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Abstract

The first part of this paper gives an algebraic semantics for Place/Transition nets in terms of an algebra
which is based on the process algebra ACP. The algebraic semantics is such that a P/T net and its term
representation have the same operational behavior. As opposed to other approachesin the literature, the
actionsin the algebrado not correspond to the firing of atransition, but to the consumption or production
of tokens. Equality of PIT nets can be determined in a purely equationa way.

The second part of this paper extends the resultsto hierarchical P/T nets. It gives acompositional al-
gebraic semantics for both their compl ete operational behavior and their high-level, observable behavior.
By means of a non-trivial example, the Alternating-Bit Protocol, it is shown that the notions of abstrac-
tion and verification in the process algebra ACP can be used to verify in an equational way whether a
hierarchical P/T net satisfies some algebrai ¢ specification of its observable behavior. Thus, thetheory in
this paper can be used to determinewhether two hierarchical P/T nets have the same observable behavior.
As an example, it is shown that the Alternating-Bit Protocol behaves as a simple one-place buffer. The
theory forms a basis for a modular, top-down design methodology based on Petri nets.

Key words. Place/Transition nets—hierarchical Petri nets— process algebra— algebrai c semantics— abstrac-
tion — verification — top-down design

1 Introduction

Motivation. Thetheory of Petri nets (see for example [31]) has been developed to design and anadyze dis-
tributed systems. In order to support the design of large, complex systems, high-level Petri nets[21, 23] have
been defined, which include hierarchy, data, and time. Based on high-level Petri nets, automated tools, such
as Design/CPN [26] and ExSpect [1], have been developed. The most important reasons for the widespread
use of Petri nets in the area of system design, are their intuitive graphical representation and the simplic-
ity of the main concepts of the theory. Unfortunately, the class of Place/Transition nets, which underlies all
other classes of Petri nets, also lacks oneimportant property, whichis essential to top-down, modular design:
compositionality.

Severa other theoriesfor describing concurrent systemsdo have this property. For example, process al-
gebras, suchas CCS[27], CSP[22], and ACP[4], al support compositionality. Therefore, it isnot surprising
that several attempts have been made to integrate P/T nets and process algebra. Some approaches give anet
semantics for some process agebra; others describe an algebraic semantics for (some subclass of) P/T nets.
All approaches have in common that there is a one-to-one correspondence between actionsin the calculus
and transitionsin the P/T nets. Usualy, only flat P/T nets are considered. Below, a brief survey is given of
some recent results described in the literature.

This paper presents a different approach. First, it gives an agebraic semanticsfor flat P/T netsin terms
of an ACP-like process algebra [4] in which atomic actions correspond to the consumption or production of
asingle token. This correspondence is the essentia idea that alows for a straightforward extension to hi-
erarchical nets. The algebraic semantics is such that the two transition systems which form the operational
semantics of a P/T net and its algebraic representation are equivalent. The process algebra ACP is chosen,
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because it emphasizes equational reasoning as opposed to model-based reasoning. An equational theory is
given which can be used to determine equality of P/T nets, without referring to their operational semantics.
Second, this paper gives an algebraic semantics for both the complete behavior and the observable behav-
ior of hierarchical P/T nets. The complete behavior of a hierarchical P/T net is the behavior of the flat net
which is obtained when the hierarchical net is unfolded; the observable behavior of a hierarchical net isthe
behavior after hiding the internal behavior. The algebraic semantics for the observable behavior of hierar-
chical P/T nets can be used to verify whether anet satisfies some a gebrai ¢ specification of its behavior, and,
as aresult, to determine whether two hierarchica nets have the same observable behavior. All this can be
donein apurely equational and compositional way. The theory thus forms the basis for a top-down design
methodology based on hierarchica Petri nets. Figure 1 gives an example, which is used to further explain
and motivate the research described in this paper.
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a?-(b?-8§ +c?-9) * a?-b?-§ +a?c?.§
Figure 1. Motivating example.

The two nets shown in Figure 1 look like ordinary P/T nets. However, the dashed boxes divide the set
of places into pinsand internal places. The ideais that pins are connectors to an environment, which can
remove tokensfrom or add tokensto the pins. The internal structure of the net is hidden asin a black box.
Thus P/T netswith pinsare avery simple form of hierarchical nets. It is straightforward to extend such P/'T
nets with pinsto more genera hierarchical P/T nets. Besides places and transitions, the internal structure of
a high-level, hierarchical net can also contain subnets, whose pins are connected to internal places or pins
from the high-level net. Essentialy, thisis the hierarchy construct underlying the high-level nets described
in[21]. Itisaso oneof the constructs used to build hierarchical netsas described in [23]. Furthermore, itis
supported by tools as Design/CPN and ExSpect.

Themain objectiveof thispaper isto give an a gebrai c semanticsfor the observabl ebehavior of hierarchi-
cal nets, that is, their behavior projected onto pins. Therefore, it seems most appropriateto define the behavior
of anet in terms of production and consumption of tokens. Consider, for example, the left net in Figure 1.
Assuming that the environment provides sufficiently many tokens, it iseasy to seethat it first consumesato-
kenfrom a, then, either consumes atoken from b or from ¢, after which it deadlocks. In an ACP-like process
algebra, one could expressthiskind of behavior by theterm a?. (b?-8 +¢?-§), where aquestion mark denotes
the consumption of atoken, - denotes sequential composition, 4+ denotes a choice, and § denotes deadlock.

In order to compare hierarchical nets, some suitable notion of equivalenceis needed. In the context of
thispaper, two hierarchical netsare considered equivalentif and only if their observablebehavior isthe same.
For example, consider the right net in Figure 1. From the environment, it looks the same as the other net.
However, it does not have the same observable behavior. Obviously, like the other net, it first consumes a
token from a. But after that, its behavior is different. If the uppermost transition consumed the token from
a, after that, it will only consume atoken from b but not from c. The consumption of atokenfrom a implies
achoice between b and c. For theleft net, thisis not the case. After consuming atokenfroma, itisstill able
to consume atoken from either b or c. The behavior of the netsis different, because their moments of choice
are different.



So, an appropriate notion of equival ence should capture the moments of choicein a process, often called
the branching structure of the process. In [15], Van Glabbeek formally defines the branching structure of a
process. He shows that an equivalence notion captures the branching structureif and only if it distinguishes
more processes than bisimulation equivalence. Two processes are bisimilar if and only if, at any time, they
can copy, or simulate, each others actions. Therefore, in this paper, two hierarchical P/T nets are considered
equivaentif and only if their observablebehavior isbisimilar. Consequently, thetwo nets of Figure 1 are not
equivaent. In their survey on refinement of Petri nets, Brauer, Gold, and Vogler [12] propose bisimulation
equivalencefor similar reasons as explained above. It aso appearsin the survey on equivalence notionsfor
Petri netsby Pomello, Rozenberg, and Simone[30]. Notethat in thispaper bisimulationisnot used explicitly
to determine eguivalence of nets. Instead, an equational theory is given which can be used for this purpose.
Since it is not the main subject of this paper to investigate equivalences on Petri nets, it is left for future
work to investigate other notions of equiva ence which might be of interest in the context of this paper. True
concurrency eguival ences seem to be interesting candidates.

Notethat the notion of equivalenceof hierarchical netsintroduced above has an interesting consequence.
For example, adding an inter nal output placeto any of thetransitionsof anet in Figure 1 does not changeits
observable behavior. Thisbehavior is even independent of the number of initial tokensin such an additional
place. This means that nets with different reachable states can have equival ent observable behavior.

Summarizing, this paper gives an algebraic semanticsfor hierarchical P/T nets, in which atomic actions
correspond to the consumption or production of tokens. An equational theory is given which can be used to
determine equivalence of hierarchical nets.

Relatedwork. Oneway tointegrate P/T netswith processalgebraisto giveanet semanticsfor termsinthe
algebra, thusproviding the process al gebrawith atrue concurrency semantics. Examplesof thisapproach are
Best, Devillers, and Hall [10], Degano, De Nicola, and Montanari [13], Van Glabbeek and Vaandrager [16],
Goltz[19], Montanari and Yankelevich [28], Olderog [29], and Taubner [33]. As explained, this paper does
the converse. It givesan algebraic semantics for PIT nets. Examples of this approach are Baeten and Berg-
stra[2], Boudol, Roucairol, and De Simone [11], and Dietz and Schreibert [14]. All three approaches are
discussed briefly.

Dietz and Schreibert [14] give an algebraic semantics for P/T nets which reflects the paralelismin their
dynamic behavior. The parallel componentsin the algebraic representation of anet do not correspond to its
structural components. Such a relationship does exist in the other two papers. Boudol, Roucairol, and De
Simone[11] givean agebraic term for each place and each transition of aP/T net. The complete behavior of
the net isthe parallel composition of all these terms. The communication between these terms corresponds
to the flow of tokens. A similar approach is taken by Baeten and Bergstra[2]. Atomic actionsin the alge-
bra correspond to transitionsin the P/T nets. So-called input and output causes are added to these actions,
corresponding to input and output places. The behavior of anet isthe parallel composition of all actions cor-
responding to itstransitions. A so-called causal state operator is used to restrict the behavior in such away
that it correspondsto the flow of tokensin the net. Asopposed to Boudol, Roucairol, and De Simone, Bagten
and Bergstra emphasize equational reasoning.

The approach pursued in this paper is most closely related to the work of Baeten and Bergstra. The al-
gebraic semantics given isvery similar to theirs. However, as mentioned before, an important difference be-
tween this paper and al other approachesisthat, in this paper, actionsin the a gebraic semantics correspond
to the consumption or production of tokens, whereas, in the other approaches, thereis a correspondence be-
tween actions and transitions. In the latter case, there is no straightforward extension to hierarchica nets.
As this paper shows, there is a straightforward extension when actions correspond to the consumption or
production of tokens.



Organization. The paper isorganised as follows. Section 2 introduces a framework of transition systems
which serve asthe operationa semanticsfor both P/T netsand termsin the processagebra. In Section 3, P/IT
nets with pins and their operational behavior are defined. Section 4 introduces the equational theory PTNA,
for Place/Transition-Net Algebra, and its operational semantics. The algebraic semantics of a P/T net with
pinsisaclosed PTNA term. It has the same operational semantics as the P/T net. Section 5 introduces the
distinction between internal and observable behavior. It extends the algebraic semantics to general hierar-
chical nets. In Section 6, a fairness principle and a recursion principle are introduced, which are needed in
Section 7, where thetheory is applied to the exampl e of the Alternating-Bit Protocol. Finally, Section 8 ends
with some concluding remarks and a discussion of future work. The appendices give some proofswhich are
not essential to the understanding of the paper, as well as some large and complicated proofs.

