the external behavior of both when the new methods, that is, the
methods only present in the potential subclass, are either blocked or hidden.

The notion of LCI has been shown to be a sound and widely applicable concept. In
[8], it has been shown that it captures extensions of life cycles through common con-
structs such as parallelism, choices, sequencing and iteration. In [5], it is shown how
LCI can be used to analyze the differences and the commonalities in sets of OLCs.
Furthermore, in [3], the notion of LCl has been successfully lifted to the various
behavioral diagram techniques of UML. Finaly, LCI is successfully applied to the
workflow-management domain. There is a close correspondence between OLCs and
workflow processes. Behavioral inheritance can be used to tackle problems related to
dynamic change of workflow processes [6]; furthermore, it has proven to be useful in
producing correct interorganizational workflows [4].

Exponential-size search space. The basis of deciding LCI is an equivalence check,
namely abranching bisimilarity (BB) check on the state spaces of both OL Cs (the base
OLC and the potential sub OLC). Particularly in the workflow domain, these state
spaces can be large (up to millions of states each). Therefore, such a check might be
time-consuming despite the fact that efficient algorithms exist to check BB on state
spaces [15]. An exhaustive search algorithm (ESA) for deciding LCl might require
many equivalence checks on these state spaces: One check for every possible partition-
ing of hiding and blocking the new methods in the potential sub OLC. The number of
possible partitionings is exponential in the number of new methods. The combination
of the large state spaces and the exponential factor results in an algorithm that is pro-
hibitively expensive in many cases.

Reducing the size of the search space. This paper introduces a backtracking algo-
rithm (BA) that is based on efficient pruning of the possible partitionings. Our main
god is to reduce the number of BB checks. To be able to do so, we assume that Petri
nets are used to model the OLCs.

We develop the concept of constraints indicating that certain methods must be hid-
den or blocked in order to allow a successful BB check. These constraints are effi-
ciently generated using structural analysis techniques for Petri nets. Our first
experiments show that the BA using these constraints does indeed efficiently and
effectively reduce the search space.

Overview. The remainder of this paper is organized as follows. Section 2 gives a for-
mal definition of LCI. Section 3 presents the BA. Section 4 compares the BA with the
ESA for several test cases. Section 5 concludes the paper.



2 Life-cycleinheritance

This section formalizes the concepts of object life cycles (OLCs) and life-cycle inher-
itance (LCI). After discussing some general notations, we define the subclass of Petri
nets that we assume are used to model the OLCs. On these Petri nets, we define a
branching bisimilarity (BB) relation [14]. This BB relation forms the basis of the LCI
relation. Using these definitions, we lay down the concepts of OLCsand LCI.

21 General
Let U be some universe of identifiers, and let L be some set of action |abels.

A bag over some aphabet A isafunction from A to N that assigns only afinite
number of elementsfrom A apositive value. For abag b over alphabet A and a A,
b(a) denotesthe number of occurrencesof a in b, often called the cardinality of a in
b. Note that afinite set of elementsfrom A isalso abag over A, namely the function
yielding 1 for every element in the set and O otherwise. The set of all bags over A is
denoted A . We use brackets to explicitly enumerate a bag and superscripts to denote
cardinalities. For example, [a2, b3, ¢] is the bag with two a’s, three b’s and one c;
thebag [a?|P(a)] , where P isapredicateon A, containstwo elements a for every a
such that P(a) holds. The sum of two bags b, and b, , denoted b, + b, , is defined as
[a"la0AOn = b,(a) + by(a)] . The difference of b, and b,, denoted b, —b,, is
defined as [a"|laO AOn = (b,(a)—-b,(a)) max 0] . Bag b, is a subbag of b,,
denoted b; < b,, if and only if for all a A: b,(a) < b,(a) . Bag b, isastrict subbag
of b,, denoted b; <b,, if and only if b; <b, and b, #b,. Bag b, isminimal in aset
of bags if and only if there is no bag b, in that set such that b, <b, . The set of all
minimal bagsin aset of bags S isdenoted | S|.

Therange of afunction f 0D - R, denoted rng(f) , isdefined asthe set of r O R
forwhichad O D existssuchthat f(d) = r.

2.2 Labeled P/T systemsand branching bisimilarity
The class of Petri nets used as the basis for specifying OLCsisthe class of labeled P/IT
nets. Labels are an abstract representation of object methods.

Definition 1. (Labeled P/T net) A labeled P/IT netisatuple (P, T, F, 1) where
(i) POU isafinite set of places,
(i) TOU isafiniteset of transitionssuchthat Pn T = O,
@iii) FO(PxT)O(TxP) isaset of directed arcs, called the flow relation, and
(iv) 10T - L isalabeling function.

The labeling function connects transitions to methods. The use of labels allows multi-
ple occurrences of amethod in an OLC specification.

Let N = (P, T,F,I) bealabeled P/T net. Elementsof PO T are referred to as
nodes. A node n; O P O T isan input node of another node n, O P O T if and only if
there exists a directed arc from n, to n,, that is, if and only if n,Fn,. Node n; isan
output node of n, if and only if there exists a directed arc from n, to n,. If n; isa
place, it is called an input place or an output place; if it is atransition, it is called an
input transition or an output transition. The set of al input nodes of some node n is



called the preset and is denoted en; its set of output nodes is called the postset and is
denoted ne . To avoid confusion, asubscript x of anet N, isalso used as subscript for
the various elements (P, , o, ...).

