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Abstract. The first part of this paper gives an algebraic semantics for Place/Transition
nets in terms of an algebra which is based on the process algebra ACP. The algebraic se-
mantics is such that a P/T net and its term representation have the same operational be-
havior. As opposed to other approaches in the literature, the actionsin the algebra do not
correspond to the firing of a transition, but to the consumption or production of tokens.
Equality of P/T nets can be determined in a purely equational way.

The second part of this paper extendstheresultsto hierarchical P/T nets. It gives acompo-
sitiona agebraic semantics for both their complete operational behavior and their high-
level, observable behavior. By means of anon-trivial example, the Alternating-Bit Proto-
col, it is shown that the notions of abstraction and verification in the process algebra ACP
can be used to verify in an equational way whether ahierarchical P/T net satisfies someal-
gebraic specification of its observable behavior. Thus, the theory in this paper can be used
to determine whether two hierarchical P/T nets have the same observable behavior. As
an example, it is shown that the Alternating-Bit Protocol behaves as a simple one-place
buffer. The theory forms a basis for a modular, top-down design methodology based on
Petri nets.
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1 Introduction

Motivation. Thetheory of Petri nets (seefor example [27]) has been developed to de-
sign and analyze distributed systems. In order to support the design of large, complex
systems, high-level Petri nets [17, 19] have been defined, which include hierarchy, data,
and time. Based on high-level Petri nets, automated tools, such as Design/CPN [22] and
ExSpect [1], havebeen devel oped. The most important reasonsfor the widespread use of
Petri netsintheareaof system design, aretheir intuitivegraphical representation and the
simplicity of themain conceptsof thetheory. Unfortunately, the class of Place/Transition
nets, which underlies al other classes of Petri nets, also lacks one important property,
which is essential to top-down, modular design: compositionality.

Several other theories for describing concurrent systems do have this property. For
example, process algebras, such as CCS [23], CSP [18], and ACP [4], all support com-
positionality. Therefore, it isnot surprising that several attempts have been madetointe-
grate PIT netsand CCS-like cal culi. Some approaches give a net semanticsfor CCS-like
calculi; others describe an algebraic semantics for (some subclass of) P/IT nets. All ap-
proaches have in common that there is a one-to-one correspondence between actionsin
the calculus and transitions in the PIT nets. Usually, only flat P/T nets are considered.
Below, abrief survey is given of some recent results described in the literature.

This paper presentsadifferent approach. First, it givesan algebraic semanticsfor flat
P/T netsin terms of an ACP-like algebra [4] in which atomic actions correspond to the
consumption or production of asingle token. This correspondenceis the essential idea



that allows for a straightforward extension to hierarchical nets. The algebraic semantics
is such that the two transition systems which form the operational semantics of a P/'T
net and its algebraic representation are equivalent. The process algebra ACP is chosen,
because it emphasizes equational reasoning as opposed to model-based reasoning. An
equational theory is given which can be used to determine equality of P/T nets, without
referring to their operational semantics. Second, this paper gives an algebraic semantics
for both the compl ete behavior and the observable behavior of hierarchical P/IT nets. The
complete behavior of ahierarchical P/T net is the behavior of the flat net which is ob-
tained when the hierarchical net is unfolded; the observable behavior of a hierarchical
net isthe behavior after hiding theinternal behavior. The algebraic semanticsfor the ob-
servable behavior of hierarchical P/T nets can be used to verify whether a net satisfies
some algebraic specification of its behavior, and, as aresult, to determine whether two
hierarchical nets have the same observable behavior. Everything can be donein apurely
equational and compositional way. The theory thus forms the basis for a top-down de-
sign methodol ogy based on hierarchical Petri nets. Figure 1 gives an example, whichis
used to further explain and motivate the research described in this paper.
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Fig. 1. Motivating example.

The two nets shown in Figure 1 look like ordinary P/T nets. However, the dashed
boxesdividethe set of placesinto pinsand internal places. Theideaisthat pinsare con-
nectorsto an environment, which can removetokensfrom or add tokensto the pins. The
internal structure of the net is hidden as in a black box. Thus P/T nets with pins are a
very simple form of hierarchical nets. It is straightforward to extend such P/T nets with
pins to more general hierarchical P/T nets. Besides places and transitions, the internal
structure of a high-level, hierarchical net can also contain subnets, whose pins are con-
nected to internal placesor pinsfrom the high-level net. Essentially, thisisthe hierarchy
construct underlying the high-level netsdescribed in [17]. It isalso one of the constructs
used to build hierarchical netsasdescribed in [19]. Furthermore, it is supported by tools
as Design/CPN and ExSpect.

The main objective of this paper is to give an algebraic semantics for the observ-
able behavior of hierarchical nets, that is, their behavior projected onto pins. Therefore,
it seems most appropriateto define the behavior of anet in terms of production and con-
sumption of tokens. Consider, for example, the left net in Figure 1. Assuming that the
environment provides sufficiently many tokens, it is easy to see that it first consumes a
tokenfrom a, then, either consumesatoken from b or fromc, after whichit deadlocks. In
an ACP-likealgebra, onecould expressthiskind of behavior by theterma?(b?2.5 +c¢?5),
where a question mark denotes the consumption of atoken and § denotes deadlock.

In order to compare hierarchical nets, some suitable notion of equivalenceis needed.
In the context of this paper, two hierarchical nets are considered equivalent if and only



if their observable behavior isthe same. For example, consider theright netin Figure 1.
From the environment, it looks the same as the other net. However, it does not have the
same observable behavior. Obvioudly, like the other net, it first consumes a token from
a. But after that, itsbehavior is different. If the uppermost transition consumed the token
from a after that, it will only consume atoken from b but not from c. The consumption
of atoken from a impliesa choice between b and c. For the left net, thisis not the case.
After consuming a token from a, it is still able to consume a token from either b or c.
The behavior of the netsis different, because their moments of choice are different.

So, an appropriate notion of equivalence should capture the moments of choicein
a process, often called the branching structure of the process. In [14], Van Glabbeek
formally defines the branching structure of a process. He shows that an equivalence no-
tion captures the branching structure if and only if it distinguishes more processes than
bisimulation equivalence. Two processes are bisimilar if and only if, at any time, they
can copy, or simulate, each othersactions. Therefore, in this paper, two hierarchical P/IT
nets are considered equivalent if and only if their observable behavior isbisimilar. Con-
sequently, the two nets of Figure 1 are not equivalent. In their survey on refinement of
Petri nets, Brauer, Gold, and Vogler [10] propose bisimulation equivalence for similar
reasons as explained above. It also appearsin the survey on equivalencenotionsfor Petri
netsby Pomello, Rozenberg, and Simone [26]. Notethat in thispaper bisimulationis not
used explicitly to determine equivalence of nets. Instead, an equational theory is given
which can be used for this purpose. Since it is not the main subject of this paper to in-
vestigate equivalenceson Petri nets, it isleft for future work to investigate other notions
of equivalencewhich might be of interest in the context of this paper. True concurrency
equivalences seem to be interesting candidates.

