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Abstract—We present an analysis method that provides tight
temporal bounds for applications modeled by Synchronous
Dataflow Graphs and mapped to shared resources. We con-
sider the resource sharing effects on the temporal behaviour of
the application by embedding worst case resource availability
curves in the symbolic simulation of the application graph.
Symbolic simulation of the application results in a (max,+)
characterization matrix. This matrix specifies a set of recursive
linear equations in (max,+) algebra that bound the worst case
execution of the application. We obtain tighter temporal bounds
on the completion times of tasks than state of the art analysis.
This is achieved by improving the response times of the tasks by
identifying possible consecutive task executions on the resources.
This enables us to use accumulated response times which are less
pessimistic. Applying the new approach to real-life applications
gives significant improvements over the bounds compared to state
of the art.

I. INTRODUCTION

Nowadays embedded applications are being realized on
Multi-Processor Systems on Chip (MPSOCS) and share re-
sources for cost and power reasons. These applications have
real-time constraints regarding latency or throughput. One of
the most important steps in designing embedded applications
on shared platforms is allocating enough resources to these
applications to guarantee their real-time constraints. Often
resource allocation strategies have an iterative process in which
they initially allocate resources, they analyse the temporal
behaviour of the system and then they adjust resource al-
location parameters based on the analysis results [1]. The
temporal analysis is one of the core parts of such algorithms
and since it is a part of an iterative process, it should be
fast enough to make the whole allocation process practical.
Sharing resources introduces uncertainties (non-determinism)
to the temporal behaviour of the applications depending on
the scheduling policy. For example when sharing a resource
by a Time Division Multiple Access (TDMA), clock drifts
cause uncertainties in the relative position of the allocated
time slots which in turn causes uncertainties in the response
times of the tasks. To guarantee that the allocated resources
make an application meet its constraints, we need to obtain
conservative, but tight, temporal bounds on the worst case
behaviour of the system (taking into account the uncertainties)
in a reasonable time. We need the bounds to be tight in order
to avoid over-allocation of resources.

One of the popular methods for the temporal analysis of
MPSOCS are dataflow models of computation. The dataflow
model represents an application by a graph in which the
nodes represent the tasks within the application and the edges
model the dependencies between them. The tasks start their

execution as soon as they have enough input data, then take a
certain time to execute and produce output data. This is called
the self-timed execution of the dataflow graph. The model
provides a timing upper bound to the data-driven execution
of the real application. Among the various types of dataflow
graphs, Synchronous Dataflow Graphs (SDFG) have gained a
lot of interest in modeling embedded applications. The self-
timed execution of SDFG has been proven to have a periodic
behaviour in terms of completion times of its tasks. One of the
fastest analysis techniques to be used with SDFG is symbolic
simulation. Symbolic analysis of applications captures the
periodic behaviour of an SDFG through a set of recursive
equations in (max,+) algebra [2]. These equations concisely
reflect the relation between the temporal bounds of the start
and the end of every iteration of the application.

In our setting, the application is mapped to a multiproces-
sor system of which resources (processors) are being shared
among several applications. We assume the resources are
shared by budget schedulers to have an independent bound
for each application [3]. A budget scheduler guarantees the
application a minimum amount of budget (processing time)
over a periodic time frame called the replenishment interval.
The challenge is that in this setting the exact response times of
task executions cannot be determined because the precise state
of the scheduler is not known when the task starts its execution.
For example, a task might be enabled at a time instance where
the whole budget allocated to the application is already used
for the current replenishment interval, and the task has to wait
for the next replenishment interval (worst case), or the task
might immediately start executing when it is enabled at the
start of the allocated budget (best case). Although it is possible
to obtain conservative bounds using the analysis method of [2]
with worst case response times for all tasks [4], the obtained
bounds are too pessimistic as shown in [5].