The current state of alabeled P/'T net N = (P, T, F, 1) isgiven by abag (or mark-
ing) MOpP. A transition t O T is enabled at a marking M, denoted M[t ), if and
only if each of itsinput placesis marked, that is, if and only if et <M. (Notethat et is
interpreted as a bag.) If M[t), transition t can fire, resulting in a new marking
M; = M—et +te . Thisisdenoted M[t )M, . If M; can be reached from M by firing a
sequence of transitions s = t; [t, (5 O.. , thisis denoted M[s )M, . The set of mark-
ings that are reachable from amarking M by firing transitionsis denoted [M ) .

The constraint generation for our backtracking algorithm (BA) uses the well-
known structural technique of T-invariants. Usually, T-invariants are defined to be vec-
torsover T, that is, mappings from T to the integer numbers Z. For the BA, we are
only interested in semi-positive T-invariants, that is, mappings from T to the natural
numbers N. This alows us to define semi-positive T-invariants as bags.

Definition 2. (Semi-positive T-invariant) Let N = (P, T,F,1) be alabeled P/T net.
A bag b O uT isasemi-positive T-invariant (STI) of N if andonly if foral pOP:
> b(t) = > b(t)
tOep t O pe
Theset of all STIsin N isdenoted oN.

For an arbitrary place, the transitions in a semi-positive T-invariant produce (left-
hand side of the equation) as many tokens as they consume (righthand side).
In this paper, we are particularly interested in elementary (or minimal) STls.

Definition 3. (Elementary STI)Let N = (P, T,F,l) be a labeled P/T net and let
bOpT bean STl of N, thatis, b0 oN. STl b iselementary if and only if it ismini-
mal in N . The set of all elementary STIsin N isdenoted [ 6N |.

A labeled P/T net extended with an initial marking and a notion of successful ter-
mination defines alabeled PIT system.

Definition 4. (Labeled P/T system) A labeled P/T system is atuple S = (N, I, O)
where
(i) N=(P,TF,I)isalabeled PIT net,
@it) 1 0uP istheinitiad marking, and
(iii) OO pP isthe marking indicating successful termination.

The notion of successful termination is not standard for P/T nets. However, when mod-
eling OLCs, itiscrucial to distinguish successful termination from unsuccessful termi-
nation (or deadlock). Hence, we include the notion of successful termination already in
the definition of alabeled P/T system.

Definition 5. (Cycle) Let S = (N,1,0) be a labeled P/T system, and let
s = t, [, (3 [0.. beasequence of transitions. Sequence s isacycleof S if and only
if thereexistsan M O [I ) suchthat M[s)M . The set of cyclesof alabeled P/T system
S isdenoted 0S.



Aswith STIs, we are particularly interested in elementary cycles, that is, in cycleswith
minimal transition support.

Definition 6. (Elementary cycle) Let S be a labeled P/T system and let
c=t,0,0;0.. beacycleof S,thatis, cJoS. Cycle c iselementary if and only
if its transition bag, that is, [t;] + [t,] +[t3] +... , isminimal in the set of transition
bags of all cyclesof S. The set of all elementary cyclesin S isdenoted | 6S .

It is straightforward to check that every cycle is a combination of elementary cycles,
that is, from the set of elementary cycles we can generate the set of cycles. Asaresult,
the set of elementary cycles uniquely defines the set of cycles. Note that when all tran-
sitions in a semi-positive T-invariant would be fired (assuming sufficient tokens are
available for consumption) in some sequence, this sequence would be a cycle.

The complete behavior of a labeled P/IT system is captured by its reachability
graph.

Definition 7. (Reachability Graph) Let S = ((P, T, F,1),1,0) bealabeled PIT sys-
tem. Let G = (V, E) be agraph which satisfies the following requirements:

i) v=1),and

(i) E = {(My, (1), Mp)|My, M OV OtO TOM,[t)MS} .
Graph G iscalled the reachability (or occurrence) graph of S.

Let G = (V, E) beareachability graph, v,, v, 0V, and aO L. Wewrite v [a)v, if
node v, can be reached from node v, by following an a-labeled edge, that is, if
(vi,a,v,) OE.

All labelsa [0 L areexternally observable, except for the designated labelt . Tran-
sitions that are labeled t are silent and not visible to the environment. The notion of
silent actions forms the basis for the hiding operation. We write v, [tU)v, if v, canbe
reached from v; by following any number of T1-labeled edges, and we write
v,[(a) )v, if either (i) a = T and v; = v,, or (ii) v4[a)V,. Thus, v;[(T) )v, means
that v, can be reached from v, by following zero (i) or one (ii) 1 -labeled edges; for
any other ald L, v;[(a) )V, isequivalent to v,[a)v, because (i) can never be satis-
fied.

The next definition introduces branching bisimilarity (BB) [14]. BB isabehavioral
equivalence that equates systems with the same externally observable behavior but
possibly different internal behavior. Although BB is not the only equivalence suitable
for this purpose, we build on this well-known equivalence.

Definition 8. (Branching bisimilarity) Let G, = (V,, E;) be the reachability graph
of alabeled PIT system S, = (N, 1,,0,), let G, = (V,, E,) be the reachability
graph of a labeled PIT system S, = (N,, 1,,0,), and let ROV, XV, be a binary
relation on the nodes of both graphs. The relation R is called a branching bisimulation
relationon G, and G, if and only if,
(i) if v;Rv, and v;[a)v,', then there exist v,',v," OV, such that v,[tU)v,",
v,'[(a) )v,', v;Rv,", and v;'Rv,',
(i) if vyRv, and v,[a)v,’, then there exist v,',v;" OV, such that v,[tU)v,",
v,"[(a) )vy', v;"Rv,, and v;'Rv,',



(iii) if vyRv, then (v; = O;) = (v,[tH)0,) and (v, = O,) = (v,[tT1)0O,) .
Systems S; and S, are branching bisimilar, denoted S, =~ S, , if and only if a branch-
ing bisimulation R exists between G, and G, suchthat |;RI,.