Notation. For any set X, the notation IP X denotes the powerset of X and IB X denotes the set of all bags
over X, where abag is afinite multi-set. The standard operators minus (—) and union (U) on sets are also
used on bags. Minus binds stronger than union. Set inclusion (C) is also extended to bags. Furthermore,
restriction of some set or bag X to some domain D isdenoted X [ D. Restriction binds stronger than minus
and union. The emptyset symbol (@) is aso used to denote the empty bag. A non-empty bag iswritten asa
sequenceof itselementsinarbitrary order, where each el ement appearsonly onceand asuperscript denotesits
cardinality. Furthermore, for an associativebinary operator ®, somefunction f, somen € IN, and operands
X0, - - - » Xn, thequantifier notation (®i : 0 <i <n: f(xj))isusedasashorthandnotationfor f (X9)®...®
f (Xn). For an associative binary operator & that isaso commutative, the notation (@ X : x € X : (X)),
where X is some bag of operands, is sometimes used.

2 Processes

Thissectionintroducesagenera framework of label ed transition systems. It serves asthe processdomainin
which the operational semantics of both P/T nets and algebraic terms are defined. In thisway, the behavior
of P/IT nets and agebraic terms can be compared in an unambiguous way. For now, there is no distinction
between internal and observable behavior.

Definition 2.1. (Process space) A process space over some set of actions Act isapair (P, — ), where P
isaset of processes, and - — _: IP(P x Act x (P U {{/})) aternary transition relation.

Intuitively, for any p, p’ € P and « € Act, the predicate p — p’ means that process p can perform an
action «, thustransiting into aprocess p’. The predicate p — »/ meansthat process p terminates success-
fully upon executing an action «. In P/T-net theory, no distinction is made between successful and unsuc-
cessful termination (deadlock). However, in the process algebra ACP, such a distinction does exist. Hence,
the distinctionis made in the process domain. Of course, P/T nets should represent processes which cannot
terminate successfully.

An equival enceon processeswhich capturestheir branching structureisdefined asfollows. Let (P, —)
be some process space over Act.

Definition 2.2. (Bisimulation) A binary relation R : IP(P x P) iscaled abisimulationif and only if, for
any p, p,q,9 € Panda € Act,

i) PROA P—p = Aq:qeP: q— g A pPRY),

i) pRAOAg—q = @p: pPeP: p— p A PRY),



i) pRg = p— /& q— .

Two processes p and g are called bisimilar, denoted p ~ q, if and only if there existsabisimulation’R such
that pRq.

3 P/T Netswith Pins

This section formalizes the notion of P/T nets with pins and their operational semantics. No distinctionis
made between observable and internal behavior. This means that the dashed box in the graphical represen-
tation of P/T nets with pins merely is a glass box instead of ablack box. Let L, be some universe of place
labelsand Ly auniverse of transition labels.

Definition 3.1. (P/T net with pins) A P/T-net structurewith pinsisa5-tuple (P, T, i, 0, I), where P C L,
isafinite, non empty set of places, T C L; isafinite, non empty set of transitions,i : T — IB P afunction
which gives the input places for each transition, 0 : T — IB P afunction which gives the output places for
each transition, and | € P the set of internal places. Theset P — | isthe set of pins. Thefunctionsi and o
must satisfy the following two conditions: (i) for any p € P, theremust existat € T suchthat p € it U ot,
which meansthat there are no isolated places; (ii) forany t € T, it Uot isnot empty, which meansthat there
arenoisolatedtransitions. A P/T net with pins, inthe remainder simply called P/T net or net, isapair (N, s),
where N isitsstructure as defined aboveand s : IB | isitsstate or marking.

Note that, when the set of pinsis empty, a P/T net with pinsisjust an ordinary P/T net. The state of a
P/T net with pinsisabag of internal places. Asusual, an element a of the state of aP/T net is often referred
to as atoken residing in place a. The reason for not considering pinsin the state of anet isthat we want to
determine the behavior of a P/T net under the assumption that the environment is responsible for producing
tokens on and consuming tokensfrom pins.

Thedynamic behavior of aP/T netisaprocess spacein whichthe P/T netsare the processesand the tran-
sitionrelation determineswhat actionsaP/T net can perform. To formalize thisdefinition, some terminology
and definitions are given first.

Let (N, s) beaP/T net, where N = (P, T, i, 0, |). A transitiont € T isenabled if and only if, for each
internal place a € | with positive cardinality n init, there are at least n tokensin a availablein s. More
concisdly, atransitiont isenabled if and only if it [ | C s. If atransitionisenabled, it can fire. Upon firing,
atransition t removes n tokens from each of its input places a, where n is again the cardinaity of ain it;
it adds m tokensto each of its output places b, where mis the cardinality of b in ot. This means that upon
firing t, the PIT net (N, s) evolvesinto another P/T net (N, s — it U ot [ |). Notethat it follows from the
standard definition of “—" that it isnot necessary to restrict it to | . The tokensthat are removed from the net
when firing atransition are often referred to as consumed tokens or the consumption of a transition; tokens
that are added are referred to asthe production of atransition. If | ischosen equal to P, thatis, al placesare
internal, the definitionsabove are the usual onesfor P/T netswithout pins. Or, from adifferent viewpoint, the
definitions given here are the usual ones provided that the environment supplies sufficiently many tokens on
theinput pins. It isassumed that transitions cannot fire simultaneously. However, as explained in Section 8,
thisisnot areal restriction. All results can be extended to P/T netswith an operational semantics that allows
transitionsto fire simultaneously. The reason for not doing so, is that it unnecessarily complicates the theory
and exampl es that follow, and thus distracts the reader from the essential points of this paper.

The definitions given so far are sufficient to formalize the operational semantics of P/T nets. Let P7A
be the set of al P/T nets. A single action of a net, which is the firing of a single transition, is determined
by two bags, the consumption and the production of the transition. Therefore, let Act beBL, x IBLy. The
transitionrelation - —— _: IP(P7N x Act x (PTN U {,/})) isthe smallest relation satisfying, for any net
structureN = (P, T,i,0,1),bagss, s € B I, and transitiont € T,
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(N,sUit 1) =M (N, suot[1).

Notethat, according to this definition, P/T nets have no successful termination. If a P/T net cannot perform
any actionsanymore, it is deadlocked. Thisconformsto the usual semanticsfor nets, where no distinctionis
made between successful and unsuccessful termination.

Example3.2. Let PTNg = (Np, ig) and PTN; = (N, ig) betheleft and right P/T netin Figure 1 respectively.
Figure 2 visuaizesthe transition relations of both nets. Since internal activity is visible, and hence the two
nets perform different actions, they are obviously not bisimilar.

(No, io) (Ny, ig)
(aig, 1) (aig, i1) (aig, ip)
(No, i1) (N1,i1) (Ng,i2)
(biy, @) (Ciy, 9) (bi1, @) { (Ciz, 9)
(No,2 (No, 2 (N1,2) (Ng, 9

Figure 2: Thetransition relations of PTNg and PTN;.

4 An Algebraic Semanticsfor P/T Nets

This section introduces an ACP-like equational theory and its operational semantics. It gives an agebraic
semanticsfor P/T nets such that a P/T net and its term representation have the same operational behavior.

Thetheory PTNA. An equational theory consistsof asignatureand aset of axioms. The signature defines
the sorts of atheory and itsfunctions. A O-ary function is often called a constant.

The equational theory used in this paper is PTNA, Place/Transition-Net Algebra. The signature and the
axioms are given in Table 1. The theory is parameterized by a set of constants L, which is the set of place
labels introduced in the previous section. The first part of Table 1 lists the sorts of PTNA; the second part
defines the functions and the third part the axioms. An informal explanation is given below.

Intuitively, A is the set of atomic actions, AC the set of actions, and P the set of processes. Each atomic
action is either the consumption of atoken or the production of atoken. A consumption is denoted by “7?’
and aproductionby “!.” An action isthe simultaneousconsumption and/or production of oneor moretokens.
Actionsare constructed by the synchronous-merge operator |. In an equational theory, nothingis an element
of asubsort unless explicitly stated. Thisyieldsthe following property.

Property 4.1. For any a € A, thereexistsab € L, suchthata = b?ora =b!. Foranyb e Ly, b? e A and
b! € A. Foranye € AC, thereexistay, ..., an € A, forsomen € IN, suchthate=(]i: 0<i <n: g).
Foranyap,...,an € A,whereneIN,(Ji: 0<i <n: &) € AC.

The synchronous merge isavery simple form of the communication merge as defined in [8]. There, the
axioms S1 and S2 appear as C1 and C2 respectively. The reason for changing the names is that there is
no communication in PTNA. The operators 4+ and - denote choice and sequential composition respectively.
Axiom A4 states the right distributivity of sequential composition over choice. To be able to distinguish
between processes with different moments of choice, the converse, left distributivity, is not an axiom of the



__PTNA(Lp)
A AC, P; ACACCP
6. P 2L —A
+_:PxP—>P __:PxP—>P i PxP—>P
N-: PxP—>P _l-:PxP—>P _|]_: ACxAC— AC
A (PLyxBLy) — (P—P) c,p.: AC— BL,
d: ACU{é}; e f,g: AC; x,y,z: P; I 1 IPLy; s: BL,

X+y=Yy+X Al elf="F]e S1

X+y)+z=x+(y+2 A2  (e|f)|g=e[(f|Q S2

X+ X=X A3

X+Yy)z=x-z4+y-Zz Ad X[y=x[Ly+ylLx M1

X-y)-z=x-(y-2 A5 dlx=d-x M2

X+8§=X A6 d-xly=d-x|y M3

§-X=124 A7 xX+ylz=x|lz+Vyl|lz M4
A(8) =6 CO1 Iy llz=xILyl2 AXC1
cell Cs = Al =e CO2 xlylz=xlyl2 ASC2
cell s = Al =34 CSs03

)‘Is(e'x):)‘Is(e)')‘ls—ceUpen(X) CS04 x*y=x-(X*Yy)+y BKSL
MX+Y) =20 +AL(y)  C05  x*(y-2) = (x*y)-z BKS2

X*(y-(X+y)*2+2 = (x+y)*z BKS3

Table 1: Place/Transition-Net Algebra

theory. As expressed by axioms A6 and A7, the special process§ can beinterpreted as inaction or deadl ock.
The merge operator || can be interpreted as parallel execution. It is axiomatized using an auxiliary operator
L, called the left merge. The left merge has the same meaning as the merge except that the left process must
execute the first action. Axioms ASC1 and ASC2 are the so-called axioms of standard concurrency. Often,
they are derivable for closed terms and omitted from the theory. However, in combination with the binary
Kleene star (*) they are not derivable for closed terms and hence included. The binary Kleene star adds a
simple form of recursion to the theory. It isthe origina star operator as introduced by Kleene [24]. In[7],
where the axioms BKS1-3 are given, it was introduced into process algebra. Because of its simplicity, the
binary Kleene star is preferred over genera recursion (see for example [4]). The remainder of this paper
showsthat it is powerful enough to capture the behavior of P/T nets. Finally, the causal state operator A isa
special version of the state operator asdescribed in[4]. Itisvery similar to the causal stateoperator as defined
in[2]. A state operator has a parameter, the superscript, and a certain state space, the subscript. The state
space of the causal state operator can beinterpreted as the state or marking of some P/T net and its parameter
as the set of internal places. For |, s and x asin Table 1, the term A'S(x) can be thought of as the P/T net
x with internal places | and state s. Using Property 4.1, the auxiliary functionsc,p : AC — IBL,, for
consumption and production respectively, can be defined as follows. For all a € Ly ande € AC, ca? = a,
cal =g, c@?|e)=auUce andc(al |e) = ce, pa?=g, pal =a, p(@?|e) =pe, andp(a! | e) =au pe.