Note that the notion of equivalence of hierarchical netsintroduced above has an in-
teresting consequence. For example, adding an internal output place to any of thetransi-
tions of anet in Figure 1 does not change its observable behavior. Thisbehavior iseven
independent of the number of initial tokensin such an additional place. This meansthat
nets with different reachabl e states can have equivalent observable behavior.

Summarizing, this paper gives an algebraic semantics for hierarchical P/T nets, in
which atomic actions correspond to the consumption or production of tokens. An equa-
tional theory is given which can be used to determine equivalence of hierarchical nets.

Related work. Oneway to integrate P/T netswith CCS-like calculi isto giveanet se-
manticsfor termsin the calculus, thus providing the cal culus with atrue concurrency se-
mantics. Examplesof thisapproachare Best, Devillers, and Hall [8], Degano, DeNicola,
and Montanari [11], Van Glabbeek and Vaandrager [15], Goltz [16], Montanari and Yan-
kelevich [24], Olderog [25], and Taubner [28]. As explained, this paper does the con-
verse. It givesan algebraic semanticsfor P/T nets. Examplesof thisapproach are Bagten
and Bergstra [2], Boudol, Roucairol, and De Simone [9], and Dietz and Schreibert [12].
All three approaches are discussed briefly.

Dietz and Schreibert [12] give an algebraic semantics of P/T nets which reflects the
paralelism in their dynamic behavior. The parallel componentsin the algebraic repre-
sentation of a net do not correspond to its structural components. Such a relationship
does exist in the other two papers. Boudol, Roucairol, and De Simone [9] give an al-
gebraic term for each place and each transition of a P/T net. The complete behavior



of the net is the parallel composition of all these terms. The communication between
these terms corresponds to the flow of tokens. A similar approach is taken by Baeten
and Bergstra [ 2]. Atomic actionsin the algebracorrespond to transitionsin the P/T nets.
So-called input and output causes are added to these actions, corresponding to input and
output places. Thebehavior of anetisthe parallel composition of al actions correspond-
ing to itstransitions. A so-called causal state operator is used to restrict the behavior in
such away that it corresponds to the flow of tokens in the net. As opposed to Boudoal,
Roucairol, and De Simone, Baeten and Bergstra emphasize equational reasoning.

The approach pursued in this paper ismost closely related to the work of Baeten and
Bergstra. The algebraic semanticsgivenisvery similar to theirs. However, as mentioned
before, animportant differencebetween this paper and al other approachesisthat, inthis
paper, actions in the algebraic semantics correspond to the consumption or production
of tokens, whereas, in the other approaches, there is a correspondence between actions
and transitions. In the latter case, there is no straightforward extension to hierarchical
nets. Asthis paper shows, thereis a straightforward extension when actions correspond
to the consumption or production of tokens.

Organization. Thepaper isorganised asfollows. Section 2 introducesaframework of
transition systems which serve as the operational semanticsfor both P/T nets and terms
in the process algebra. In Section 3, P/T nets with pins and their operational behavior
are defined. Section 4 introducesthe equational theory PTNA, for Place/Transition-Net
Algebra, and its operational semantics. The algebraic semantics of a P/T net with pins
isaclosed PTNA term. It has the same operational semantics as the P/T net. Section 5
introduces the distinction between internal and observable behavior. It extends the al-
gebraic semanticsto general hierarchical nets. In Section 6, the theory is applied to the
example of the Alternating-Bit Protocol. Finally, Section 7 ends with some concluding
remarksand a discussion of futurework. Dueto lack of space, proofsare omitted. They
can befoundin [5].

Notation. For any set X, the notation IP X denotesthe powerset of X and IB X denotes
the set of all bags over X, where a bag is afinite multi-set. The standard operators mi-
nus (—) and union (U) on sets are also used on bags. Minus binds stronger than union.
Set inclusion (C) is also extended to bags. Furthermore, restriction of some set or bag
X to somedomain D isdenoted X [ D. Restriction binds stronger than minusand union.
A bag is written as a sequence of its elements in arbitrary order, where each element
appears only once and a superscript denotes its cardinality. Furthermore, for an asso-
ciative binary operator ®, some function f, somen € IN, and operands X, . . . , Xn, the
quantifier notation (®i : 0 < i < n: f(x)) isused as a shorthand notation for
f(X0) ®...® f(Xn). For an associative binary operator @ that is also commutative, the
notation (d x : x € X : f(x)), where X issome bag of operands, is sometimes used.

2 Processes

This section introduces a general framework of labeled transition systems. It serves as
the process domain in which the operational semantics of both P/T nets and algebraic
terms are defined. In this way, the behavior of P/T nets and algebraic terms can be com-
pared in an unambiguousway. For now, there is no distinction between internal and ob-
servable behavior.



Definition 2.1. (Process space) A process space over some set of actions A is a pair
(P, — ), whereP isaset of processes, and . — _: IP(P x A x (PU{./})) aternary
transition relation.

Intuitively, forany p, p’ € P anda € A, the predicate p— p’ meansthat process p
can performan action «, thustransiting into aprocess p’. The predicate p —> »/ means
that process p terminates successfully upon executing an action «.. In P/T-net theory, no
distinction is made between successful and unsuccessful termination (deadl ock). How-
ever, in the process algebra ACP, such a distinction does exist. Hence, the distinction is
necessary in the process domain. Of course, P/T nets should represent processes which
cannot terminate successfully.

An equivalence on processes which captures their branching structureis defined as
follows. Let (P, — ) be some process space over A.

Definition 2.2. (Bismulation) A binary relation R : IP(P x P) iscaled abisimulation
if andonly if, forany p, p’,q,q e Panda € A,

i) pRAA p——>p = @q: g eP:qg—>q A pPRY).

i) pPRAAq—q = @p: pPeP: p— p A PRY).

iii) pRq = p— J o q— /.
Two processes p and g are called bisimilar, denoted p ~ q, if and only if there existsa
bisimulation R such that pRq.

3 P/T Netswith Pins

This section formalizes the notion of P/T nets with pins and their operational seman-
tics. No distinction is made between observable and internal behavior. This means that
the dashed box in the graphical representation of P/T nets with pins merely is a glass
box instead of ablack box. Let L, be some universe of place labelsand L, a universe of
transition labels.