2.3 Object life cyclesand life-cycle inheritance

An OLC specifiesthe order in which the methods of an object may be executed. When
modeling alife cycle with a Petri net, a transition firing corresponds to the execution
of amethod. The emphasis of an OLC is on the execution order of methods and not on
their implementation details. Therefore, the uncolored formalism of P/T nets as intro-
duced before is well suited as the basic framework for modeling life cycles and study-
ing LCI. As mentioned, transition labels correspond to method identifiers.

Definition 9. (Object LifeCycle) Let N = (P, T, F,|) bealabeled PIT net such that:
(i) thereisexactly one pd P suchthat ep = [ ; this place denotes the state that
an OLC hasjust been created and isdenoted i ;
(ii) thereisexactly one p 0P such that pe = [ ; this place corresponds to suc-
cessful termination of an OLC and isdenoted 0;

(iii) foradl nOPOT: iFth and nFlb, where FU is the reflexive and transitive
closure of F; this requirement means that every node in an OLC must lieon a
path from creation to termination.

Thelabeled PIT system S = (N, [i],[0]) isan object life cycle (OLC) if and only if:

(iv) for al MO[[i] ), there exists an M; O [M) such that [o] <M; (an OLC
always has the option to terminate);

(v) foral MOJ[i]),if [o] <M then[o] = M (termination of an OLC is aways
successful);

(vi) foral tOT, there existsan M O [[i] ) such that M[t) (no dead transitions;
any transition in an OLC has a meaningful contribution to some execution of
the OLC).

Figure 1 shows examples of OLCs modeling simple production units (rcmd : receive
command; pmat : process material; omat: output material; repp: repeat processing;
cerr : correct error; ssps: send start-processing signal; ppmat : preprocess material).

OLCs coincide with the class of sound WF-nets as described in [1]. Therefore,
from Theorem 11 in [1], we may conclude that for any OLC S = ((P, T, F,1),1,0)
the labeled PIT system ((P, TO{t,FO{(t, i), (o, t)},1 0{(t,T)}),l,0), where
tOPOT,islive and bounded. This labeled PIT system is caled the short-circuited
system of S, denoted ¢S, because it adds a short-circuiting transition from the output
place o to the input place i. Likewise, the short-circuited net underlying an OLC
S=(N,1,0) is denoted $N. As a result of the boundedness of short-circuited
OLCs, the reachability graph of any OLC isfinite.

Definition 10. (Encapsulation) Let S = ((P,T,F,I),1,0) be an OLC and let
ADOLYT1 beasetof labels. The encapsulation operatord , removes from a given
OLC all transitions with alabel in A. Formally, 0,(S = ((P, Ty, F,1;),1,0) such
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Fig. 1. Some examples of object life cycles

that T, = {ttOTOIt)0A, F,=Fn((PxT)O(T,xP)), and
l, = In(TyxL).

Encapsulation can be used to block methods in an OLC. Note that the reachability
graph of an encapsulated P/T system 9,(9) is a subgraph of the reachability graph of
the OLC S. As aresult, it is aso finite. Also note that encapsulating methods in an
OLC may result in alabeled P/IT system that is no longer an OLC.

Definition 11. (Abstraction) Let S = ((P, T,F,1),1,0) be an OLC and let
ADOL\{t} beaset of labels. The abstraction operatort , renamesall transitions with
alabel in A to the silent action 1. Formally, t1,(S) = ((P, T, F,I;), 1, O) such that,
forany tOT, I(t) DA implies|(t) = t and I(t) O A implies|,(t) = I(t).

Abstraction provides a means to hide methods in an OLC.



Definition 12. (Life-cycleinheritance[7, 8]) Let S, and S, be OLCs with reachabil-
ity graphs G, and G,. OLC S, isasubclassof OLC S; under life-cycle inheritance,
denoted S,<S;, if and only if Ay, Ag OL\{1} exist suchthatA , n Ag = O and
S1 = Ty, 00,,(S) -

Consider again the example OLCs in Figure 1. It is not difficult to verify that N; < N;
if and only if i>j. For example, hiding cerr and ssps and blocking ppmat in N,
yields a P/T net branching bisimilar to N, , thus showing that N, < N, .

3 Backtracking algorithm

First, we explain the basic backtracking algorithm (BA). Then, we discuss two tech-
niques to compute constraints.

3.1 General structure
The BA needs to decide whether some OLC is a subclass of another OLC under LCI.
For sake of convenience, we refer to the first OLC as the potential sub OLC and to the
second as the base OLC.

An exhaustive algorithm for deciding LCI has to test all partitionings of the meth-
ods new in the potential sub OLC into methods to be hidden and methods to be
blocked. The BA prunes the search tree of partitionings when possible. For this prun-
ing, we introduce a fast check on necessary conditions that have to hold when the base
OLC and the potential sub OLC (after hiding and/or blocking the new labels in the
potential sub OLC) are branching bisimilar. If the fast check fails, the branching bisim-
ilarity (BB) check will also fail. The fast check can be applied to a partial partitioning
of new labels, whereas the BB check can only be applied to a full partitioning. So,
when the fast check fails on some partial partitioning, a BB check on any extension of
that partial partitioning will fail. Asaresult, we can prune an entire subtree.