The binding precedence of the above operatorsis as follows. Unary operators bind stronger than binary
operators. Sequential compositionand Kleenestar bind stronger than all other binary operators. Choicebinds
weaker than all other operators.

The main purpose of atheory as PTNA isthat it can be used to reason about processesin a purely equa-
tional way. For any processes x and y, PTNA I x = y denotesthat x = y can be derived from the axioms.



In order to formalize the intuitive notions given above and to be ableto compare processes defined by PTNA
terms to processes defined by P/T nets, the next paragraph gives an operational semanticsfor PTNA.

Operational semanticsfor PTNA. A semanticsor model of atheory isan interpretationin a, usually well
known and well understood, mathematical domain, such that the axioms are valid in the interpretation. An
operational semanticsisamodel obtained by giving a process space as defined in Section 2.

To obtainamodel of thetheory PTNA, interpretationsof thesortsA, AC, and P must begiven. Definethe
interpretation of the set of processes P asthe set of closed PTNA terms, denoted C(PTNA). Sinceit follows
from Property 4.1 that A isasubset of al closed terms, theinterpretation of Aissimply Aitself. For the same
reason, the interpretation of AC is AC itself. Obvioudly, these definitionssatisfy A € AC < P.

It remains to define the transition relation for processes in C(PTNA). First, the set .Act must be de-
fined. Intuitively, processes in C(PTNA) can execute an action in AC, thus transiting into another process
inC(PTNA). Therefore, elementsin .Act should be interpretations of actionswhich serve asthe labels of the
transitionrelation. Let ¢ : AC — .Act beafunction that maps actionsin AC to actionsin .Act. The seman-
tics given in the previous section for P/T nets suggests that the semantics of an algebra of P/T nets should
have pairs of bags astransition labels, where thefirst el ement isthe consumption and the second element the
production of an action. The auxiliary functions ¢ and p exactly define the consumption and production of
each action in AC. Therefore, let Act beequal to IBL, x IBL, and let for any e € AC, ¢(e) = (ce, pe).
Thetransitionrelation - — _: IP(C(PTNA) x Act x (C(PTNA) U {,/})) can now be defined as the smallest
relation satisfying the derivation rulesin Table 2.

a: Act; e: AC; s: BLp; | : IPLy; p, p’.q,q : C(PTNA)
p p

e p%pi pi;\/
p-g—pq p-qg—d
p—>p q—d p— q—
p+q—>p p+a-—q p+q— p+q—
p—>p q—d p— q—
pla—plq pla—plld pla—q pla—p
p—>p p—
pla—pld pla—q
p—>p q—d p— q—
p*q—> p'-(p*q) p*q—q p*q— p*q p*q—
p22 p p?% v
)‘Isuce[l(p)ﬂe)))‘lsupe[l(p/) )‘Isuce[l(p) @) \/

Table 2: Thetransition relation for PTNA.

It remains to show that the process space as defined aboveisindeed amode of the theory PTNA. Recall
that aprocess spaceisamode if and only if al equationsthat can be derived from the axiomsarevaidin the
process space. The notion of validity isformalized asfollows. In Section 2, bisimulationis defined, whichis
an equivalencerelation on processes. Therefore, it ispossibleto look at equivalence classes of closed PTNA
terms modulo bisimulation, denoted C (PTNA)/ ~ . For closed terms p and g, the equation p = q isvalid,
denoted C(PTNA)/~ &= p=gq,ifandonlyif p~ q. Thatis, if and only if p and q are bisimilar and thus



elements of the same equivalence class. The following theorem states that if equality of two processes can
be derived from the axioms, then the processes are bisimilar, and thus the equality is valid. This means that
one can indeed use equational reasoning instead of model-based reasoning.

Theorem 4.2. The set of closed PTNA terms modulo bisimulation is a model for PTNA. That is, for any
p.q e C(PTNA), PTNA+ p=q = C(PTNA)/ ~ = p=qQ.

Proof. It follows from the format of the derivation rulesin Table 2 that bisimulation equivalence is a con-
gruence on C(PTNA) [3]. Therefore, it suffices to verify the validity of each axiom of PTNA to prove the
theorem. The validity of an axiom can be shown by constructing a bisimulation. The details can be found in
Appendix A. O

An algebraic semanticsfor P/T nets.  Thefollowingdefinition associatesaclosed PTNA termtoeach PIT
net. Theideaisto define first the unrestricted behavior of anet. That is, its behavior when every transition
isalwaysenabled. Then, the causal state operator instantiated with theinitial marking is used to restrict the
behavior to all possiblefiring sequences. The unrestricted behavior of asingletransitionistheinfiniteitera-
tion of its consumption and production of tokens. The unrestricted behavior of anet isthe parallel execution
of dl itstransitions.

Definition 4.3. (Algebraic semanticsfor P/T nets) Let PTN = (N, s) beaP/T net, where N = (P, T, i,
0, |). The algebraic semantics of PTN, denoted A'[PTN]], is defined as follows:
NIPINI = ALt teT: TID,
where, foranyt € T,
T =(i:ieit:i?]|(o: oeot: al))*s.
Empty quantifications should be simply omitted.

Thefollowing theorem statesthat anet and its a gebraic representation have the same operational behav-
ior. That is, any step that anet can make can be simulated by its algebraic semanticsand vice versa. Further-
more, since a P/T net cannot terminate successfully, its algebraic semantics cannot terminate successfully
either. Recal that (P7N, —) and (C(PTNA), —) are the operational semanticsfor P/T netsand PTNA
respectively. Theset Actisequa toIB L, x IBLp.

Theorem 4.4. For any P/T nets (N, s) and (N, s'), whereN = (P, T,i, 0, ), closed PTNA term p, and
o € Act,

i) (N,s) — (N,s) = N[N, s)] — NT(N, sH],
i) V(N,s)] > p=@3s:seBIl: p=AN[(N,s)] A(N,s) — (N,s)),
iii) NN, )] A~ /.

Pr oof.

i) Assumethat (N,s) — (N, s'). Then, according to the operational semantics for P/T nets givenin
Section 3, thereexistsat € T suchthat o = (if, of),if[| Cs,ands =s—ifUot[Il. Letebean

abbreviationof (|i : i eit: i?)|(|0o: o€ of: ol). Hence, the algebraic semantics of transitionf,
TTt], isequal toe*§. It iseasy to seethat ¢ () = (ce, pe) = (it, of) = a. Now, therulesin Table 2
yield

e— /



and hence
e*§ —> e*4.
Since7[f =e*sandt e T,
(It:teT: TN = (It: teT: TMtD.
It followsfromit[| € sandit = ce thatce[l C s. Sinceasos =s—ituot|[l =s—ceupell,
At teT: TID — ALt teT: TLtD.
Finally, because N'[(N, s)] = AL(It: te T: Tt and V[(N,sH] = AL(It: t e T: 7[tD,
we may conclude that
NN, $)] — NN, s)].

i) Assume NV(N,s)] —> p. Thedefinition of A'[.] yieldsthat
At teT: 7Ot = p.
It followsfrom the derivation rulesfor the causal state operator in Table 2 that thereexistsane € AC,
andq € C(PTNA), suchthata = ¢(e) = (ce, pe),ce[l C s,
P= )‘Is—ceupe[l (@,
and
(It: teT: Tt = q.
Lets’ =s— ceUpell. Wecan show that s’ isthe bag of internal places such that p = AV(N, )]
and (N,s) — (N, s).
The derivation rules for the merge operator yield that there must existat € T andr € C(PTNA),

such that

g=r|l(t: teTAt£t: TtD,
and

T 5 .
Since7[t] = ((Ji : i €eit: i?|(o: oeot: a))*sandsincea = ¢(e), it followsthat
e=(i:ieit:i?](o:o0eot: o)andthar = 7[t]. Asaresult,g=(||t: t e T: 7]t])
and p=AL((It: t e T: T[t])). Thedefinition of A'[.] yieldsthat

p=AN[(N,s)],

which proves the first proof obligation. Sincea = ¢(e) = (ce,pe) = (it,of),ce[ |l C s, and
s =s—ceUpell,itfollowsthatit[| € sands’ = s — it Uot [l. Wemay conclude from the
operationa semantics for P/T nets given in Section 3, that

(N,s) = (N,s)).

iii) Assume NV(N, s)] — ./,whereN = (P, T,i, 0, |). It followsfrom the definition of A/[.] that

At teT: THD = V.

It followsfrom therulesin Table 2 that
(It:teT: 70 =

and thusthat T must be asingleton {t}, for somet € L, such that
T = V.

It follows from the definition of 7 .] and the rulesin Table 2 that thisis a contradiction. Hence,
NIN, 9T A .

a

Theorem 4.4 states that, in the union of the two process spaces P7N and C(PTNA), the PIT net (N, s)
isbisimilar to itsalgebraic representation V' (N, s)].
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Expansion. Thefollowing resultsare useful for simplifying many calculations. Their proofs can be found
in Appendix A.

Theorem 4.5. (Expansion) For any Xo, ..., Xn € P, n € IN — {0}
(li:0<i<sn:x)=HFi:0<i<n:x[Ld]j:0<j<nAj#i:x)).

Property 4.6. For any non empty bag E € IB AC,
(|le:eecE:e*8)=(+e:ecE: e (|f: feE: f*))).

Example4.7. Let PTNp = (No, ig) betheleft P/T netin Figure 1. Let X be the algebraic representation of
PTNo, that is, Xo = ATPTNg]]. Thisexample showshow asimple expression can be derived for Xg, which
isan agebraic term for the behavior of PTNp. In the derivation below, the causal state operator is written
without the superscript {ip, i1}.

Xo

= { Xo = NPTNg]; Definition 4.3 (Algebraic semantics for P/IT nets) }
Li(@2[10? 1) "8 || (b?[11?7)*8 || (€?]i1?)*F)

= { Property 4.6; Let X = (@?]ig?|i1t)*8 || (b?]i1?)*8 || (c?|i1?)*5 }
Aio((a?| I07| ihH- X+ (b7| i1?7)- X + (c?| i11?)-X)

= { Axiom CS05; Axiom CSO4 (3x) }
A, @2[10?] 111 -4 (X) + A (D211 - A (X) + A, (€?] 119 - 2 (X)

= { Axiom CS02; Axiom CSO3 (2x) }
@?]i0? [ i1!) -2, (X) + 8- 4, (X) +8-4; (X)

= { Axiom A7 (2x); Axiom A6 (2x); Let X1 = Ail(X) }
@?[io?|i1h)- X1

A derivation similar to the one above yields the following result for Xj.