Definition 3.1. (P/T net with pins) A P/T-net structurewith pinsisa5b-tuple (P, T, i, o,
1), where P C L, isafinite, non empty set of places, T C L, isafinite, non empty set
of transitions,i: T — IB P afunctionwhich givestheinput placesfor each transition,
o: T — IB P afunction which givesthe output places for each transition,and | C P
the set of internal places. Theset P — | isthe set of pins. The functionsi and o must
satisfy the following two conditions: (i) the union of the range of i and the range of o
isequal to P, which meansthat there are no isolated places; (ii) foranyt € T, it U ot
is not empty, which meansthat there are no isolated transitions. A P/T net with pins, in
the remainder simply called P/T net or net, isapair (N, s), where N isits structure as
defined aboveand s: BB | isits state or marking.

Note that, when the set of pinsis empty, a P/T net with pinsisjust an ordinary P/'T
net. The state of a P/T net with pinsis abag of internal places. Asusual, an element a
of the state of aP/T net is often referred to asatoken residing in place a. Thereason for
not considering pinsin the state of a net is that we want to determine the behavior of a
P/T net under the assumption that the environment is responsible for producing tokens
on and consuming tokens from pins.



The dynamic behavior of aP/T net is a process space in which the P/T nets are the
processes and the transition relation determineswhat actions a P/T net can perform. To
formalize this definition, some terminology and definitions are given first.

Let (N,s) beaP/T net, where N = (P, T,i, 0, |). A transitiont € T isenabled
if and only if, for each internal placea < | with positive cardinality n in it, there are
at least n tokensin a availablein s. More concisely, atransition t isenabled if and only
if it [ 1 C s. If atrangition is enabled, it can fire. Upon firing, atransition t removesn
tokensfrom each of itsinput places a, where n isagain the cardinality of a init; it adds
m tokensto each of its output places b, wheremisthe cardinality of b in ot. Thismeans
that uponfiringt, the PIT net (N, s) evolvesinto another P/T net (N, s—itUot[1). Note
that it follows from the standard definition of “ —" that it is not necessary to restrict it to
| . The tokens that are removed from the net when firing a transition are often referred
to as consumed tokens or the consumption of a transition; tokens that are added are re-
ferred to asthe production of atransition. If | ischosen equal to P, thatis, all placesare
internal, the definitions above are the usual ones for P/T nets without pins. Or, from a
different viewpoint, the definitions given here are the usual ones provided that the envi-
ronment supplies sufficiently many tokenson theinput pins. It is assumed that transitions
cannot fire ssimultaneously. However, as explained in Section 7, thisis not areal restric-
tion. All results can be extended to P/T nets with an operational semantics that allows
transitions to fire simultaneously. The reason for not doing so, is that it unnecessarily
complicates the theory and examples that follow, and thus distracts the reader from the
essentia points of this paper.

The definitions given so far are sufficient to formalize the operational semantics of
PIT nets. Let PTN bethe set of al PIT nets. A single action of a net, which is the fir-
ing of asingle transition, is determined by two bags, the consumption and the produc-
tion of thetransition. Therefore, let Abe B L, x B L. Thetransitionrelation. — _:
P(PTN x A x (PTN U{/})) isthe smallest relation satisfying, for any net structure
N=(P,T,i,o0, 1), bagss s € BI,andtransitiont € T,

(N,sUit ) “% (N, sUot [1).
Note that, according to this definition, P/T nets have no successful termination. If aP/T
net cannot perform any actions anymore, it is deadlocked. This conformsto the usual
semantics for nets, where no distinction is made between successful and unsuccessful
termination.

Example 3.2. Let PTNp = (Np, ig) and PTN; = (Ng, ig) be the left and right P/T net
in Figure 1 respectively. Figure 2 visualizes the transition relations of both nets. Since
internal activity isvisible, and hence the two nets perform different actions, they are ob-
vioudly not bisimilar.

(No, io) (Ng, i)
(aio, i1) (aio, i1) (aio, i2)
(No, i1) (Ng,i1) (Ng,i2)
(bi1, 2 (Ci1, @) (bi1, 2) (ciz, 9)
(No, ) (No, @) (N1,2) (N1, 92

Fig. 2. Thetransition relations of PTNg and PTNj.



4 An Algebraic Semanticsfor P/T Nets

This section introduces an ACP-like equational theory and its operational semantics. It
gives an algebraic semanticsfor P/T nets such that a P/T net and its term representation
have the same operational behavior.

Thetheory PTNA. An equational theory consists of a signature and a set of axioms.
The signature defines the sorts of a theory and its functions. A O-ary function is often
called a constant.

The equational theory used in this paper is PTNA, Place/Transition-Net Algebra.
The signature and the axioms are given in Table 1. Thetheory is parameterized by a set
of constants L, which is the set of place labelsintroduced in the previous section. The
first part of Table 1 liststhe sorts of PTNA; the second part definesthe functionsand the
third part the axioms. An informal explanation is given below.

—PTNA(Lp)

A, AC, P, ACACCP
§: P 2 L= A

+_:PxP—>P .. PxP—>P i PxP—>P

- PxP—>P - PxP—>P _l-: ACx AC - AC
Mo (PlpxBlp) - (P—>P) c,p-: AC— BlL,

d: ACU{é}); e f,g: AC; X,y,z: P; | : IPLp; s: BlLp
X+y=y+x Al elf="Ffle S1
X+y)+z=x+y+2 A2 el Hlg=el(flg S2
X+X=X A3
X+y)rz=x-z2+y-z A4 X|ly=X[Ly+ylx M1
X-y)-z=X-(y-2) A5 dlx=d-x M2
X+8 =X A6 dx|ly=d- x|y M3
§-Xx=3§ A7 X+yYlz=x|lz+ylz M4
2(8) =8 CO1 Iylz=xLyl2 A1
ce[l Cs = r(e)=e C02  xlIylz=xIlyl2 AC2
ce[l s = Al =34 CS03
Mex)y=2aleE -A;_Ceupe“ (X) C04 x*y=X-(X*y)+Yy BKSL
Mx+y) =Aaleo+aleyy C05  x*(y-20=x*y)-z BKS2

X* (Y- (X+¥)*2)+2) = (X+Yy)*z BKS3
Table 1. Place/Transition-Net Algebra

Intuitively, A isthe set of atomic actions, AC the set of actions, and P the set of pro-
cesses. Each atomic action is either the consumption of a token or the production of a
token. A consumptionisdenoted by “?” and aproductionby “!.” An actionisthe smul-
taneous consumption and/or production of one or more tokens. Actions are constructed
by the synchronous-merge operator |. In an equational theory, nothing is an element of
asubsort unless explicitly stated. Thisyields the following property.

Property 4.1. For any a € A, thereexistsa b € L, suchthat a = b?or a = b!. For
anyb e Ly, b? e Aandb! € A. For any e € AC, thereexist ag, . .., a, € A, for some
nelN,suchthate= (Ji: 0<i <n: @&).Foranyayp,...,a, € A, wheren € IN,
(Ji: 0<i<n: g)eAC.