We investigate some properties of the set of new labels that have to hold when we
assume BB. These properties are called constraints. When such a constraint is violated,
that is, when such a property does not hold, we know that we cannot achieve BB any
more. For the remainder of this section, we use the following notations:

) S = (P Ty, Fy, 1), 1y, Oy) isthe base OLC.
(i) & = ((Pg Tg, Fg lg), I, Og) isthe potential sub OLC.
(iii) A isthe set of new labels; thatis, A = rng(I)\rng(l,) .
(iv) Ay and Ag partition A, where A, isthe set of new labels that are hidden and
Ag isthe set of new labels that are blocked.
(V) S, isashorthandfor 1, ©0, (S) .
Using these notations, we define the concept of constraints. A constraint is simply a
pair of sets of new labels. To allow a successful BB check either some labels must be
hidden from the first set or some labels must be blocked from the second set. This
notion of constraints provides a very genera and flexible way of expressing con-
straints on partitionings of new labels. If the first set in a constraint is empty, then the



1 compute constraints

2 if (constraint (OO ) exists) {
3 return without solution

4}

5 setMy toJJ1 gto O, backtrack tofalse, and ntod |
6 while (true) {

7 if (some constraint is violated by My and Mg) {

8 set backtrack to true

9
0

}else{
1 if (nequalsO){
1 set Ay to MMy and Ag to Mg
12 if (branching bisimilar) {
13 return with solution
14 }
15 set backtrack to true
16 } else{ /* backtrack isfalse*/
17 decrement n
18 add A[n] tolMg
19} }
20 if (backtrack) {
21 if (Mg isempty) {
22 return without solution
23 }
24 while (A[n] inM ) {
25 remove A[n] from I,
26 increment n
27 }
28 /* Mg not empty */
29 move A[n] from Iy to M
30 set backtrack to false
31} }

Fig. 2. The basic backtracking algorithm

second set is called ablock constraint; if the second set is empty, thefirst setiscalled a
hide constraint.

Definition 13. (Constraint) Let h, b O A. The pair (h, b) isaconstraint if and only if
forany Ay and Ag: (§,=S)) = (hZAgObZ Ay|.1f h = 0, thenbiscaled a
block constraint; if b = O, then h is called a hide constraint.

Note that for the BA to work properly, we are allowed to ignore avalid constraint (less
pruning than possible), but are not allowed to take into account an invalid constraint
(too much pruning, that is, possible pruning of valid solutions).

At this point, we can explain the basic BA. This BA is shown in Figure 2. First, we
compute constraints (line 1). We return to the computation of constraintsin later sub-
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Fig. 3. Theagorithmin action

sections. If the unsatisfiable constraint (O] ) exists (line 2), we return without a
solution (line 3). Otherwise, we initialize some necessary variables (line 5). My, holds
the new labels that are hidden, Mg holds the new labels that are blocked, backtrack
indicates that we detected a dead end, and n equals the number of new labels still to
assign. So, when n equals O, M, and Mg partition A and are therefore valid candi-
datesfor A, and Ag. Note that the partial partitioning of labelsto My, and Mg may
already violate some constraint (h, b) , namely if hisfully containedin Mg andif bis
fully contained in My, . Itisclear that it is of no use to extend a partial partitioning that
violates some constraint: A violated constraint will remain violated. Repeatedly, we
check the current partitioning, M and Mg (lines 6-31). If the current partitioning
violates some constraint, we decide to backtrack (line 8). If the current partitioning
does not violate some constraint, we check whether the partitioning is full (that is, is
not partial, line 10). If so, we set A, and Ag to MM, and My and check BB between
S, and S, (line11). If branching bisimilar, we return with the current partitioning asa
solution (line 13), otherwise we decide to backtrack (line 15). If the current partition-
ing was only partial, we block the next unassigned new label (lines 16-18), generating
anew partial partitioning for the next iteration. Note that the BA assumes some kind of
total ordering on the new labels in A. Also note that the BA prefers to block new
labels (because blocking reduces the size of the state space where hiding has no effect
onthissize). Thus, the last partitioning to check isthe one that assigns all new labelsin
A to My, and, if a(partial) partitioning assigning only labelsto M, violates the con-
straints, no solution is possible anymore. When it was decided to backtrack, we first
check whether there are partitionings | ft to check (line 21). If not, we return without a
solution (line 22). Otherwise, we repeatedly unassign the last assigned new label until
we find a blocked label (lines 24-27), hide this blocked label (line 29), and reset the
backtrack variable (line 30).

Figure 3 shows how the BA performs when we take N; of Figure 1 as base OLC
and N, as potential sub OLC. An exhaustive search algorithm (ESA) would traverse
this search tree from left to right, testing every leaf node for BB. These leaf nodes cor-
respond to partitionings of the new labels cerr, ppmat, and ssps into labels to be
blocked and to be hidden. From the structure of both OLCs, we can deduce that both
{cerr} and {sspg are hide constraints, see below. The arrows in Figure 3 indicate
the actual tree traversal of the BA, using both hide constraints. A black node indicates
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Fig. 4. OLCs used to explain constraints

that some constraint is violated, a grey node indicates that a (successful) BB check is
performed. Note that the BA needs only one BB check to show that N, < N, , whereas
an ESA that prefers blocking over hiding would need six BB checks.