X1 = (b7| il?)-3 + (C7| il?)-é.
It is straightforward to verify that the transition relation of Xg isthe same as the transition relation of PTNg
that is directly obtained from the operational semantics for nets given in Section 3 (See Figure 2). It isleft

to the reader to verify that also for the right P/T net in Figure 1, the transition relations for the net and its
representation are the same.

5 An Algebraic Semanticsfor Hierarchical P/T Nets

In this section, hierarchical P/T nets are defined and an algebraic semantics for their complete operational
behavior is given. Then, the notion of interna behavior is introduced in the process domain as well asin
the theory PTNA. The abstraction mechanism from the process algebra ACP is adapted to give an algebraic
semantics for the observable behavior of hierarchical P/T nets. This algebraic semantics indirectly specifies
an operational semanticsfor the observable behavior of hierarchical nets.

5.1 Hierarchical P/T nets

In addition to places and transitions, a hierarchical P/T net has subnets which, in turn, are hierarchical P/IT
nets.

Definition 5.1. (Hierarchical P/T nets) A hierarchical P/T netisa7-tuple (P, T, S,i,0, |, s), where P C
L, isafinite, non empty set of places, T C L isafinite set of transitions, and S afinite set of hierarchical
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PIT nets, suchthat T U Sisnot empty; functioni : (T US) — IB P givestheinput placesfor each transition
and each subnet,0: (TUS) — IB P givestheoutput places, | C P istheset of internal places, ands: IB |

isthe marking of the hierarchical net. It is assumed that there are no isolated places, transitions, or subnets.
Set S must be such that for each subnet the set of input and output places is equal to the set of pins of the
subnet. The set of places of a hierarchical P/T net and the sets of internal places of all its subnets must be
mutually digoint. A hierarchical P/T net can be unfolded in the usual way. The unfolding of a hierarchical
net must be finite.

Figure5in Section 7 showsan example of ahierarchical net. Thetwo netsin Figure 1 are also examples
of simple hierarchical nets. A hierarchical net without any subnetsisaP/T net as defined in Definition 3.1.
The complete operational behavior of ahierarchical P/T netistheoperational semanticsof itsunfolding. This
semantics can be obtained algebraically as follows.

Definition 5.2. (Complete behavior of hierarchical P/T nets) Lee HN= (P, T, S,i, 0, |, s). Extend the
function A'[.]], as defined in Definition 4.3, inductively as follows. As before, empty quantifications should
be omitted.

NIHN] = AL t: teT: TMD I (Isn: sne S: N[sn])).

Note that the unfolding of a net must be finite, because only then the net has a finite algebrai c represen-
tation.

5.2 Processes with Silent Actions.

In Section 2, a process is defined as a labeled transition system over some set of actions. A process can
execute actions, thustransiting into some other process. An action that is executed by a processis part of its
observable behavior. To be able to distinguish between observable and internal behavior, silent actions are
introduced. Usually, silent actions are denoted . Only asingle symbol is heeded, since al internal actions
are equal in the sense that they do not have any visible, external effects. The notion of silent actionsin an
algebraic setting was first introduced by Milner [27].

Thedefinition of aprocessspace givenin Section 2 can still be used in acontext with silent actions. How-
ever, since bisimulation does not distingui sh between observable and silent actions, the notion of equality on
processes needs to be changed. Processes with the same observable behavior, but with different internal be-
havior should be equal. Asbefore, the equivalence relation on processes should distinguish processes with
different moments of choice. In [15], Van Glabbeek shows that (rooted) branching bisimulation is exactly
the equivalence that satisfies these two requirements. Branching bisimulationis a slightly finer equivalence
than the better known observation equivalence[27]. That is, it distinguishesmore processesthan observation
equivalence.

Let (P, —> ) be some process space over .Act equal to A U {t}, for some set of action symbols.A. The
following auxiliary relation expressesthat a process can evolve into another process by executing a sequence
of zero or more 7 actions. For the sake of simplicity, the termination symbol / istreated as a process.

Definition 5.3. Therelation . —»_: IP((PU{/}) x (PU{4/})) isdefined as the smallest relation satisfying,
forany p, p'’, p” € P U{/},

p—0n

p_»p//\p/_f>p// - p_»p//'

Let, forany p, p' € PU {/} anda € Act, p . o bean abbreviationof p—> P’V (@ =1 A p=p).
Thatis, p o, p’ means zero or one T stepsand, forany a € A, p @, p issimply p LN p.

12



Definition 5.4. ((Rooted) Branching Bisimulation) A binary relation R : IP((P U {/}) x (P U {{/})) is
called a branching bisimulation if and only if, for any p, p’,q.q € P U {{/} and @ € Act,

i) PRAAP-5>p = (39.9": .9 € PU(J}: q—>q" -5 g’ A pRY" A PRY),

y (@)

i) pRaAq—q = @p.p : p.p €ePU/}: p—>p — P APRIA PRY),

i) pPRqQ = p—>/ < q—>./.

A branching bisimulation R is called a rooted branching bisimulation between p and g in P if and only if
pRqand, forany p’,q € PU {/} anda € Act,

iv) p—p = 3q:qePU{L}: q— g ApPRY),
V) 0—0q = @Ap:pePU/}: p—= P APRY).

Two processes p and q are called rooted branching bisimilar, denoted p ~yp, q, if and only if there existsa
rooted branching bisimulation between p and q.

Figure 3: Branching bisimulation.

Figure 3 showsthe essence of branching bisimulation. Theroot conditionisintroduced, because branch-
ing bisimulationisnot acongruencefor thea gebrai c choice operator, whereas rooted branching bisimulation
is. Thisproperty is needed in the next section, where rooted branching bisimulation is used to give an oper-
ational semanticsfor PTNA extended with silent actions.

Note that the definition given here differs from the original definition given by Van Glabbeek and Weij-
landin [17]. Infact, it isthe definition of semi-branching bisimulation, which was first defined in [18], asit
appearsin[5]. It can be shownthat thetwo notionsare equivaent [18, 5]. Thereason for using the alternative
definitionisthat itismoreconciseand moreintuitivethantheoriginal definition. It also yieldsshorter proofs.
A comparison of the two definitions can be found in [5].

Property 5.5. Rooted branching bisimulation, ~y, is an equivalence on processes.

Proof. It must be shown that rooted branching bisimulationis reflexive, symmetric, and transitive.

Reflexivity: Let 7 betheidentity relation on P U {,/}. Obviously, Z isarooted branching bisimulation.
Hence, forany p € P, p ~p P.

Symmetry: Let p and q be processesin 7. Let R be arooted branching bisimulation between p and
g. It followsfrom the symmetry in the definition of rooted branching bisimulation that the inverse of R isa
rooted branching bisimulation between g and p. Hence, forany p,g € P, p~ q = g ~p P

Transitivity: Let p, g, andr be processesin P. Let Q and R be rooted branching bisimulationsbetween
p and g, and g and r respectively. It is straightforward to verify by means of a case analysisthat Q o R,
where o denotes relation composition, is a rooted branching bisimul ation between p andr. Hence, for any
P.Q. T €P,p~pQAQ~bl = P~ . o
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5.3 Place/Transition-Net Algebra with Silent Actions.

Thetheory PTNAT®. Inthisparagraph, thesilent action r and an abstraction operator are added to thetheory
PTNA, yieldingthetheory PTNA®, for PTNA withsilent actions. Table 3 givesadefinitionof PTNAT. Recall
that L, is the set of place labels. The first entry of Table 3 means that PTNAT is a modular extension of
PTNA. Thatis, PTNAT® hasal sorts, functions, and axioms given in Tables 1 and 3. The auxiliary functions
c,p: AC — BBL, that appear in Table 1 are extended to t asfollows: ¢t = pr = @.

— PTNA*(Lp)
PTNA(Lp)
T . AC 7_ . IPLp > (P > P)
a: Ly e f:AC x,y,z: P; I IPL,
elt=e AT X-T =X Bl
X-(t-(y+2+y) =x-(y+z B2
ael > n@)=r1 TAC1 ael = @)=t TAP1
aédl = @ =a? TAC2 aédl = rg(a)=al TAP2
71(8) =94 TAD el f)y=1n®©|7(f) TA1
()=t TAT  u(x+y)=uX) +7y) TA2
T (X-y) =1 (X) -7 (y) TA3
1 (X*y) =1 (X) "1y TA4

Table 3: Place/Transition-Net Algebrawith silent actions.

For any set of placelabels |, the abstraction operator 7; simply renames actionsfrom | to t. Theaxioms
B1 and B2 are an axiomatization of branching bisimulation [17]. Axiom AT statesthat only the visible part
of the simultaneous execution of some action and t is observed. It is different from the normal axioms for
7 in ACP with silent actions. There, for any action e, e| T isequal to §. The reasoning behind thisisthat |
means communication. Since an invisible action cannot communicate, every attempt to communicate with
7 resultsin deadlock.

Operational semanticsfor PTNAT. Let the set of processes betheset of closed PTNAT terms, C(PTNAT).
Asbefore, let Act beequal toIBLp x IBLp; let ¢ : AC — Act, for any e € AC, bedefined as ¢(e) =
(ce, pe). Notethat ¢(t) = (g, ©). Thismeans that, in the process domain, the action (g, @) is the silent
action. As mentioned in the previous subsection, the silent action in the process domain is usualy called t
aswell. Thereason for thisisthat actionsin thetheory often coincide with actionsin the processdomain. In
the remainder, t alwaysrefers to the silent action in the theory, except in Appendix B, where t isalso used
asan abbreviationfor (g, @). Thetransitionrelation . — _: IP(C(PTNA®) x Act x (C(PTNA") U {/})) is
the smallest relation satisfying the rulesin Tables2 and 4. In Table 2, let p, p’, g, g’ range over C(PTNAT).

Property 5.6. Rooted branching bisimulation, ~y, isa congruence on closed PTNA’® terms.

Proof. Property 5.5 statesthat ~p, isan egquivalencerelation. It remains to show that for each n-ary PTNA*
operator f on processesand closed PTNAT terms py, ..., Pn, 01, - - ., Gn SUchthat p1~rp Q, - - -5 Pn~rbn,
f(p1,..., Pn) ~rb F(Qu, ..., 0n). Thedetailscan be foundin Appendix A. O
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e: AC; | : IPLp; p, p': C(PTNATY)

P2 p p*S v
u@ ™ @) ap’Py

Table 4: Thetransition relation for the abstraction operator.

Thefollowing theorem statesthat if equality of two processes can be derived from the axiomsof PTNAT,
then the two processes are rooted branching bisimilar. Hence, equational reasoning can be used instead of
model -based reasoning.

Theorem 5.7. The set of closed PTNA' terms modulo rooted branching bisimulationisamodel for PTNA®.
Thatis, forany p,gq € C(PTNA™),PTNA* + p=q = C(PTNA")/~p E p=2q.

Proof. It followsfrom Property 5.6 that it sufficesto verify thevalidity of each axiom of PTNAT. Itisstraight-
forward to construct a rooted branching bisimulation for each axiom. See Appendix A for more details. O

An algebraic semanticsfor hierarchical P/T nets. The agebraic semantics for the observable behavior
of ahierarchical P/T net strongly resembles the algebrai c semantics which describes its compl ete behavior.
The essential difference is that the abstraction operator is used to hide the internal behavior of the net itself
and its components.