In this paper we adapt the symbolic analysis method of [2]
to be able to analyse the applications mapped onto shared
resources. We exploit the fact that the worst case response
time assumption can be avoided for the busy period of the
resource. We conservatively confirm busy periods of resources
by symbolically identifying the sequences of immediately
consecutive task executions. In contrast to existing work, in
this method, response times of task executions are computed
separately per each dependency of the tasks and the longest
response time is used as the worst case response time. For each
dependency we investigate whether it can cause a consecutive
execution if it is the limiting factor for the start time of the task.
This enables us to improve the response times by identifying
more consecutive executions on the resources than in existing



work. We further improve the results by extending the scope
of symbolic simulation and reaping the benefits of capturing
consecutive executions across several iterations instead of only
one.

The paper is organized as follows. Related work is dis-
cussed in Section II. Section III explains the model considered
for applications. Section IV states the analysis objectives and
challenges. Notational background is provided in Section V.
Section VI explains the worst case execution of applications.
Tighter temporal bounds for mapped applications are obtained
in Section VII. Section VIII discusses temporal bounds ob-
tained by using the characterization matrix of multiple iter-
ations. The results obtained from real life case studies are
reported and discussed in Section IX. Section X concludes
the paper.

II. RELATED WORK

Analysing the temporal behaviour of MPSoC applications
is the subject of many works. The analysis methods in different
works depend on the model considered for the application. We
classify these models into two different groups: single-rate and
multi-rate. In the single-rate models all tasks have the same
input and output rate which means that they all produce and
consume the same amount of data. However, multi-rate models
allow different tasks to have different rates. Representative
works that use single-rate models are [6]–[10]. [6] proposes
an analytical method to provide tight bounds for applications
modeled by a set of task graphs. The application of real-time
calculus and minimum cycle mean analysis to Homogeneous
Synchronous DataFlow Graphs (HSDFG) are investigated in
[7] and [8] respectively. HSDFG are a subset of SDFG in
which all tasks have the same rates. [10] addresses the problem
of finding the critical cycle of the concurrent systems modeled
by an extension of marked graphs, called signal graphs. [9]
provides an algorithm to compute the exact bounds on the time
separation of events for cyclic directed graphs. Application
of these approaches to multi-rate models is also possible by
converting these models to single-rate models. However, we
provide an analysis technique that can be directly applied to
multi-rate models. Applications that are multi-rate by nature,
can be analysed more accurately and faster if we use analysis
techniques that can be directly applied to multi-rate models.

There are several approaches that can be directly applied to
multi-rate applications mapped to MPSOCS. [3], [11] embed
the behaviour of the scheduler into the SDFG model of the
application and use existing analysis methods for the self-timed
execution of SDFG. These approaches result in an SDFG
which is more complicated than the model of the application
itself. Consequently, it takes much time to analyse [5]. [11]
uses latency-rate servers to model the resources. This model
gives pessimistic bounds unless a burst of executions are ready
to be started on the resources. The method of [3] improves
the bounds with respect to [11] by exploiting the fact that the
completion times of consecutive iterations of tasks scheduled
using budget schedules display a cyclic pattern, as long as
the size of allocated slice and replenishment interval are
rational numbers. The authors construct a dataflow model that
precisely models this cyclic pattern, thus accurately mimicking
the worst-case behavior per iteration, rather than generalizing
over all iterations. However, for a range of combinations of
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Fig. 1. An example SDFG modelling an application

replenishment interval and allocated budget sizes, the model is
not scalable. It requires additional conservative approximations
to become scalable. This might result in poor estimations
on the bounds [3]. [1] provides an operational semantics for
SDFG realized on deterministic shared resources. Then, it uses
explicit simulation of the resources to find the periodic phase.
The analysis time therefore is longer than the approaches
that use a symbolic analysis method [5], [12]. The tightness
of the bounds obtained by explicit simulation and symbolic
simulation is similar but better than [11].

The work most related to ours is [5]. The authors have
combined symbolic simulation in (max,+) algebra with worst
case resource availability curves. Then, an approach is pro-
vided to improve the Worst Case Response Time (WCRT) of
the tasks for consecutive task executions on the same resource
by providing a rule that allows symbolic identification of the
consecutive executions. We found that this rule is often too
restrictive in the sense that it does not allow the identification
of consecutive executions when the task has dependencies
other than those from the previous tasks. In this paper we
provide an alternative approach that more often identifies
consecutive executions.