Now, we only have to find suitable constraints. In the following subsections, we
derive (i) constraints from the fact that a base OLC cannot complete unsuccessfully,
and (ii) hide and block constraints from the comparison of cycles in both (short-cir-
Cuited) systems.

3.2 Successful termination
The labels that the BA operates on are, by definition, only present in the potential sub
OLC. Therefore, the base OLC will not be affected by blocking or hiding them.
Because the base OLC isan OLC, it can only terminate successfully. BB distinguishes
successful termination from unsuccessful termination. As a result, the potential sub
OLC can only be branching bisimilar to the base OLC if it too can only terminate suc-
cessfully. That is, we cannot allow the potential subclass to terminate unsuccessfully.
Consider the base and potential sub OLC in Figure 4. Recall that successful termi-
nation for the base OLC and the potential sub OLC coincides with the markings O,
and O, that is, with [ob] and [os] . Because of what we mentioned above, we cannot
alow atoken to get stuck in places is, q, r, s, or t of the potential sub OLC. If we
block labels D and E, atokenin place g will be stuck; if weblock label F, atokenin
place r will be stuck (unless also C is blocked); if we block label G, atoken in place
s will be stuck (unless dso E, and C or F are blocked). Note that we cannot block
labels A or B ; therefore, atoken cannot get stuck in places is or t. In generdl, if the
potential sub OLC containsaplace p O P\ o from which every output transition is
labeled with anew label, we should not block all l1abels on these transitions. Thus, such
a set of labels indicates a possible hide constraint. In Figure 4, the label sets { D, E}
{F} ,and { G} are example candidates. However, the attentive reader has noticed that
we made provisions. In the potential sub OLC of Figure 4, places r and s might not be
markable. If we block label C, place r will be unmarkable. If we block label E and
either label C or F, place s will be unmarkable. If a place is unmarkable, we are
alowed to block all outgoing labels. Thus, { F} isnot a hide constraint because of the



partitionings where C is blocked; { G} isnot a hide constraint because of the parti-
tionings where either (i) C and E or (ii) E and F are blocked. Although {F} and
{ G} are not hide congtraints, the pairs ({F},{C}) and { G} ,{C, E, F} ) are both
constraints: If we do not hide some labels of the first set, we have to block at least one
of the labels of the second set.

In the remainder of this subsection, we formalize this idea of deriving constraints
from the successful termination requirement of OLCs. All places in the potential sub
OLC of which al output transitions are labeled with new labelsin A induce a con-
straint (h, b) , where h isthe set of all labels of output transitions, and where b isaset
of labels whose encapsulation may render the place unmarkable. The first main result
shows that if we block all output transitions of some place p and it is still possible to
prove an LCI relationship, then it must be the case that p is unmarkable.

Theorem 1. Let A, and Ag partition A such that p O P \{ o isaplacewithfor all
tOpeg: I (t) OAg. Then §, = S, impliesthat p isunmarkable.

Proof. Suppose S, =~ S,,. A crucial property of a branching bisimulation is that, given
two related markings, it relates any marking reachable from one of these to a marking
reachable from the other (see Lemma 2.2.21 of [7]). Suppose p is markable in S, .
Then a marking containing p can be reached in S, . However, because we cannot
remove the token in p, from this marking we cannot reach O,. Thus, property (iii) of
Definition 8 and the fact that Oy, isreachablein S, from any reachable markingin S,
(Reguirements (iv) and (v) of Definition 9) imply that no branching bisimulation can
relate any marking with atoken in p to a marking reachable in S, which leads to a
contradiction with the assumption that S, = S, . Therefore, p is unmarkable. O

The properties of an OLC (Requirements (iii) and (vi) of Definition 9) guarantee
that all places are markable from the initial marking. Thus, only blocking transitionsin
an OLC can make places unmarkable. We use a structural property to find the new
labels that, when blocked in the potential sub OLC, might render a place with an
induced constraint unmarkable. When one of these new |abels gets blocked, the associ-
ated constraint is satisfied. However, it is possible that after blocking some of these
new labels the place is markable after al. If so, this can only result in a suboptimally
pruned search space and is thus safe. It is for our purposes more important that the
structural property is efficiently computable.

The basis for the second set b of our constraints is the following: If the base OLC
and the potential sub OL C (after hiding and blocking new labels) are BB, and if aplace
in the potential sub OLC is unmarkable, there must be a blocked transition with (i) a
directed path of arcsleading to that place, (ii) all itsinput places markable, and (iii) all
its input places having at least one other output transition (to remove tokens possibly
put into them). Thus, a place inducing a constraint (h, b) may become unmarkable if
any transition satisfying the above three conditions is blocked. The set b is the set of
labels of all transitions satisfying these conditions.

In the potential sub OLC of Figure 4, the pair ({ R}, {C} ) isaconstraint, the pair
({ G, {C, B ) isacongraint, and thepair ({ D, B} ,0 ) isaconstraint (thus, { D, E}
is a hide constraint). Note that, because of regquirement (iii) above, the constraint
({G},{C,E,F} ) mentioned earlier can be strengthened to ({G},{C, B ): if F is



blocked, it would only shift the problem (atoken that gets stuck) from place s to place
r . Also note that G needs to be hidden slong as not both C and E are blocked, whereas
the congtraint ({ G}, { C, B} ) issatisfied as soon as either C or E is blocked. Although
thisis safe, it could lead to suboptimal pruning of the search tree.

Theorem 2. Let A, and Ag partition A suchthat §,~ S, and p O P, isan unmark-
able place. Then there exists a t 0 T such that 1(t) O Ag, (i) tFlp, and for all
q O eg: (ii) gis markable and (iii) |qed > 1.