Definition 5.8. (Observable behavior of hierarchical P/T nets) Lee HN= (P, T, S,i, o, |, s) beahierar-
chical P/T net. Thea gebraic semanticsfor itsobservablebehavior, H[HN], isdefined asfollows. Asbefore,
omit empty quantifications.

HIHN] =7 oAL((It: teT: TMtD | (Isn: sne S: H[sn])),
where o denotes function compositionand 7 [[.]] isasin Definition 4.3.

Example 5.9. Again, let PTNg = (No, ig) be the left PIT netin Figure 1. In Example 4.7, the following
expression is derived for its complete behavior Xo = MV [PTNg]:

Xo = (@?]ip?]i1h)-((0?]11?7)-8 + (€?]i1?)-9).
Since PTNg isaflat P/T net, its observable behavior H[PTNo] is equal to 7;,(Xo), where g = {io, i1}. Use
the axioms TA1-3, AT and TAD to derive the following result.

7,(X0) = @?[ 7| 1)-((b?| 7)-715(8) + (€?] T) - 71,(8)) = a?-(b?-8 +?-9).
The transition relation of 7;,(Xg) is shown in Figure 4. The expression a?- (b?-8§ + c?-§) describes the
behavior of PTNy projected onto its pins. It corresponds to the expression aready given in the motivating
example (Figure 1). In asimilar way, it is possible to derive the expression a?- b?-8 + a?-c?-§ for the
observable behavior of theright P/T netin Figure 1, PTN;. Thetransitionrelation of thistermisa so shown
in Figure 4. Obviously, the two processes are not (rooted branching) bisimilar, which is the desired result.

6 Recursion and Fairness
In order to apply the theory developed so far to non-trivial examples, we must be able to reason about recur-

sion and fairness. The theory PTNA’ aready includes a recursion operator, namely the binary Kleene star.
In thissection, we giveafairness principlefor the binary Kleene star and arecursion principlethat givesfor a

15



a? - (b?-8 +¢?-9) a?-b?.§ +a?c?.$

{ ex) @, %(\a, %)

b?.§ +¢?.§ b?-§ c?-$
(b, zAc, 2 (b, 9) X
) ) ) )

Figure 4: Thetransition relations of H[PTNg]] and H[[PTN4]].

restricted set of recursive equationsasolutionin terms of the binary Kleene star. Thereason for not including
these principles in the theory PTNAT isthat, depending on the application, it might be desirable to extend
the theory with different fairness and recursion principles.

Fairness of the binary Kleene star can be expressed by a single axiom: the Fair Iteration Rule (FIR). It
statesthat a sequence of silent stepscannot beinfinitely long. Intermsof P/T nets, it meansthat, in aninternal
conflict situation, it is not possiblethat one transition is always chosen.

X: P
T*X=X+71-X FIR

Property 6.1. The Fair Iteration Ruleisvalid in the model of closed PTNA® terms modulo rooted branching
bisimulation. That is, for any p € C(PTNA®), C(PTNAY)/~p =Et*p=p+7-p.

Proof. Itisstraightforward to verify that, for any p € C(PTNAT), thefollowingrelationisarooted branching
bismulationbetweent*pand p+ 7 - p.
{@*p, p+7-p) | pe CPTNAD}U{(z*p, p) | p e C(PTNAD}U{(p, p) | p € C(PTNAT) U{/}}. O

The Recursive Specification Principlefor the binary Kleene star (RSP*) is a derivation rule which gives
asolution for some restricted set of recursive equations. Such arule is necessary since many processes are
inherently recursive. RSP* uses the notion of aguard which isdefined as follows.

Definition 6.2. (Guard) A closed PTNA® term p isaguard if and only if, using the axioms of PTNAT, it
can be rewritten into an equivalent term of any of the following forms:

i) sore foranyee AC — {t};
ii) g-r,forclosed PTNA® termsq and r where either g or r or both are guards;

iii) g+ r,forany closed PTNAT terms g and r where both g and r are guards.

X,y,2: P
X=Y:-X+2z yisaguad

_ RSP
X=y*z

Informally, the requirement “y isaguard” means that y cannot terminate successfully without executing
at least one visible action.

Property 6.3. ThederivationruleRSP* isvalidinthe model of closed PTNA’ terms modulo rooted branching
bisimulation. Thatis, forany p, q,r € C(PTNAT) suchthatq isaguard, C(PTNAY)/~p E p=Qq-p+r =
C(PTNA®)/~p |= P = Q*T.
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Proof. Let p, q, andr beclosedtermssuchthat g isaguard; let R bearooted branching bisimul ation between
pandq-p+r. It can be shown that the following relation which uses the transitive closure of R, denoted
R, isarooted branching bisimulation between p and g *r. An explanation of thisrelation and the details
of the proof can be found in Appendix B.
Q={(p,a*NIUR*U{(s,q*r) | s € C(PTNA") U {{/} A SR*p}
U{(s,t-(q*r)) | se C(PTNAT) U {/} At € C(PTNA") ASR*t-p}.

7 Example: The Alternating-Bit Protocol

In this section, thetheory developed in this paper is applied to anon-trivia example, namely the Alternating-
Bit Protocol (ABP). The version of the ABP considered here consists of four components. a sender, are-
ceiver, amessage channel, and an acknowledgement channel. Both messages and acknowledgments can be
corrupted. In order to identify messages and acknowledgements, they are marked alternatingly with a zero
and aone bit. Each time the sender sends a message, it waits for an acknowledgment from the receiver.

The example of the ABP is used to show two applications of the theory developed in this paper. First,
it can be used to verify the behavior of a hierarchical P/T net against an algebraic specification. At each
hierarchical level, the a gebraic terms describing the observabl e behavior of the subnetscan, on theone hand,
be seen as the specification of the level below, and, on the other hand, as the implementation of the level
above. The theory of this paper can be used to verify such implementations against their specificationsin a
purely equational and compositional way. Second, the theory can be used to show that different hierarchical
nets have the same observable behavior. In ahierarchical P/T net, one can exchange subnets with the same
observable behavior, without influencing the observable behavior at higher levels of abstraction.

Figure 5 gives athree-level hierarchical P/T net of the ABP which conforms to the informal description
givenabove. Sincefor each netitisclear what are pinsandwhat areinternal places, dashed boxesare omitted.
Table 5 explains the names of the subnets, transitions, and places.

To demonstrate the first application of the theory, a bottom-up verification of the ABP is given, which
consists of four steps. First, simple algebraic expressions are derived for the behavior of the four nets at
the most detailed level. Second, the abstraction operator is used to hide their internal behavior. Third, the
resultsof thesetwo steps are used to derive an expression for the behavior of the net at theintermediate level.
Finally, by hiding theinternal behavior of theintermediate net, it is shown that the subnet “abp” satisfiesits
specification given in Figure 5. To demonstrate the other application of the theory, it is shown that, on the
highest level of abstraction, the ABP behaves as a one-place buffer. A P/T net of the one-place buffer isgiven
in Figure 6. The observable behavior of the ABP is the same as the observable behavior of this net.

Theverification of the ABP. Inthefollowing, atransition namet isused as an abbreviationof (|i: i €
it: i?](o: oeot: o). Forexample, Ot isan abbreviation of (i?| 0s?| Ow! | Om1!). Furthermore, the
following abbreviations are introduced:

S = 0t*§ || Ortl*s || Ort2*5 || 0a*s || 1t* 5 || 1rt1*s || 1rt2*s || 1a*s,

R = 0a*§ || Onal*s || Ona2*§ || 1a*§ || Inal*s || 1na2*§,

M = fOm*s§ || cOm*s§ || f1m*§ || cdm*3,

A = fOa*s| cOa*s| fla*s | cla*s.
Thefirst part of the verificationisto derive expressionsfor H[[sen]], H[[rec]], H[mc]], and H[[ac]]. It consists
of two steps. First, expressionsare derived for the complete behavior of each component; second, their inter-
nal behavior is hidden. To start with, expressions are cal culated for thetwo channels. Applying Property 4.6
and the axioms for the causal state operator yieldsthe following result.

17



Specification:

ABP = (i?-01)*$
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Figure 5: A hierarchical P/T net of the alternating-bit protocol.
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j €{0, 1}

Specification:
i,0 :input/output pin for messages from/to the environment;
abp . the system that implements the ABP.
System abp:
sen, rec . the sender and receiver;
mc, ac . the message channel and acknowledgement channel;
jml/2 : placesfor messages with bit j;
Im . corrupted messages;
jal/2, la . idem for acknowledgements.
System sen:
js : thesenderisready to send a j message.
jw . thesender has sent a j message and iswaiting for an ack.;
jt, jrtl/2 . (re)transmit a j message;
ja . receive an acknowledgement of a j message;
System rec:
jr . thereceiver isready to receive a j message;
ja, jnal/2 . acknowledgea j message; send a hegative j ack.;
Systemsmc, ac:
fim/a,cjm/a : forward resp. corrupt message/acknowledgement.

Table 5: Informal explanation of the Alternating-Bit Protocol

Figure 6: A one-place buffer.

Mo = A5(M) = fOm- Mg+ cOm- Mg + f1m- Mg + cIm- Mo.
RSP* yields:
Mg = (fOm+cOm+ fim+ clm)*é.
Similarly,
Ay = A5(A) = (fOa+ cOa+ fla-+cla)*s.
Next, an expressioniscal culated for the sender. The state operator iswritten without the superscript {0s, Ow,
1s, 1w}.
S = )LOS(S) = 0t- S,
S = 4, (S = 0rtl-5 +0rt2-§ + 0a- S,
S = 21(5 =1t S, and
S =21,9 =Utl- S+ 1rt2- S+ 1a- S.
Applying RSP* and BKS2 on the last equation yields:
S = (rtl+rt2)*(la-S) = (rtl+ Irt2)*1la)- S
Substituting thisresult and repeatedly applying RSP* and BKS2 gives:
S = (Ot-((Ortl+0rt2)*0a)- (1t- ((Irtl+ 1rt2)*1a)))*s
Observe that this equation conforms to the intuitive notion of what the sender should do. First, it sends a
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zero message; if necessary, it retransmits this message until it receives an acknowledgement; then, it repeats
this behavior for a one message, after which it starts all over again. Similar to the cal culations above, the
following equation can be derived for the receiver:

Ro = A" (R) = (0a-((Onal+ Ona2)*1a) + 1nal+ 1na2)*s
The second step isto hide the internal behavior of the sender and receiver in order to obtain their observable
behavior. Since the two channels do not have internal places, their observable behavior is already given by
the expressions above. The axioms for the abstraction operator plus AT yield the following results:

TS = 7(0s,0w.15.10) (S0)