The synchronous merge is a very simple form of the communication merge as de-
finedin [7]. There, the axioms S1 and S2 appear as C1 and C2 respectively. The reason
for changing the names is that there is no communication in PTNA. The operators +
and - denote choice and sequential composition respectively. Axiom A4 states the right
distributivity of sequential composition over choice. To be able to distinguish between
processes with different moments of choice, the converse, left distributivity, is not an
axiom of the theory. As expressed by axioms A6 and A7, the special process § can be
interpreted as inaction or deadlock. The merge operator || can be interpreted as parallel
execution. It isaxiomatized using an auxiliary operator |, called theleft merge. It hasthe
same meaning as the merge except that the left process must execute thefirst action. Ax-
ioms ASC1 and ASC2 are the so-called axioms of standard concurrency. Often, they are
derivable for closed terms and omitted from the theory. However, in combination with
the binary Kleene star (*) they are not derivable for closed terms and hence included.
The binary Kleene star adds a simple form of recursion to the theory. It is the original
star operator asintroduced by Kleene [20]. In [6], where the axioms BKS1-3 are given,
it was introduced into process algebra. Because of its simplicity, the binary Kleene star
is preferred over general recursion (see for example [4]). The remainder of this paper
showsthat it is powerful enough to capture the behavior of P/T nets. Finaly, the causal
state operator A is aspecia version of the state operator as described in [4]. It is very
similar to the causal state operator asdefinedin[2]. A state operator has aparameter, the
superscript, and acertain state space, the subscript. The state space of the causal state op-
erator can beinterpreted asthe state or marking of some P/T net and its parameter asthe
set of internal places. For |, sand x asin Table 1, theterm 1. (x) can be thought of asthe
PIT net x with internal places | and state s. The auxiliary functionsc, p : AC — B L,
for consumption and production respectively, are defined as follows. For @l a € L, and
ec AC,ca?=a,cal =g, c(a?|e)=aUce andc(@! |e) = ce; pa?=g, pa! = a,
p(@?|e) =pe andp(a! | e) = auU pe.

The binding precedence of the above operatorsis as follows. Unary operators bind
stronger than binary operators. Sequential composition and Kleene star bind stronger
than al other binary operators. Choice binds weaker than all other operators.

Themain purposeof atheory asPTNA isthat it can be used to reason about processes
in a purely equational way. For any processes x and y, PTNA + x = y denotes that
X =y can be derived from the axioms. In order to formalize the intuitive notions given
above and to be able to compare processes defined by PTNA termsto processes defined
by P/T nets, the next paragraph gives an operational semantics for PTNA.

Operational semanticsfor PTNA. A semantics or model of atheory isan interpreta-
tionin a, usually well known and well understood, mathematical domain, such that the
axioms are valid in the interpretation. An operational semanticsis amodel obtained by
giving a process space as defined in Section 2.

To obtain a model of the theory PTNA, interpretations of the sorts A, AC, and P
must be given. Define the interpretation of the set of processes P as the set of closed
PTNA terms, denoted C(PTNA). Sinceit followsfrom Property 4.1 that A is asubset of
al closed terms, namely the set of all closed termsin which either “?” or “!1” appear, the
interpretation of A is simply A itself. For the same reason, the interpretation of AC is
AC itself. Obvioudly, these definitions satisfy A € AC C P.



It remains to define the transition relation for processes in C(PTNA). First, the set
A must be defined. Intuitively, processesin C(PTNA) can execute an action in AC, thus
transitinginto another processin C(PTNA). Therefore, elementsin A should beinterpre-
tations of actions which serve asthe labels of thetransition relation. Let ¢ : AC — A
be a function that maps actionsin AC to actionsin .A. The semantics given in the pre-
vious section for P/T nets suggests that the semantics of an algebra of P/T nets should
have pairs of bags as transition labels, where the first element is the consumption and
the second element the production of an action. The auxiliary functionsc and p exactly
define the consumption and production of each actionin AC. Therefore, let .4 be equal
toBL, xBL,andletforany e € AC, ¢ (e) = (ce, pe). Thetransitionrelation. — _:
IP(C(PTNA) x A x (C(PTNA) U {,/})) can now be defined as the smallest relation sat-
isfying the derivation rulesin Table 2.

a: A; e AC; s: Blp; |: PLp; p,p,q,9 : C(PTNA)

e? p—Z>pj p—“;«/
p-g—— p-q p-d——q
p—>p qg—q p— qg—
P+q—p p+q—q p+q— p+q—
p—>p q—0q p— q—J
pla—pla pla—pld pla—q pla—p
p—p p—
pla—plq plg—q
p—p q—q p— q—
p*q— p'-(p*q) pq—q p*d—> p*q prq—
p23 p p*s v
Mo (P) 2 AL (P) Mo (P) 25/

Table 2. Thetransition relation for PTNA.

It remains to show that the process space as defined aboveis indeed a model of the
theory PTNA. Recall that a process space is a model if and only if al equations that
can be derived from the axioms are valid in the process space. The notion of validity
isformalized asfollows. In Section 2, bisimulation is defined, which is an equivalence
relation on processes. Therefore, it is possible to look at equivalence classes of closed
PTNA terms modul o bisimulation, denoted C(PTNA)/ ~ . For closed terms p and g, the
equation p = q isvalid, denoted C(PTNA)/~ &= p=gq,ifandonlyif p~ . Thatis,
if and only if p and g are bisimilar and thus elements of the same equivalence class. It
followsfromtheformat of thederivationrulesin Table 2 that bisimulation equivalenceis
acongruenceon C(PTNA) [3]. Therefore, it sufficesto verify the validity of each axiom
of PTNA to prove the following theorem. It states that if equality of two processes can
be derived from the axioms, then the processes are bisimilar. This means that one can
indeed use equational reasoning instead of model-based reasoning.

Theorem 4.2. The set of closed PTNA terms modulo bisimulationisa model for PTNA.
Thatis, for any p,q € C(PTNA), PTINA+ p=q = C(PTNA)/~ Ep=q.



An algebraic semantics for P/T nets. The following definition associates a closed
PTNA term to each P/T net. Theideaisto definefirst the unrestricted behavior of anet.
That is, its behavior when every transition is always enabled. Then, the causal state op-
erator instantiated with the initial marking is used to restrict the behavior to all possible
firing sequences. The unrestricted behavior of a single transition isthe infinite iteration
of its consumption and production of tokens. The unrestricted behavior of a net is the
parallel execution of al itstransitions.