Proof. S, is an OLC, but p is unmarkable in S,. Requirements (iii) and (vi) of
Definition 9 imply that any place in an OLC is markable. Therefore, there has to exist
a tOT, such that tF, and I(t) OAg (p has become unmarkable because of
blocking transition t), and for all gO et: q is markable (blocking transition t can
only have effects, like rendering a place unmarkable, if it can be enabled). Because
S, = S,, atoken in g0 et needs to be removable (see the proof of Theorem 1).
Because t [J ge is blocked, |gey > 1 should hold (there has to be another transition
that removes the token). d

Theorem 1 impliesthat, if some place of which all output transitions have new labelsis
markable, then from a specified set of labels h at least one label must be hidden for a
successful BB check. Theorem 2 states that from a specified set of new labelsb at least
one label must be blocked if such a place is unmarkable. Thus, the pair (h, b) isacon-
straint. However, one of the conditions in Theorem 2 is non-structural, non-efficiently
computable, namely the one concerning the markability of the input places of the men-
tioned transition t. As explained before, weakening a constraint is safe, thus we can
replace this condition with the obvious requirement that t is not an output transition of
the unmarkable place p . Therefore, we obtain the following theorem.

Theorem 3. Suppose p 0PN og is a place such that for all tOpe.: I (t) OA.
Then the pair (h, b) isaconstraint, where

) h={I(D|tOpe} and
(i) b= {I(O)[tOTMped DI(t) DA TFTpOOG D ed:(ged > 1)} -

Proof. Theorem 1 and Theorem 2. O
3.3 Visblelabel supports

3.3.1 Cycles

Recall that LCI is based on BB after hiding and blocking new labels. A fundamental
property of BB isthat if some system can generate a certain sequence of visible labels,
any other branching bisimilar system can generate the same sequence of visible labels.
Cycles can generate infinite sequences of labels. Because OLCs are bounded, cycles
are the only way to generate infinite sequences of labels. If some bounded system con-
tains a cycle, then any other branching bisimilar bounded system should contain a
cycle that can generate the same sequences of visible labels. As a result, the visible
label supports (VLSs) of these two cycles, that is, the sets of visible labels in the
cycles, should be identical. Note that the cycles themselves need not be identical:



Fig. 5. OLC N; (see Figure 1) with the cycle unfolded once

Figure 5 shows an OLC that is branching bisimilar to OLC N, of Figure 1, although
the (labeled) cycles pmat Crepp and pmat Crepp Chmat [repp are not identical. How-
ever, if two bounded systems have different visible label supportsfor their cycles, they
cannot be branching bisimilar.

Definition 14. (Visible label support (VLS) of cycles) Let S = ((P, T,F,1),1,0)
be alabeled PIT system, and let ¢ = t [, [13[l.. beacycleof S, thatis, c0oS.
The VLS of c, denoted (c), is the set of visible labels occurring in ¢, that is,
{1(t), 1(t), I(tg), ..} {1} . If C isaset of cycles, we use (C) to denote the set of
VLSsof al cyclesin C.

Theorem4. Let S, and S, be two bounded labeled P/T systems. Then
(5= S) = (0S) =(0Sy).

Proof. Assume S;~S, and (0S)) #(0S,). Consider the set V of VLSs in
(0S)) 0 (0S,) butnotin ¢ S)) n (0S,). Take a v V. Assume without loss of
generality that v (0S;) and v (0S,) . Apparently, S, cannot generate an infinite
sequence containing exactly the labels from v, whereas S; can. This contradicts the
assumption of branching bisimilarity. |

As mentioned before, for two bounded systems to be branching bisimilar, the VL Ss of
their cycles should be equivalent. However, some parts of the systems, OLCs in our
case, need not be covered by cycles. We use the fact that short-circuited OL Cs usually
have many more cycles than the original OLCs and are just like OL Cs bounded.

Theorem 5. (§,=S,) = (¢S5, = 9S,), where ¢S, = 15 ©0, (0S) .

Proof. Let R be abranching bisimulation between S, and S, (¢S, and ¢S, ). It fol-
lows immediately from Definitions 8 and 9, and the definition of short-circuited OLCs
that R isalso abranching bisimulation between ¢S, and ¢S, (S, and S,). O

Corollary 1. A potential sub OLC can only be a subclass under life-cycle inheritance
of abase OLC if, after short-circuiting the systems and hiding and blocking all new
labels, the VL Ss of their cycles are equivalent.



We can derive both hide and block constraints from this corollary. Consider for exam-
ple the OLCs in Figure 4. If we short-circuit both OLCs, the base OLC will have the
label set { A, B} asthe VLS of theonly cycle. If we block al new labels, the short-cir-
cuited potential sub OLC will have no cyclesat all. Therefore, blocking al labelsis not
an option. Apparently, we have blocked too many new labels. We should make sure
that we do not block all possible cycles that have { A, B} as VLS. This will lead to
hide constraints. If, on the other hand, we hide al new labels, the short-circuited poten-
tial sub OLC will have cycleswith four possible VLSs: O, { A} , {B} ,and { A, B} .
Because of the first three VLSs, hiding al labelsis also not an option. Apparently, we
hid too many new labels. We should make sure that we do block al possible cycles that
have O, { A} ,or {B} asVLS. Thiswill lead to block constraints.