= ((i?]0m1!)-((La?|0ml! 4+ 1a2?| Oml!)*0a2?)-
(i?]Im1)-((La?| 1ml! 4+ 0a2?| 1m1!) * 1a2?)) *$
TRy = T{Or,lr}(RO)
((0m2?| 0al! | o!)-((Lm?|0al!l + 0m2?| Oall)* (1m2?| 1lal! | o!))
+1m?|1all + 1m2?| 1all)*s
This completes the first part of the verification. Summarizing, H[sen] = TSy, H[[rec] = TRy, H[mc] =
Mo, and H[[ac] = Ao.
The second part of the verification is to use the expressions derived for H[[sen]], H[[rec]], H[[mc]], and
H[[ac] to determine an expression for H[[abp]], the observable behavior of the subnet “abp.” The result
should satisfy the specification givenin Figure 5. Asthefirst part, 7[[abp]] iscalculated intwo steps. First, an
expressioniscaculated for Xo = AL(TSy || Mo || TRy || Ao), where | isequal to {Om1, Im1, Om2, L m, 1Im2,
0al, 1al, Oa2, 1a, 1a2}. Second, theinternal behavior of Xg ishidden. The calculationsof thefirst step are
tedious, but not very complicated. In principle, one just repestedly applies the expansion theorem (Theo-
rem 4.5) and the axioms of PTNA. Figure 7 showsthe transition relation of Xq. With RSP* and BKS2, the
following equations are obtained for Xo—Xag:
Xo = (I7| om1!)- X,
X1 = (((OM1?] Lm!)-(Lm?| 1lall)-((1lal?| 1a2!)-(1a2?| Om1!)
+(1a1?| La!)- (La?| 0m1l)))* (0m1?| 0m2!))- X2

X2 = (0m2?|0al! | o). X3

X3 = (((0al1?| La!)-(La?|0m1!)-((Om1?| Om2!)-(0m2?| O0al!)
+(0m1?| Lm!)-(Lm?|0all)))* (0al?| 0a2!))- X

X4 = 0a2?-Xs

X5 = (I7| 1ml!)- Xg

X6 = ((Im1?] Lm!)-(Lm?|Oall!)-((0al?| 0a2!)-(0a2?| 1m1!)

+(0a1?| La!)-(La?| 1Im1l)))* (Im1?| Im2!))- X7

X7 = (Im2?|1al! | o) - Xg

Xg = (((1al1?| Lal)-(La?| 1m1!) - ((Im1?| 1m2!)-(1m2?| lal!)

+(Am1?| Lm!)-(Lm?| 1all)))*(1lal?| 1a2!)) - Xo

X9 = 1a2?-Xp
Thefinal step isto hide theinternal places |. Use the axioms for the abstraction operator plus AT, B1, A3,
and FIR to obtain the following result:

ABP = T (Xo)

=i?(t-t-(r-1+7-1)*1) 71(X2)
=1?-(t"1)-11(X2)
=i?(+7-1)11(X2)
= 1?7711 (X2)
Repeating this derivation for X,—Xg and substituting the result in the equation above yields:
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X23
(La, Iml) (Iml, Lm)
(Im1, 1m2)
22

(Im2, 1al)
(lal, La) (Lm, 1al1)
X1s
x9<7
(1al, 1a2)
1a2 2) (Im2, 1alo\ ami., Lm) X0 (Lm. 0al)
X7
(1al, La)
(a, om1) (i, om1) (1m1, lm2) 0wz, igfll) 0a2)

(1a1 la2)
(Oal, La)
X2

(Lm, 1al) X12 (Om1, Lm) wz, 0alo) (0a2 2)
(Oal 0a2)

X10
(Lm, 0al) (0al, La)
(0m2, 0al)
(Om1, Om2)
(0m1, Lm) (La, Om1)

Figure 7: Thetransition relation of the Alternating-Bit Protocol.

ABP = i?.0!-i?-0! - ABP

So, by RSP*,

ABP = (i?-0!-i?-0!)*§

From the observation that, for any process x,

X*¥§=X-X*8)+6§=X-(X-(X*8)+8)+ 6 =X-(X-(X*8)+8 = (X-X)-(X*68) + 6,

which by RSP* impliesthat x*§ = (x-X) *48, it follows that

ABP = (i?-0l)*§.

This completes the verification of the ABP. The algebraic term which is derived for its observable behavior

satisfies the specification givenin Figure 5.

The ABP and the one-place buffer.  As mentioned, the theory developed in this paper can be used to de-
termine whether two hierarchical P/T nets have the same observable behavior. In the previous paragraph, an
algebraic expression has been derived for the observable behavior of the ABP. In this paragraph, it is shown
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that the one-place buffer of Figure 6 has the same observable behavior. Thus, on ahigh level of abstraction,
the one-place buffer and the ABP are equivalent.

Let BUF denote the observable behavior of the one-place buffer, H[buf]], where “buf” is the net shown
inFigure6. Let | = {b,clandlet B = (i?|c?|b)*s| (b?|cl|o)*s. Asusud, the state operator iswritten
without superscript | . Use Property 4.6 and the axioms for the causal state operator.

Bo = Ac(B) = (i?]c?|b!)-1,(B) = (i?]c?|b!)-(b?|c!|0)-By
RSP*yields:

By = ((i?]|c?|b)-(b?|c!|0))*s
Hiding theinternal places gives.

BUF = 11 (By) = ((i?|7t]7)-(x|7|0))*8 = (i?-0)*6
It followsthat BUF equal s ABP asderived in the previousparagraph. It meansthat the ABP and the one-place
buffer have indeed the same observabl e behavior, and are thus equivalent.

High-level Petri nets. Sofar, only P/T netshave been considered. However, in practice, high-level nets, or
colored nets, extended to data are used. In colored nets, tokens have values. Aslong as the values of tokens
range over afinite domain, the results presented in this paper can be simply extended to data. For example,
if messagesin the ABP are taken from some finite datadomain D, one could specify its behavior asfollows:
ABP = (+d: de D: (i(d)? o(d)!*é), wherei(d)? means the consumption of atoken (message) with
valued from placei, and o(d)! means the production of atoken with value d. All calculations given above
can be easily adapted to incorporate data. Furthermore, the P/T net of the ABP can be simplified by adding
the bit which is used to mark messages and acknowledgementsto the value of the tokens. Thus, the explicit
distinction made in the current net is not necessary anymore.

In case of infinite datadomains, the resultsof this paper must be adapted to an algebraic formalismwhich
supportsdata, such as for example wCRL [20] or PSF [25].

8 Concluding Remarksand Future Work

Thefirst part of this paper gives an agebraic semantics for P/T netswhich is consistent with their usual in-
terleaving semantics. The second part gives an algebraic semantics for the complete operational behavior of
hierarchical P/T nets, aswell asasemanticsfor their high-level, observable behavior. Thelatter can be used
to determine whether a hierarchical net sati sfies some algebrai c specification of its observable behavior and,
thus, to determine whether two hierarchical nets can be considered equivalent.

Althoughthefirst resultsappear to be promising, it isnecessary to further investigatethe theoretical foun-
dation and applicability of the approach presented in this paper. It isinteresting to study the meaning of an
arbitrary PTNA® term in P/T-net theory. Furthermore, it is worthwile to investigate the meaning of results
from Petri-net theory, such as place and transition invariants, in the theories PTNA ™.,

There are several interestingwaysto extend the results presented in thispaper. It has already briefly been
mentioned how they can be extended to colored nets. Furthermore, it seems worthwileto investigate other
hierarchical constructsthan the one presented in this paper, and maybe time or stochastic aspects.

Finaly, it isinteresting to look at other semantics than the interleaving semantics. It is straightforward
to extend the results to a step semantics, in which multiple transitions can fire simultaneously. It is only
necessary to define the synchronous-merge operator on processes in the same way as the communication
merge isdefined in [2]. A true concurrency semantics appears to be another interesting candidate for future
investigation.
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A Some Proofs

Theorem 4.2. The set of closed PTNA terms modulo bisimulation is a model for PTNA. That is, for any
p,q € C(PTNA), PINA+ p=qg = C(PTNA)/ ~ E p=q.

Proof. Since it follows from the format of the derivation rulesin Table 2 that bisimulation equivalence is
a congruence on C(PTNA) [3], it suffices to verify the validity of each axiom of PTNA. Below, for each
axiom, abisimulationisgiven. Itisleft to the reader to verify that therelations are indeed bisimulations. Let
D(C(PTNA)) bean abbreviation of {(p, p) | p € C(PTNA)}.

Axiom

Al
A2
A3
A4
A5
A6
A7

S1
S2

M1

M2
M3
M4

AC1,2

CX01
C02
CS03
CS0O4

CS05

BKS1
BKS2

BKS3

Bisimulation

{(P+0,9+ p) | p,q € C(PTNA)} UD(C(PTNA))
{((p+a@)+r.p+@+1)) | p.a.reC(PTNA}UDC(PTNA))
{(P+p. P) | peC(PTNA)}UD(C(PTNA))
{((p+@)-r.p-r+q-r)| p.q.r € C(PFTNA)} UD(C(PTNA))
{((p-a)-r. p-(@-1) | p.q.r € C(PTNA)} UD(C(PTNA))
{(p+3,p) | peC(PTNA}UDC(PTNA))

{(6-p.8) | peC(PTNA)}

{te| f, fle)|e f eAC}
{(tel f)lg.el(flg)]|e f,geAC}

{(plla, plLa+qglp | p.geCPTNAIUPIIG qll p) | P, qeC(PTNA)JU
D(C(PTNA))

{(d] p.d-p)|deACU{s} A peC(PTNA)} UDC(PTNA))

{d-pllg.d-(plla) | deACU{s} A p,qeC(PTNA)} UD(C(PTNA))

P+ Lr,pLr+alLr)|p,q.r € C(PTNA)} UDC(PTNA))

{((PLayLr.p L@l P, reC(PTNA)}U
{{lalr.pli@lr) | p.g.r e C(PTNA)}UDC(PTNA))

{(AL(8),8) |1 € PLy As € BLp)

{(Al@©.8 |1 ePLyaseBL,AecACAcell Cs)

{(AL©,8) |1 elPLoarseBL,Aeec ACAcell s}

(AL P, ALO) AL e (M) | | €PLyASEBLy Ae € ACA P e C(PTNA)IU
D(C(PTNA))

(AP + ). AL(p +AL@) | 1 e PLyAseBLy A P, q e C(PTNA)} UD(C(PTNA))

{(p*d, p-(p*aq) + ) | p,g € C(PTNA)} U D(C(PTNA))
{(p*(@-r), (p*a)-r) | p,q,r € C(PTNA)}U

{(p-(p*(@-r), (p-(p*a)-r) | p, p’,q,r € C(PTNA)} U D(C(PTNA))
{(P*@-((P+P*r)+1), (P+A*r) | p,q,r € C(FTNA)}U

{(P-(p*@-((p+D* 1)+, p-((pP+D*r) | p,p.q.r eC(F’TNA)}UD(C(F’TNA))D

Theorem 4.5. (Expansion) For any Xo, .. ., Xn € P, n € IN — {0}

(i

O<isn:x)=GHi:0<isn:xL(j:0<j<nAj#i:x)).