Definition 4.3. (Algebraic semantics for P/T nets) Let PTN = (N, s) be a P/T net,
where N = (P, T,1, o, ). The algebraic semantics of PTN, denoted A'TPTN], is de-
fined asfollows:

NIPTN] = a4(lt: teT: T[tD,
where, foranyt e T,

TMl=(i:ieit:i?|(Jo: oeot: 0))*6.
Empty quantifications should be simply omitted.

Thefollowingtheorem statesthat anet and itsal gebraic representation havethe same

operational behavior. Recall that (P7N, —) and (C(PTNA), —) arethe operational
semantics for P/T nets and PTNA respectively. Theset A isequal to BL, x BL,.

Theorem 4.4. For any P/T nets (N, s) and (N, s') and some« € A,
(N,s) == (N,s) & N(N, )] = NT(N, s)].

Theorem 4.4 states that, in the union of the two process spaces P7A and C(PTNA), the
P/T net (N, s) is bisimilar to its algebraic representation N’ (N, s)]. Note that neither
the P/T net nor its term representation can terminate successfully.

Expansion. Thefollowing results are useful for simplifying many calculations.

Theorem 4.5. (Expansion) For any Xg...X, € P,n € IN — {0}
(i:0<isn:x)=@Hi:0<i<n:x[(j:0<j<nAj#i:x)).

Property 4.6. For any non empty E € AC,
(le:eeE:e*f)=(+e:ecE:.e(|e:ec E: e*j)).

Example 4.7. Let PTNg = (Np, ig) be the left PIT net in Figure 1. Let X be the al-
gebraic representation of PTNp, that is, Xo = N [PTNg]]. This example shows how a
simple expression can be derived for Xg, which is an algebraic term for the behavior of
PTNo. Inthe derivation bel ow, the causal state operator iswritten without the superscript
{io,i1}. Let X = (@?]ig?]i1)*8 || (b?[i1?)*8 || (c?|i1?)* 8. Use Property 4.6 plusthe
axioms CS02-5 and A6-7 to obtain the following result.
Xo = %, (@?]10?]11)*8 || (b?]11?)"8 || (c?[i1?7)*9)
= 1, (@?]i0?]i1))- X + (b?]i1?)- X + (€?[i1D)- X)
A, @?]10?] i) (X) 4+ 4, (0?]112) -4y (X) + A, (€?]1?) -, (X)
= (@?]i0?]i1) -4, (X) + 8- (X) + 8- 4 (X)
= (@?]io?]i1))- Xy,
where X1 = 2, (X).In asimilar way, the following result is obtained for X;.
X1 = (b?]i11?-8 4+ (c?]i1?)-6.
It is straightforward to verify that the transition relation of Xj is the same as the tran-
sition relation of PTNg that is directly obtained from the operational semantics for nets



given in Section 3 (See Figure 2). It is left to the reader to verify that also for the right
P/T netinFigure 1, thetransitionrelationsfor the net and itsrepresentation arethe same.

5 An Algebraic Semanticsfor Hierarchical P/T Nets

Inthissection, hierarchical P/IT netsaredefined and an al gebrai c semanticsfor their com-
plete operational behavior isgiven. Then, the notion of internal behavior isintroducedin
the processdomain as well asin the theory PTNA. The abstraction mechanism from the
processalgebra ACP is adapted to give an algebraic semantics for the observable behav-
ior of hierarchical P/T nets. This algebraic semanticsindirectly specifies an operational
semantics for the observable behavior of hierarchical nets.

5.1 Hierarchical P/T nets

In addition to places and transitions, a hierarchical P/T net has subnets which, in turn,
are hierarchical P/T nets.

Definition 5.1. (Hierarchical P/T nets) A hierachical P/T netisa7-tuple (P, T, S, i,
o, |,s), where P C L, isafinite, non empty set of places, T < L is afinite set of
transitionsand S afinite set of hierarchical P/T nets, such that T U Sis not empty; func-
tioni : (TUS — IBP givestheinput places for each transition and each subnet,
o: (TUS — IBP givesthe output places, | € P isthe set of interna places, and
s : B isthe marking of the hierarchical net. It is assumed that there are no isolated
places, transitions, or subnets. Set S must be such that for each subnet the set of input
and output placesis equal to the set of pins of the subnet. The sets of internal places of
ahierarchical P/IT net and al its subnets must be mutually digoint. A hierarchical PIT
net can be unfolded in the usual way. The unfolding of ahierarchical net must befinite.

Figure 4 in Section 6 shows an example of a hierarchical net. The two netsin Fig-
ure 1 are also examples of simple hierarchical nets. A hierarchical net without any sub-
netsis a P/T net as defined in Definition 3.1. The complete operational behavior of a
hierarchical PIT net isthe operational semantics of its unfolding. This semantics can be
obtained algebraically asfollows.

Definition 5.2. (Completebehavior of hierarchical P/T nets)LetHN= (P, T, S i, o,
I, s). Extend the function V][], as defined in Definition 4.3, inductively asfollows. As
before, empty quantifications should be omitted.

NIHN] = ALl t: teT: TMDH (I sn: sne S: N sn])).

Note that the unfolding of a net must be finite, because only then the net has afinite
algebraic representation.

5.2 Processeswith Silent Actions.

In Section 2, aprocessisdefined asalabel ed transitions system over some set of actions.
A process can execute actions, thus transiting into some other process. An action that is
executed by aprocessispart of itsobservablebehavior. To beableto distinguish between
observable and internal behavior, silent actions are introduced. Usually, silent actions
are denoted 7. Only asingle symbol is needed, since all internal actionsare equal in the



sense that they do not have any visible, external effects. The notion of silent actionsin
an algebraic setting was first introduced by Milner [23].

Thedefinition of aprocess space givenin Section 2 can still be used in acontext with
silent actions. However, since bisimulation does not distinguish between observableand
silent actions, the notion of equality on processes needs to be changed. Processes with
the same observable behavior, but with different internal behavior should be equal. As
before, the equival encerelation on processes should di stinguish processes with different
moments of choice. In [14], Van Glabbeek shows that (rooted) branching bisimulation
is exactly the equivalence that satisfies these two requirements. A formal definition of
branching bisimulation can be found in [4, 5]. It is omitted here, since it is fairly com-
plicated and not really essential to the results given in this extended abstract. Branching
bisimulation is a dightly finer equivalence than the better known observation equiva-
lence [23]. That is, it distinguishes more processes than observation equivalence.