3.3.2 Block constraints

Assume that we hide all new labels in the short-circuited potential sub OLC of
Figure 4. The resulting system has cycleswith VLSs O, { A} , or { B} that the short-
circuited base OLC does not have. Clearly, if we want a successful BB check, we
should prevent the cycles with VLSs O, { A} , or { B} from occurring. If no new
labels are present in such a cycle, then we cannot prevent it from occurring; that is, we
have the empty set as a block constraint, which cannot be satisfied: There is no parti-
tioning of new labels yielding BB. This fact is used in line 2 of the BA of Figure 2.
Otherwise, we can possibly achieve branching bisimilarity by blocking at least one of
the new labels present in every cycle with VLSs O, { A} , or {B} . To block cycles
with VLS O, we should block one or more of the labels C, F, G, or H; to block
cycleswith VLS { A} , we should block one or more of thelabels D or H, and one or
more of the labels E, G, or H; to block cycleswith VLS { B} , we should block one
or more of the labels C, F or G. As a result, we conclude that the label sets
{C,F,G,H} ,{D,H} ,{E,G,H} ,and {C, F, G areblock constraints. The follow-
ing is adirect corollary of Corollary 1.

Corollary 2. Let v (0¢pS) beaVLSsuchthat WA DO (0¢S,). Theset vn A isa
block constraint.

3.3.3 Hide constraints

Assume that we block all new labels in the short-circuited potential sub OLC of
Figure 4. The resulting system has no cycles, while the short-circuited base OLC hasa
cyclewith VLS { A, B} . Clearly, if we want both systems to be branching bisimilar,
we should hide some of the new labelsin such away that a cycle appears in the short-
circuited potential sub OLC with the VLS { A, B} . This can be done because such
cyclesexist when we would hide al new labels. If no such cycle would exist, then both
systems cannot become branching bisimilar for any partitioning of the new labels.
When they exist, we should not block them all. As a result, we should hide al new
labels of one or more of these cycles. Considering the example of Figure 4, we should
(i) hide D or (ii) hide E and G. This implies that the label set {D, E, G} isahide
constraint. Note that we do not use the fact that we need to hide both label G and E if
we block label D . Because this information does not fit our notion of constraints, we
cannot use it at this point. However, as mentioned earlier, we prefer simplicity wher-



ever possible (aslong asit leads to good results). The following is a second direct cor-
ollary of Corollary 1.

Corollary 3. Let v, 0(0¢S,) be a VLS such that v,0(0$S). The set
{IOvgn AOv 0O (09Sy Ov,\A = v} isahide constraint.

3.3.4 Structural properties

At this point, we deduced from the VLSs of al cycles in the two (short-circuited)
OLCsunder consideration a set of hide constraints and a set of block constraints. How-
ever, as mentioned earlier, we prefer to use structural properties rather than behavioral
properties. Therefore, we prefer to use elementary STls instead of cycles. First, we
argue that we only need to take minimal VLSs into account. Second, we argue that
when taking only minimal VLSs into account, it suffices to take only elementary
cycles into account. Third, we argue that, with some odd exceptions perhaps, we can
use elementary STIs as an aternative for elementary cycles. We also discuss what to
do when the systems at hand happen to be one of these odd exceptions.

Theorem6. Let S; and S, be two bounded labeled P/T systems. Then
(5, =8)=([(oS) |=[(0Sy )).

Proof. This follows immediately from Theorem 4 and the fact that two sets can only
beidentical if their sets of minimal elements are identical. O

Asaresult of Theorem 6, we only need to take the sets of minimal VL Ssinto account.
Thus, in Corollaries 2 and 3 we can replace the occurrences of (o¢S)) and (00 S)

by [ (0¢Sy | and [ (09Sy |-

Theorem 7. Let S bealabeled P/IT systemand let v | (0S) |. There exists an ele-
mentary cycle c 0| 0S| suchthat (c) = v.

Proof. From v | (09 |, itfollowsthat C, = {c, O 0S|(cy =V} isnotempty. Let
c,0C,. Assume c, 0| 0S]. Because ¢, 0| 0S|, there has to exist a c; | 0S]
such that the transition bag of ¢, isastrict subbag of the transition bag of ¢, , and thus,
(cg) O (cy . Recall that (c,) = v and that v is minimal. From this, it follows that
(Cy) = V. ([l

Asaresult of Theorem 7, we only need to take elementary cycles into account in Cor-
ollaries 2 and 3. Thus, we can replace the occurrences of (c¢S,) and (o$Sy) by

[ ([09S,]) ] and [ ([ 0¢S ) .
Recall that oN denotes the set of STls of alabeled P/T net N.

Definition 15. (VLSsof STIs)Let N = (P, T,F,l) be a labeled P/T net and let
bOoN. Thenthe VLS of b, denoted (b}, isthe set of visible labels occurring in b:
{IWtOTOb(t)>0 \{t} . If B isaset of STIs, we use (B) to denote the set of
VLSsof al STisinB.

It is easy to check that, by definition, every cycle induces an STI. For free choice
labeled P/T nets, the reverse is also true [12]. Unfortunately, for non-free-choice
labeled P/T nets, this is not true: Figure 6 shows an OLC that, when short-circuited,



initA [ initAB initB

| | |

Fig. 6. Semi-positive T-invariants do not always induce cycles

contains STls that do not induce a «cyclee Their VLSs are
{initA, procAB, undoB, exitA} and {initB, procAB, undoA, exitB} . (The induced
cycleswould all block on the transition labeled procAB .) As aresult, the set of VL Ss
of cycles might be a strict subset of the set of VLSs of STIs: (oS O (aN), where S
is an arbitrary system of the labeled P/T net N. However, in the context of OLCs, we
expect such a situation (an STI that does not induce a cycle) to be extremely rare.
Therefore, we assume that every STI does induce a cycle. Under this assumption,
L{LoS])] = [ {LoN]y |, and we can replace in Corollaries 2 and 3 the occurrences
of (3¢S, and (a¢S) by | (| odN, |) | and | (| GON ) |.