Proof. The proof is by induction on n. The basic casewheren = 1issimply axiom M1. Assumen > 1.

(i

0<i<n:x)
{ Associativity of the merge (ASC2) }
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(I 0<i<n:x)llXn
= { Axiom M1}
(Ji:0<i<n:X) I Xn+X L(Ji:0=<i<n:X)
= { Induction }
Fi:0<i<n:xLUj:0=<sj<nAj#i X)X +XnlL(li:0<i<n:Xx)
= { Axioms M4 and ASC1 }
(+Fi:0<i<n:xL(j:0<j<nAj#iixp)lIxa)+xnL([1:0<i<n:x)
= { Associativity of the merge (ASC2); dummy change; calculus }
(Fi:0=si<n:xLAj:0=sj=nAj#ix))+XallUj:0=]=nAj#n:x)
= { Associativity of the choice (A2) }
(+i:0<i<n:x[Ldj:0<]<nAj#i:X))

Property 4.6. For any non empty bag E € IB AC,
(le:ecE:e*f)=(+e:ecE: e (|f: feE: f*))).

Proof. If E isasingleton containing only one action e, then the above equation reducesto e*§ = e- (e*§),
which followsimmediately from BKS1 and A6. So assume, E contains at |east two different actions.

(le: eec E: e*d)
= { Expansion }
(+e:ecE: €| (f: feEne#£f: %)
= { Axioms BKSL and A6 }
(+e:ecE: (- E@MIL(Ff: feEAe£T: f*)))
= { Axiom M3 }
(+e:ecE:e (e8| (f: feEne#Tf: f*5)
= { Associativity of the merge (ASC2) }
(+e:ecE:e(|f: feE: f*§)

Property 5.6. Rooted branching bisimulation, ~y, isa congruence on closed PTNA’® terms.

Proof. Property 5.5 statesthat ~p, isan equivalencerelation. It remains to show that for each n-ary PTNA*
operator f on processesand closed PTNA® terms py, . . ., Pn, A1, - - -, On suchthat py~pQy, ..., Pn~rb0n,
f(ps, ..., Pn) ~rb F (02, ..., On)-

For the constants of PTNAT the desired result follows trivially from the reflexivity of the ~p, relation.
There is one operator on actions only, the synchronousmerge |. Let e, &, fi, fo € AC suchthat e ~p f1
andex~p, f2. Let Q bedefinedas{(e1|e, f1]f2), (\/, +/)}. Obviously, Q isarooted branching bisimulation.
Hence, ~p isacongruence for the synchronous merge.

There are seven operators on processes, five binary operators and two unary ones. Let p1, p2, 01, g2 be
closed PTNA® terms. Let R1 and R, be rooted branching bisimulations such that p;R101 and paR2qp. It
must be shown that there exist rooted branching bisimulations Q4 . . ., Q7, suchthat (p1+ p2) Q1(01 + O2),
(P1- P2)Q2(01-02), (P1* P2)Q3(A1*02), (P1 || P2)Q4(a1 [1 G2), (P2 L P2)Qs(qs IL d2), and, such that for any
| € IPLp ands € IBLp, AL(p1) Q6L (q1), and 7 (p1) Q77 (p2). The seven rooted branching bisimulations
aregiven below. It isleft to the reader to verify that the relations are indeed rooted branching bisimul ations.
To avoid unnecessarily complex formulas, some notational abbreviations are introduced. Let, for any p €
CPTNAHY UL /-p=pandy/ | p=pl+/ = p and forany | € IPL,ands € BLp, A.(\/) = / and
u (/) =+
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Q1=R1UR2U{(p1+ p2, th + )}

Q2=R2U{(p-p2,9-02) | pR1q}

Q3=RoU{(p1* P2, ©a™d2)} U {(P-(P1* P2), d- (Q1™ G2)) | PR1q}

Qa={(pll P,aqlld) | pR1gA P'R2q'}

Qs=Q4U{(p1 L P2, a1 LG}

Qe ={(h(P), 25(@) | PR1GA | € PLp As € BLp}

Q7={(ni(p), (@) | PR1gA | € IPLy} O

Theorem 5.7. The set of closed PTNA' terms modulo rooted branching bisimulationisamodel for PTNA®.
Thatis, forany p,gq € C(PTNA™), PTNA* = p=q = C(PTNA")/~p E p=1q.

Proof. It follows from Property 5.6 that it suffices to verify the validity of each axiom of PTNA*. Since
any bisimulation as defined in Definition 2.2, extended with the pair (/, /), isarooted branching bisimu-
lation, the axioms givenin Table 1 are valid in C (PTNAT) /~p. Therefore, it remains to verify the validity
of the axioms given in Table 3. The table below gives arooted branching bisimulation for each of these ax-
ioms. Again, itisleft to the reader to verify that the relations areindeed rooted branching bisimulations. L et
D(C(PTNAT) U {/}) = {(p. p) | p € C(PTNA") U {/}}.

Axiom Bisimulation

AT
Bl
B2

TAC1
TAC2
TAP1
TAP2
TAD
TAT
TAl
TA2
TA3
TA4

{(elr,e) |ee ACLU{(/, )}

{(p-7,p) | pe C(PTNAD}IU {(7, V), (/. W)}

{(p-(z-@+r)+@, p-(@+r)|p,g,r € C(PTNAT)}U
{T-(p+@)+p), p+a) | p,geC(PTNAT} UDC(PTNAT) U {/})

{(n@?,7)]|1 € PL,Aael}U {(\/, \/)}

{(n@?,a?) |1 e PLoraely—1}U {(\/, \/)}

{(m@), )|l elPLpracl}U {(\/, \/)}

{(m@),a) [l elPLpracly—1}U {(\/, \/)}

{(t1(8),8) | | € IPLp}

{(m(,7) |1 e PL} U/, W)}

{(meEel ), uE@ln(f)le f eACAl e PL}U{/, )}

{mp+d), u(E+7@) | p,geC(PTNAY) Al € IPLp} UD(C(PTNAY) U {/})

{(m(p-D, (P -7 (@) | p,geC(PTNAT) Al € IPLp} UD(C(PTNAT) U {{/})

{mpP D, n(P*u@) | p.qgeC(PTNAY) Al € IPLp}U
{mP-@* ), u (P - (@@ 7)) | p.q.r e C(PTNA") Al € IPLp}u
D(C(PTNAY) U {{/})

27



B Provingthe Validity of RSP*

Recall that RSP* has been defined as foll ows.

X,y,2: P
X=Y:-X+2z yisaguad

_ RSP
X=y*z

One way to prove the vaidity of RSP* is to show that the model satisfies the so-called Approximation
Induction PrincipleAlP. AIP statesthat any processeswith the samefinite prefixes are equivalent. If amodel
satisfiesAlP, or aslightly weaker variant of AIP called AIP~, thenit also satisfiesRSP, whichisthe Recursive
Specification Principle for general recursion. Thisline of proof is used in for example [4] to show that the
modelsintroduced there satisfy RSP.

Since amodel that satisfies RSP also satisfies RSP*, the same line of reasoning could be used to prove
the validity of RSP* in this paper. However, the validity of RSP* can also be shown directly by construct-
ing a rooted branching bisimulation. The advantage of such a proof is that it is not necessary to introduce
any auxiliary notions as AlP. Furthermore, once the idea behind the construction of the rooted branching
bisimulationis understood, the proof israther straightforward.

Thefollowing two lemmas are useful in the proof.

LemmaB.1. Let p beaclosed PTNAT term. If p isaguard, then p — /.

Proof. Since p isaguard, it can be rewritten into an equivalent closed PTNAT® term g which is of any of the
forms given in Definition 6.2. Using the operational rules given in Table 2, it is straightforward to prove by
means of stuctural induction that q —4>./. Since PTNA®  p = g, the soundness of the PTNAT™ axioms
yieldsthat p ~yp g. It followsimmediately from the definition of rooted branching bisimulation, Defini-
tion 5.4, that p —>./. O

LemmaB.2. Let (P, — ) bea process space over Act equal to AU {t}, for some set of action symbols.A.
Let R be abranching bisimulation. For any p, p’,q,q € P U {\/},

p—>pP APRq = Aq:qd ePU{/}Aq—>q : pPRJ) ad

qg—>qd ApPRg = @Ap:pPePU{JIArp—p: PRAQ)

Proof. Straightforward by induction to the number of t steps from p to p’ and g to g’ respectively. See
aso[5]. O

Property 6.3. ThederivationruleRSP* isvalidinthe model of closed PTNAT terms modulo rooted branching
bisimulation. Thatis, forany p, q,r € C(PTNAT) suchthatq isaguard, C(PTNAY)/~p E p=Qq-p+r =
C(PTNA®)/~p |= P = Q*T.

Proof. Let p, q, andr beclosedtermssuchthat g isaguard; let R bearooted branching bisimul ation between
pandqg-p+r. It must be shown that there exists arooted branching bisimulation Q between p andg*r. In
the construction of Q, the transitiveclosure of R, denoted R T, is used.

Q={(p,g"N}URTU{(s,q"r) | s€ C(PTNA") U {{/} ASRTp}

U{(s,t-(@*r)) | se C(PFTNA") U {/} At € C(PTNA") ASRTt-p}.

The exampl e depi cted bel ow showsthe idea behind the construction of Q. Inthisexample, R isdepicted
from left to right, whereas Q is depicted from right to left. Obviously, it isrequired that p@q*r. Since’ R
isarooted branching bisimulation between pand q-p+r, g- p+r can simulate any step that p can make.
Therefore, if p can evolveinto some process p’ by executing an o step, thenq- p 4+ r can simulate this step
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and evolve into, for example, g’ - p. However, this means that also q *r can do an « step, in which case it
evolvesintoq’-(q*r). Thismeansthat al pairsof theform (p’, q’-(q*r)) must be added to Q. Thisexplains
the basic form of Q.

The reason why the transitive closure of R is needed, can be explained as follows. Assumethat after a
number of steps p’ evolvesinto some processs and ' - p simulates these steps evolving into p. Then, SR p
andsinceq’- (q*r) evolvesinto g *r again, also sQqg*r. Notethat the definition of Q indeed implies that
it containsthe element (s, q*r). Now assume that s can execute some 8 step evolvinginto s'. For the sake
of simplicity, aso assumethat p can simulate this step without executing any preceding t steps. Then, aso
g-p+r candoapg step evolvinginto, for example, q” - p. However, thisimpliesthat g*r candoa g step to
g”-(g*r), which meansthat @ mustrelates’ toq”-(q*r). The example showsthat thiswould not necessarily
have been the case if the definition of Q@ would have used R instead of R*, because R does not relate s’
directly to " - p. However, R?, the relation composition of R with itself, doesrelate s’ to q” - p. Since the
process sketched here can repeat itself, this example suggeststo use the transitive closure of R instead of R
itself in the construction of Q. Below, it isshown that Q isindeed arooted branching bisimulation between
pandqg*r.