5.3 Place/Transition-Net Algebrawith Silent Actions.

The theory PTNAT. In this paragraph, the silent action ¢ and an abstraction opera-
tor are added to the theory PTNA, yielding the theory PTNAT, for PTNA with silent
actions. Table 3 gives a definition of PTNAT. Recall that L, is the set of place labels.
The first entry of Table 3 means that PTNA® is a modular extension of PTNA. That
is, PTNAT has al sorts, functions, and axioms given in Tables 1 and 3. The auxiliary
functionsc,p : AC — IBL, that appear in Table 1 are extended to ¢ as follows:
CT =pT1 =460

—PTNA™(Lp)
PTNA(Lp)
T : AC 7. . Ply— (P—P)
a: Lp; e f: AC; x,y,z: P; 1 PLp
ejlt=e AT X-T=X Bl
X-(t-(Y+2)+Yy)=X-(Y+2) B2
ael = @)=t TAC1 acel = g@)=r TAP1
a¢l = n@=a? TAC2 adl = rg()=al TAP2
7)) =34 TAD | fy=n@|n(f) TAL
n(r) =t TAT n(X+Yy) =1 +7(y) TA2
T (X y) =1 (X) -7 (y) TA3
T (X*Y) =1 (X) "7 (Y) TA4

Table 3. Place/Transition-Net Algebrawith silent actions.

For any set of placelabels |, the abstraction operator r; simply renamesactionsfrom
| toz. Theaxioms B1and B2 arean axiomatization of branching bisimulation[13]. Ax-
iom AT statesthat only the visible part of the simultaneous execution of some action and
7 is observed. It is different from the normal axiomsfor T in ACP with silent actions.
There, for any action e, e | 7 is equal to §. The reasoning behind this is that | means
communication. Since an invisible action cannot communicate, every attempt to com-
municate with 7 resultsin deadlock.



Operational semantics for PTNA®. Define the set of processes as the set of closed
PTNAT® terms, C(PTNAT). Asbefore, let Abeequal toBL, x BLp; let¢ : AC — A,
for any e € AC, bedefined as¢(e) = (ce, pe). Note that ¢ () = (g, @). This means
that, in the process domain, the action (g, @) is the silent action. As mentioned in the
previous subsection, the silent action in the process domain is usually called T aswell.
Thereasonfor thisisthat actionsin the theory often coincidewith actionsin the process
domain. Intheremainder, T awaysrefersto the silent action in thetheory. Thetransition
relation - — _ : IP(C(PTNA") x A x (C(PTNA™) U {\/})) is the smallest relation
satisfying therulesin Tables 2 and 4. In Table 2, let p, p', g, g’ range over C(PTNAT).

e: AC; I : PLp; p, p': C(PTNAY)

p*S p Py
0(p) " 7 (p) 7 (p) "2

Table 4. Thetransition relation for the abstraction operator.

The following theorem states that if equality of two processes can be derived from
the axioms of PTNAT, then the two processes are rooted branching bisimilar. Hence,
equational reasoning can be used instead of model-based reasoning.

Theorem 5.3. The set of closed PTNA™ terms modul o rooted branching bisimulationis
a model for PTNAT.

An algebraic semanticsfor hierarchical P/T nets. The algebraic semantics for the
observablebehavior of ahierarchical P/T net strongly resemblesthe algebraic semantics
which describes its complete behavior. The essential difference is that the abstraction
operator is used to hide the internal behavior of the net itself and its components.

Definition 5.4. (Observable behavior of hierarchical P/T nets) Lee HN= (P, T, S,
i, o, |, s) beahierarchical P/T net. The algebraic semanticsfor its observable behavior,
HI[HN], is defined as follows. As before, omit empty quantifications.

HIHN] =7 oAL((It: teT: TItDH (I sn: sne S: H[sn])),
where, o denotes function composition and, 7 [.] isasin Definition 4.3.

Example 5.5. Again, let PTNg = (Np, ig) be the left P/T net in Figure 1. In Exam-
ple 4.7, the following expression is derived for its complete behavior Xg = A [PTNo]:
Xo = @?]i0?]i1)-((b?]i1?)-8 + (€?]i1?)-95).
Since PTNg isaflat P/T net, its observable behavior H[PTNo] isequal to 7, (Xo), where
lo = {io, i1}. Usethe axioms TA1-3, AT and TAD to derive the following result.
7,(Xo) = @?| 7| 7)-((b?] 7)-71,(8) + (€?| 1)-71,(8)) = a?-(b?-8 +C?-6).
Thetransition relation of 7;,(Xo) isshownin Figure 3. The expression a?-(b?-§ + c?-8)
describes the behavior of PTNy projected onto its pins. It correspondsto the expression
already given in the motivating example (Figure 1). Inasimilar way, it is possibleto de-
rive the expression a?-b?-§ + a?-c?-§ for the observable behavior of theright P/T netin
Figure 1, PTN;. Thetransition relation of thistermisalso shownin Figure 3. Obvioudly,
the two processes are not bisimilar, which is the desired result.



a?-(b?-8 +c?-9) a?-b?.6 +a?c?é

(a, 9) (a, 9) (a, 9)
b?-§ +¢?-§ b?-§ c?-$8
(b, zmc, 2) (b, 9) l (c, 9
8 s ) )

Fig. 3. Thetransition relations of H[[PTNo]] and H[PTN;].

6 Example: TheAlternating-Bit Protocol

In this section, the theory developed in this paper is applied to a non-trivial example,
namely the Alternating-Bit Protocol (ABP). The version of the ABP considered here
consists of four components: a sender, a receiver, a message channel, and an acknowl-
edgement channel. Both messages and acknowledgments can be corrupted. In order to
guarantee that every message which is sent from one side is received by the other side,
the sender marks messages aternatingly with a zero and a one bit. Each timeit sends a
message, it waits for an acknowledgment from the receiver.

The example of the ABP is used two show two applications of the theory devel oped
in this paper. First, it can be used to verify the behavior of ahierarchical P/T net against
an algebraic specification. At each hierarchical level, the algebraic terms describing the
observable behavior of the subnets can, on the one hand, be seen as the specification of
thelevel below, and, on the other hand, astheimplementation of thelevel above. Thethe-
ory of this paper can be used to verify such implementations against their specifications
in a purely equational and compositional way. Second, the theory can be used to show
that different hierarchical nets have the same observable behavior. In ahierarchical PIT
net, one can exchange subnets with the same observable behavior, without influencing

j€{0.1)
Specification:
i,0 : input/output pin for messages from/to the environment;
abp : the system that implements the ABP.
System abp:
sen, rec : the sender and receiver;
mc, ac : the message channel and acknowledgement channel;
jm1/2 . places for messages with bit j;
1m : corrupted messages,
jal/2, la : idem for acknowledgements.
System sen:
js : the sender isready to send a j message.
jw : the sender has sent a j message and iswaiting for an ack.;
jt,jrt1/2 : (re)transmit a j message;
ja : receive an acknowledgement of a j message;
System rec:
jr : the receiver isready to receive a | message;
ja, jnal/2  :acknowledge a j message; send anegative j ack.;

Systems mc, ac:

fjm/a, cjm/a : forward resp. corrupt message/acknowledgement.