For computing elementary STIs, areasonably efficient algorithm exists [11]. How-
ever, if the assumption is not correct, the BA might prune incorrectly possible solu-
tions from the search tree. Therefore, if the BA does not find a solution, we need to
check whether the assumption holds, that is, we need to check whether every elemen-
tary STI induces an elementary cycle. First, we check whether the base OLC and the
potential sub OLC are free choice. If so, the assumption holds. Otherwise, we need to
check whether every elementary STI induces an elementary cycle using the reachabil -
ity graphs of both OLCs. These graphs are usually already computed for the BB
checks. If the assumption holds, there is indeed no solution, otherwise, we need to
update the constraints or simply give way to an exhaustive search of the partitionings
that have not yet been checked to find a solution, if any.

4 Test samples

To test the effectivity of the backtracking algorithm (BA), we asked, without offering
any explanations or limitations, an assistant professor to take a number of OLCs made
by workflow students (base OL Cs) and to add new functionality to these OLCs, yield-
ing the same number of potential sub OLCs. We took these pairs of OLCs as samples
to compare our BA to an exhaustive search algorithm (ESA, that is, the BA but without



Table1l. Resultson thetest samples

base OLC Aq B, cC, D E; Fi,, G4
Places 36 22 19 18 20 19 30
Transitions 32 24 19 16 25 21 37
Reachable states 469 24 30 22 21 20 30
potential sub OLC A, B, C, D, E; F, G5
Places 37 25 19 22 20 20 34
Transitions 35 30 22 18 29 24 42
Reachable states 477 29 30 30 21 23 34
Partitionings 8 16 8 4 8 4 8
— satisyfing constraints 1 0 1 1 1 2 2
Solutions 1 0 1 1 1 2 0
BB checks: BA 1 0 1 1 1 2
—ESA 3 16 1 4 1 1 8
Time: BA (in §100) 536.80 0.31 052 029 128 037 383
— ESA (in §/100) 165421 219 036 081 012 013 282

computing constraints). Table 1 shows the test results. The top rows of the table show
basic numbers concerning the complexities of the OLCs, the middle rows show quali-
tative results of both algorithms, and the bottom rows quantitative results.

Recall that our main goal is to reduce the number of BB checks. For six out of
seven samples, the number of BB checks needed by the BA to find a solution is
reduced to an absolute minimum: one for A, C, D, E, and F, and none for B. For G, we
need to check BB twice before concluding that there exists no solution. Note that
although thisisnot optimal, it isfar better than the number of BB checks needed by the
ESA (eight). We conclude that, for the samples, the BA is very effective.

For four out of seven samples, the ESA outperforms the BA when considering
computation time. In our opinion, this is acceptable, because none of the samples is
very complex. In the test samples, the overhead for computing the constraints make a
comparison of run-times not very meaningful. Also, in three cases, the first BB check
of the ESA is successful, meaning that the BA cannot be faster. Recall that the problem
we try to tackle with the BA is the combination of large state spaces (that is, up to mil-
lions of states for workflows) and the exponential factor in the number of possible par-
titionings. From all samples, sample A is, by far, the most typical. It is satisfactory to
see that for this sample, we reduce the computation time from over sixteen seconds to
less than six. Of course, we would like to test the BA on more, and more complex,
samples before concluding that it is efficient in general. Unfortunately, since behav-
iora equivalence is not a concept in common usg, it is not straightforward to obtain
good testing material.



5 Conclusions and futureresearch

In this paper, we presented a backtracking algorithm (BA) to decide whether an object
life cycle (OLC) is a subclass of another OLC under life-cycle inheritance (LCI) in a
Petri-net setting. Based on structural properties of both OLCs, the BA computes a set
of constraints that have to hold when the first OLC is a subclass of the second under
LCI. These constraints are used to prune as many of the branching bisimilarity (BB)
checks underlying LCI as possible. Our first experiments show that this reduction is
very effective. However, future experiments, preferably in industrial settings, are
needed. Particularly the workflow domain appears to be an interesting application area
for our BA because of the complexity of today’s industrial workflows[2].

The BA can be further improved, if future experiments show that thisis necessary.
In the current setup, we kept constraints as simple as possible: al are based on struc-
tural properties. However, if necessary, the approach can be extended with more accu-
rate constraints, as long as they do not become too expensive to compute. And even if
constraints may be too expensive to compute for certain OLCs, it is always safe to
omit such constraints in those cases, and resort to constraints that are efficiently com-
putable for the OLCs.

Another topic for further work is the trandation of our approach to non-Petri-net-
based formalisms that are being used for the specification of workflows and OLCs,
such as the statechart-based techniques of UML [13]. The current techniques for com-
puting constraints use Petri-net-specific techniques. However, the ideas behind these
constraints are more general and can be translated to other settings.
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Abbreviations. Throughout the paper, the following abbreviations are used:

BA: Backtracking Algorithm
BB: Branching Bisimilarity

ESA: Exhaustive Search Algorithm
LCI: Life-Cycle Inheritance

OLC: Object Life Cycle
STI: Semi-positive Transition Invariant

VLS: Visible Label Support
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