The proof usesthefact that R * is arooted branching bisimulation between p and - p +r. Thisfollows
from the observationthat the rel ation composition aswell asthe union of two branching bisimulationsisagain
a branching bisimulation (see the proof of Property 5.5 and [5]). Furthermore, if a branching bisimulation
satisfies the root condition for two processes, then also any larger branching bisimulation satisfies the root
condition for these two processes, where “larger” is defined by means of the superset relation.

First, we show that Q satisfiestheroot conditionfor p and g*r. The= signisused to denote syntactical
equivalence on closed PTNAT terms plus /. Recall that 7 is used as an abbreviation of (g, 9).

i) Assume p — p’ for somea € Actand p’ € C(PTNAY) U {/}. It must be shown that there exists a
v’ € C(PTNAT) U {/} such that g *r — v' and p'Qv'.
Since R satisfies the root conditionfor p and g - p + r, it follows from the operational rules for
choice and sequential compositionin Table 2 that three cases can be distinguished.

(@) First,q —> ¢, for someq’ € C(PTNA?), andq-p+r —> - psuchthat p’Rq’ - p. It follows
immediately from the operational rulesfor the binary Kleene star in Table 2 and the definition of
Qthatg*r — g'-(q*r)and p'Qq’-(q*r).

(b) Second,q — ./ andq-p +r — psuchthat p'R p. It followsimmediately that q*r — q*r
and p'QQg*r.
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(c) Third,r =’ e C(PTNA")U{,/}andq- p+r — r’ suchthat p'Rr’. It followsimmediately
that q*r —> r’ and p’Qr’.

i) Assumeq*r — v’ for somea € Act and v’ € C(PTNAY) U {,/}. It must be shown that there exists
ap e C(PTNAY) U {,/} suchthat p — p’ and p'Qu’. Again, three cases can be distinguished.

(@) First,g—>q' € C(PTNA") andq*r —>v' = q'-(q*r). Itfollowsthatq- p +r—>q’- p. Since
PRQ-p+r and R satisfiesthe root conditionfor pandq-p+r, p— p’ € C(PTNAT) U {V}
suchthat p’Rq’ - p. Hence, p — p’ and p'Qv’ = q'- (q*T).

(b) Second, @ — /andq*r — v’ = q*r. Itfollowsthat q- p+r —> p. Since pRQ-p +r
and R satisfies the root conditionfor pandq-p+r, p — p’ € C(PTNA®) U {/} such that
PR p. Hence, p— p’ and p'Qv’ = q*r.

(c) Third,r = r’ € C(PTNA®) U {/} and q*r — v/ =r’. It followsthat q-p +r — r’ and
therefore p — p’ € C(PTNAT) U {,/} such that p’Rr’. Hence, p — p'and p'Qv’ =1,

The above two cases show that Q satisfiestheroot conditionfor pandq-p +r.
Second, assume that for any o € Act andu, U, v € C(PTNA®) U {{/}, U — u’ and uQu. It must be

shown that there exist v, v € C(PTNAT) U {,/} such that v —»v” @, v/, uQv”, and UQv'. Using the
definition of Q, three cases can be distinguished.

i) First, uUR"Tv. Since R* is arooted branching bisimulation, it follows immediately that there exist
v, v € C(PTNAT) U {{/} such that v —»v” 9, v/, URTv”, and UR*v’, and hence a'so uQv”,
and u'Qu’.

ii) Second, v = g*r and uR ™" p. Two cases can be distinguished, corresponding to whether or not p does
at least one t step before possibly doing an o step.

(& Assume pg p’ € C(PTNAT)U{./} suchthat uR* p’. According to the definition of pg o
again two cases can be distinguised.
e First,a = T and p’ = p. It followsimmediately from the assumptionsand UR*p’ = p
thatv=q*r —q*r ﬁ>q*r,qu*r,andu/Qq*r.
e Second, p — p'. Since pRq- p + r and R satisfiesthe root conditionfor pand q-p +r,
as above, three cases can be distinguished.

— Assumeq — q € C(PTNA") andq-p+r —> q'- p such that p’Rq’- p. The as-
sumptionuQu and URTp'Rq’ - pyieddimmediately v = q*r —»>q*r — q'- (q*r),
ug@q*r,andu'Qq’ - (g*r).

— Assumeq — /andq-p+r — p suchthat p’Rp. It followsimmediately that
v=Qq*r —q*r — q*r,uQq*r,and u'Qq*r.

— Assumer —r’ € C(PTNAY) U {/} andq- p+r —> r’ suchthat p’Rr’. It follows
immediately that v = q*r —»>q*r — r’, uQq*r,and U Qr’.

(b) Assume p — p” —»p” © p/, for some p/, p”, p” € C(PTNA™) U {/} such that uR* p”
and UR*p. Since pRq-p+r, R satisfiesthe root conditionfor pandq-p +r,axdgisa
guard, which by Lemma B.1 excludes the possibility that ¢ — ./, it followsthat q — q” €

C(PTNAT®) suchthat p”’Rq” - p. Lemmas B.1 and B.2 yield that " —»>q"” € C(PTNAT) such
that p”Rq” - p. Two cases can be distinguished.
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o First,« = tand p = p”. Then,v=qg*r —q”-(q*r) o, q”-(q*r). Furthermore,
URTP'RQ”-pandUR*p = p"Rq”-pyiedthat uQqg”-(q*r)and u’Qqg”-(q*r).

e Second, p”—= p'. Sinceqisaguardandq —>q”, LemmaB.1yieldsthat q” —4 /. Since
p”Rq”- p, again two cases can be distinguished.

— First, " —>§ ), q’,forsomedq, q' € C(PTNAY), p"R§- p,and p’Rq’- p. Itfollows
thatv = q*r —»q-(q*r)gq/-(q*r). SinceuR T p"RG-panduRTp'Rq - p,also
uQq-(q*r) andu'Qq’-(q*r).

— Second, " —§ — ./, for some § € C(PTNAY), p’R§-p, and p'Rp. It fol-
lowsimmediately that v = q*r —»q-(q*r)gq*r. Furthermore, uR* p”R§ - pand
URTPRpyidduQq-(g*r)andu Qqg*r.

iii) Third, v = t-(q*r) anduR t-p, for somet € C(PTNA"). Since R ™ isarooted branching bisimulation
and u — U/, three cases can be distinguished.

(@) First,t —>t” ©, t’, for somet’, t” € C(PTNAT") suchthat uR*t”- pand u'R*t’- p. It follows
that v =t-(q*r) —»t”-(@*r) ~ t'-(q*r), uQt”- (q*r), and U'Qt’- (q* ).

(b) Second, t —»t” - ./, for somet” e C(PTNA?) suchthat uR*t”- pand UR* p. It follows
thatv=t-(q*r) —t”-(q*r) @), g*r,ugt”-(q*r),andu’Qq*r.

y (@)

(c) Third,t —».,/and p —»p”" —> p/, for some p’, p” € C(PTNA") U {,/} suchthat uR " p” and
UR*p’. Inthiscase, the proof proceeds along the lines of case ii) immediately above.

The above three cases show that for any o € Act and u, U, v € C(PTNAY) U {,/}, such that u — u’ and
uQu, thereexist v’, v” € C(PTNAT™) U {/} suchthat v —»v” @), v, uQv”, and u'Qv'.
Third, assumethat for any o« € Actandu, v, v' € C(PTNAT) U{/}, v —5 v/ and uQu. It must be shown
n (@)

that thereexist u’, u” € C(PTNAT) U {/} such that u —»u"” — u’, u”Qu, and U’ Qv’. Using the definition
of Q, as before, three cases can be distinguished.

i) First,uR*v. Since R isarooted branching bisimulation, the desired result followsimmediately.

ii) Second, v =qg*r anduR* p. Since pRq-p +r and R satisfiestheroot conditionfor pandq-p+r,
three cases can be distinguished.

(8) First,q—q € C(PTNA?) and p— p’ € C(PTNA")U{./} suchthat pRq’-p. SinceuR* p, it
followsthat u —su” - u’, forsomeu’, u” € C(PTNA")U{,/} suchthat u"R*p,anduR*p'.
Hence, it followsfromv = q*r - - (q*r) = v/ and URTp'Rq’ - p that u” Qv = q*r, and
uQv'=q'-(q*n).

(b) Second, g — /and p — p’ € C(PTNAT) U {/} such that p’R p. Since uR " p, it follows
that U —s»u” - u’, for someu’, u” € C(PTNAT) U{,/} suchthat u"R " p, and UR ™ p’. Hence,
it followsfromv = q*r — q*r = v andUR*pRpthau’Qu = g*r,and u' Qv = q*r.

(c) Third,r =51’ € C(PTNA®) U {/} and p - p’ € C(PTNA™) U {,/} suchthat p’Rr’. Since
uR ™ p, it followsthat u —>u” o, u’, for someu’, u” € C(PTNA") U {,/} such that u"R* p,
and UR*r’. Hence, it followsfromv = q*r —r’' = v/ thau’Qu =q*r,andu' Qv =r’.

iii) Third,v =t-(g*r)anduR™t- p, for somet € C(PTNAT). Two cases can be distinguished.
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(8) First,t — t’ € C(PTNA?). SinceuR 't - p, thereexist U, u” € C(PTNA™) U {,/} such that

n (@)

U —»U" =5 U/, u"R*t-p, and URt-p. Hence, it followsfromv = t- (q*r) —>t’-(q*r) = v’
thau’Quv =t-(q*r),andu’ Qv =t"-(q*r).

(b) Second,t — ,/SinceuR*t-p, thereexistu’, u” e C(PTNAY)U{./} suchthat u YN

u"R*t-p, and UR* p. Hence, it followsfromv =t-(q*r) — q*r = v/ that u’Qu = t-(q*r),
andu' Qv =q*r.

The above three cases show that for any « € Act and u, v, v’ € C(PTNAY) U {,/} such that v — v’ and

(@)

uQu, thereexist u’, u” € C(PTNA") U {/} suchthat u —>u” — u’, u”Qu, and u'Qv’.
Finaly, for any u, v € C(PTNAT) U {,/} such that uQu, it must be shownthat u —»./ < v —>./. As
before, three cases can be distinguised.

i) First,uR*v. Since R isarooted branching bisimulation, the desired result followsimmediately.

ii) Second, v = q*r and uR*p. Assumeu —»./. SinceuR*pRq-p+r,q-p+r —»,/. Sinceq
isaguard, LemmaB.1yieldsthatr —»./. Hence, v = q*r —»,/. Assumev = q*r —»,/. This
impliesthatr —»./. SinceuR*pRqg-p+r,u —>,/.

iii) Third,v = t-(@*r)and uR™t - p, for somet € C(PTNA"). Assumeu —»,/. SinceuR*t - p,
t — ./ and p —,/. Since pRq- p +r, using the same argument as in the previous casg, it follows
thatr —» /. Sincedsot —»./, v =t-(Q*r) —» /. Assumev = t-(q*r) —»./. Therefore,t —»./
andr —» /. Since pRq-p +r, aso p —»./. Finaly, it followsfrom uR ™t - p that u —» /.

These two cases show that al so the | ast requirement of a branching bisimulationis satisfied, which concludes
the proof of thevalidity of RSP*. O
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