Table 5. Informal explanation of the Alternating-Bit Protocol



the observable behavior at higher levels of abstraction.

Figure 4 gives athree-level hierarchical P/T net of the ABP which conformsto the
informal description given above. Since for each net it is clear what are pins and what
areinternal places, dashed boxesare omitted. Table 5 explainsthe names of the subnets,
transitions, and places.

To demonstrate the first application of the theory, a bottom-up verification of the
ABP is given, which consists of four steps. First, smple algebraic expressions are de-
rived for the behavior of the four nets at the most detailed level. Second, the abstrac-
tion operator is used to hide their internal behavior. Third, the results of these two steps

Specification: abp:

1mi Im2

mc m

= (i?-0h)*

ABP = (i?-0)*§ om1 @?

i O—{ap ——=0 i O— sen rec L ~(o0
la2
Lé\ lal
ac
- | Oal

nfila

la2 O /ﬁ/o lal
L cla
a O\U\
[ [
Oml Fom O0m2 0a2 O I Oal
Fig. 4. A hierarchical PIT net of the alternating-bit protocol.




are used to derive an expression for the behavior of the net at the intermediate level. Fi-
nally, by hiding theinternal behavior of the intermediate net, it is shown that the subnet
“abp” satisfies its specification given in Figure 4. To demonstrate the other application
of the theory, it is shown that, on the highest level of abstraction, the ABP behavesasa
one-place buffer. A PIT net of the one-place buffer is given in Figure 5. The observable
behavior of the ABP is the same as the observable behavior of this net.

Fig.5. A one-place buffer.

To be able to do al calculations, one new axiom is needed and one derivation rule.
TheFair Iteration Rule (FIR) statesthat the binary Kleene star isfair. That is, asequence
of silent steps cannot beinfinitely long. Intermsof P/T nets, it meansthat, in an internal
conflict situation, it is not possible that one transition is aways chosen. In terms of the
ABB, it means that the channels once in a while forward messages and acknowledge-
ments uncorrupted.

x: P
T*X=X+71-X FIR

The Recursive Specification Principle for the binary Kleene star (RSP*) isaderiva-
tion rule which gives for some restricted set of recursive equations a solution in terms
of the binary Kleene star. This derivation rule is necessary since many processes, such
as the ABP, are inherently recursive. The requirement “x guarded in y - x” means that
y cannot terminate successfully without executing at least one visible action. A formal
definition of guardednessis omitted here and can be foundin [5].

X, y,z: P
X=Yy-X+2 X guardedin y-x
X=y*z

RSP*

Although FIRand RSP*, for arhitrary openterms, cannot be derived from the axioms
of PTNAT, they are valid in the model of closed PTNA' terms modulo rooted branch-
ing bisimulation. The reason for not including FIR and RSP* in the theory PTNAT is
that for other applicationsit might be desirable to extend PTNAT® with different fairness
principles and derivation rules.

Theverification of the ABP. Inthefollowing, atransition namet isused as an abbre-
viationof (Ji : i €it: i?)|(0: o€ ot: o). For example, Ot isan abbreviation of
(i?]0s?| Ow! | OM1!). Furthermore, the following abbreviations are introduced:

S = 0t*s || Ortl*s | Ort2*8 || 0a*s || 1t*s || rt1*s || 1rt2* s || 1la*s,

R = 0a*s ||Onal*s || Ona2*é || 1a*s || lnal*s || 1na2*é,

M fOm*s§ || cOm*§ || fIm*$ || clm*§,

A fOa*s || cOa*s || fla*s || cla*s.
The first part of the verification is to derive expressions for H[[sen]], H[rec]l, HImc],
and H[[ac]. It consists of two steps. First, expressions are derived for the complete be-
havior of each component; second, their internal behavior is hidden. To start with, ex-
pressions are cal cul ated for the two channels. Applying Property 4.6 and the axiomsfor



the causal state operator yields the following result.
Mo = A5(M) = fOm-Mo -+ cOm-Mo + f1m-Mo + cIm-Mo.
RSP* yields:
Mg = (fOm+cOm+ fim+ clm)*s.
Similarly,
Ay = Ag(A) = (fOa+ cOa+ fla+ cla)*s.
Next, an expressionis calculated for the sender. The state operator iswritten without the
superscript {0s, Ow, 1s, 1w}.
S = 2s(S = 0t-5,
S = 4y, (S = 0tl- 5 +0rt2-§ + 0a- &,
S =219 = 1S, and
S =1,(9 = Utl.- S+ 1rt2.- S+ 1a- S.
Applying RSP* and BKS2 on the last equation yields:
S = (Urtl+rt2)*(la- ) = (rtl+ 1rt2)*1a)- S
Substituting this result and repeatedly applying RSP* and BKS2 gives:
S = Ot-(Ortl+0rt2)*0a)- (1t- ((Irt1+ 1rt2)*1a)))*s
Observethat this equation conformsto theintuitive notion of what the sender should do.
First, it sendsazero message; if necessary, it retransmitsthis message until it reseivesan
acknowledgement; then, it repeats this behavior for a one message, after which it starts
all over again. Similar to the calculations above, the following equation can be derived
for the reciever:
Ro = A""/(R) = (0a-((Onal+ Ona2)*1a) + 1nal+ 1na2)*s
The second step isto hidetheinternal behavior of the sender and receiver in order to ob-
tain their observable behavior. Since the two channels do not have internal places, their
observable behavior is already given by the expressions above. The axioms for the ab-
straction operator plus AT yield the following results:
TS = 7(0s.0w.1510} (D)
((i?10m1)-((La?| Oml! + 1a2?| Om1!)*0a2?)-
(i?]Imlh)-((La?| Imll + 0a2?| Iml!)*1a2?))*s
T(or,1r} (Ro)
((0Om2?| 0al! | o!)- ((Lm?]| 0al! + 0m2?| Oall)* (Im2?| 1lall | o))
+ Lm?| lall + 1m2?| 1lall)*s
Thiscompletesthefirst part of the verification. Summarizing, H[sen]] = TSy, H[[rec] =
TRy, HIMc] = My, and H[[ac]] = Ro.

The second part of the verification is to use the expressions derived for H[[sen],
‘H[[rec]], H[mc]], and H[[ac]] to determine an expression for H[[abp]|, the observable be-
havior of the subnet “abp.” The result should satisfy the specification givenin Figure 4.
Asthefirst part, H[[abp] is calculated in two steps. First, an expression is calculated for
Xo = A}Z,(TSO | Mo || TRy || Ag), where | isequal to {Om1, Im1, Om2, L m, 1m2, Oal,
lal, 0a2, la, 1a2}. Second, the internal behavior of Xq is hidden. The calculations of
thefirst step are tedious, but not very complicated. In principle, one just repeatedly ap-
plies the expansion theorem (Theorem 4.5) and the axioms of PTNA. Figure 6 shows
thetransition relation of Xg. With RSP* and BKS2, the following equations are obtained

TRo



Xo = (i?]0mll)- X,

X1 = ((OM1?| Lmb)-(Lm?| 1all)-((1.al?| 1a2!)-(1a2?| Om1!)
1+(1a1?| Lal)-(La?| 0Om1!)))* (0m1?| 0m2!))- X,

X, = (0m2?|0all | o!)- X3

X3 = (((0al?| Lal)-(La?|0mll).((Om1?| Om2!)-(0m2?| Oall)
1£(0m1?| Lm!)-(Lm?|0all)))*(0al?| 0a2!))- Xq

X4 = 0a2?- Xs

Xs = (i?]1mll)-Xe

Xe = (((Im1?| Lm!)-(Lm?|0all)-((0al?|0a2!)-(0a2?| 1Imll)
1+(0a1?| Lal)-(La?| Im1)))* (Im1?| 1m2!))- X5

X7 = (1Im2?|1all | o!)- Xg

Xg = (((1a1?] Lal)-(La?|1mll)-((Im1?| 1m2!)-(1m2?| lall)
+(1Im1?| Lm!)-(Lm?| 1al)))* (1a1?| 1a2!))- Xg

X9 = 1a2?-Xo
(Lla, 1ml) (1m1, Lm)
(1Iml, 1m2)

(1Im2, 1al)

(1al, La) (Lm,1al)

Xig
(lal 1la2)
(1a2 2) (1m2, 1a1& (Am1, Lm) 20 (Lm, 0al)
X7
(lal, La)
(0al, 0a2)
(La,0m1) (i, 0m1) (Imi, 1mx (0a2, 1m1)

(lal, 1a2)
\aazy wl om2) i, 1m% wb /
(0al, La)
X2
amian \ X1z /omi Lm) w\z, 0alo) <0a2,y
(Oal 0a2)

X10
(Lm, 0al) (0al, La)
(0m2, 0al)
(0m1, 0m2)
(Om1, Lm) (La,0m1)

Fig. 6. Thetransition relation of the Alternating-Bit Protocol.

Thefina step isto hidetheinternal places | . Usethe axiomsfor the abstraction operator
plus AT, B1, A3, and FIR to obtain the following result:



ABP = 1,(Xp)
i?-((t-t-(r-t4+7-1)* 1) 11 (X2)
i?2-(t*1) 11 (X2)
=i?2(+71-7)1(X2)
= I ?. T (Xz)
Repeating this derivation for X,—Xg and substituting the result in the equation above
yields:
ABP = i?.0!.i?-0!-ABP
So, by RSP*,
ABP = (i?-0!-i?-01)*$
From the observation that, for any process x, x *§ = (X - X) - (x*§), which implies
X*8 = (X-X)*8, it followsthat
ABP = (i?-0!)*s.
This completes the verification of the ABP. The algebraic term which is derived for its
observable behavior satisfies the specification given in Figure 4.

The ABP and theone-placebuffer. Asmentioned, thetheory developedin this paper
can be used to determine whether two hierarchical P/T nets have the same observable
behavior. In the previous paragraph, an algebraic expression has been derived for the
observable behavior of the ABP. In this paragraph, it is shown that the one-place buffer
of Figure 5 has the same observable behavior. Thus, on a high level of abstraction, the
one-place buffer and the ABP are equivalent.

Let BUF denote the observable behavior of the one-place buffer, H[buf], where
“buf” isthenet showninFigure 5. Let | = {b, c}andlet B = (i ?|c?|b!)*§ || (b?|c!|0!)*s.
Asusual, the state operator iswritten without superscript | . Use Property 4.6 and the ax-
ioms for the causal state operator.

Bo = A.(B) = (i?|c?|bh)-A,(B) = (i?|c?|b)-(b?|c!|0!)-By
RSP*yields:

Bo = ((i?|c?|b)-(b?|cl|al))*s
Hiding theinternal places gives:

BUF = 71(By) = (((?]|t]|7)-(z|z|0l)*s = (i?-01)*$8
It follows that BUF equals ABP as derived in the previous paragraph. It means that the
ABP and the one-place buffer have indeed the same observable behavior, and are thus
equivaent.

High-level Petri nets. So far, only P/T nets have been considered. However, in prac-
tice, high-level nets, or colored nets, extended to data are used. In colored nets, tokens
have values. Aslong as the values of tokens range over afinite domain, the results pre-
sented in this paper can be simply extended to data. For example, if messages in the
ABP are taken from some finite data domain D, one could specify its behavior as fol-
lows: ABP = (+d: de D: (i(d)?-o(d)!)*s), wherei(d)? meansthe consumption
of atoken (message) with valued from placei, and o(d)! meansthe production of ato-
kenwith valued. All calculations given above can be easily adapted to incorporate data.
Furthermore, the P/T net of the ABP can be simplified by adding the bit which is used
to mark messages and acknowledgementsto the value of the tokens. Thus, the explicit



digtinction made in the current net is not necessary anymore.
In case of infinite data domains, the results of this paper must be adapted to an alge-
braic formalism which supports data, such as for example PSF [21].

7 Concluding Remarks and Future Work

Thefirst part of this paper gives an algebraic semanticsfor P/T nets which is consistent
with their usual interleaving semantics. The second part gives an algebraic semantics
for the complete operational behavior of hierarchical P/T nets, as well as a semantics
for their high-level, observable behavior. The latter can be used to determine whether
a hierarchical net satisfies some algebraic specification of its observable behavior and,
thus, to determine whether two hierarchical nets can be considered equivalent.

Although thefirst results appear to be promising, it is necessary to further investigate
the theoretical foundation and applicability of the approach presented in this paper. Itis
interesting to study the meaning of an arbitrary PTNA® term in P/T-net theory. Further-
more, it isworthwile to investigate the meaning of results from Petri-net theory, such as
place and transition invariants, in the theories PTNA® .

There are severa interesting waysto extend the results presented in this paper. It has
aready briefly been mentioned how they can be extended to colored nets. Furthermore,
it seemsworthwile to investigate other hierarchical constructsthan the one presentedin
this paper, and maybe time or stochastic aspects.

Finally, itisinteresting to look at other semantics than the interleaving semantics. It
is straightforward to extend the results to a step semantics, in which multiple transitions
can fire simultaneoudly. It is only necessary to define the synchronous-merge operator
on processes in the same way as the communication mergeis definedin [2]. A true con-
currency semantics appears to be another interesting candidate for future investigation.
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