III. APPLICATION MODEL

A. Un-timed Model of the Application

We assume that the structure of the application i.e. the
dependencies between individual tasks within the application
can be abstracted by an SDFG. An SDFG is denoted by
a tuple (A,C, θ, ρ). A is the set of actors representing the
computational tasks within the application that should be
carried out by the processors. C ⊆ A × A is the set of
channels. (asrc, asnk) ∈ C is a first-in-first-out communication
channel from actor asrc to actor asnk. The amount of data on
the channels is measured in discrete quantities called tokens.
θ : C → N is a function that gives the initial placement of
the tokens on the channels. For example, θ(c) = n means that
there are n tokens on channel c. ρ : C → N × N defines a
tuple (ri, ro) for each channel where ri(ro) is the number of
tokens asrc(asnk) adds (subtracts) to (from) the channel by
completing (starting) a firing. An actor is said to be enabled if
for all channels that end in that actor the number of tokens on
the channels is at least equal to rate ro of those channels. An
enabled actor can fire and consequently produce and consume
tokens on the channels. The least non-empty set of actor firings
that returns the graph to its initial token placement is called
an iteration. The repetition vector of the graph is a vector
containing the number of firings of each actor in one iteration.
The SDFG example shown in Figure 1 has three actors x, y
and z and four channels (x, y), (y, x), (z, y) and (y, z) with
rates (1, 2), (2, 1), (1, 1) and (1, 1) respectively. The repetition
vector is [2; 1; 1] for actors x, y and z respectively.
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Fig. 2. An example SDFG modelling an application

B. Mapping to a Platform

An application is executed by a platform. A platform Π
comprises a set P of processors. Mapping of application g =
(A,C, θ, ρ) to platform Π is characterized by a tuple (β, σ).
Actor binding function β : A→ P , for all actors x ∈ A picks
a processor from P that is responsible for its execution. Actor
schedules σ determine the execution order of actors within
the application that are bound to the same processor. Let Ap
denote the set of all actors bound to processor p ∈ P i.e.
Ap = {x ∈ A | β(x) = p}. We give actors within Ap access
to the processor by means of a static order schedule. A static
order schedule σ for a set A of actors is a periodic infinite
sequence a1, a2, a3, · · · of actors in which ai ∈ A. To have
a periodic behaviour, the schedules are assumed to be free of
deadlocks.

C. Timed-SDFG Model of the Mapped Application

Once the tasks within the application are bound to the
processors, their execution times can be determined. Therefore
we can assign times to the SDFG actors. A timed-SDFG
of an un-timed SDFG (A,C, θ, ρ) is denoted by a tuple
(A,C, θ, ρ, ε) where execution time function ε : A → R+

assigns all tasks their execution times from the set of positive
real numbers.

Assume the application shown in Figure 1 is mapped to a
multiprocessor platform with two processors p1 and p2. Now
assume that x and y are bound to p1 and z is bound to p2 and
the static order schedules for these processors are <x, y, x>
and <z> respectively. The execution times of all actors are
assumed 1 time unit. Figure 2 depicts the timed-SDFG model
of the application.

For a mapped application, the communication delay be-
tween the actors bound to different processors can also be
modeled. For example a point-to-point connection with a fixed
communication delay can be modeled by adding an actor with
suitable execution time between communicating actors. More
complex communication models such as a network-on-chip
connection model of [13] can also be considered.

IV. PROBLEM DEFINITION

The objective of the paper is to find a mathematical model
that conservatively mimics the timing behaviour of a mapped
application running on a shared multiprocessor platform. Each
processor can be shared between different applications us-
ing the predetermined scheduling policy of the processor. In
general we assume that the platform is able to provide each
application a minimum guaranteed amount of time (budget) of
each processor in a given interval in which they can access
the processors. For example considering a TDMA scheduler,
the actors within the application can access the processors in
the allocated slots. The tasks of the application are preempted

when the scheduler allocates the processor to other applications
and they can resume their process the next time the application
has a slot. The challenge here is to obtain conservative but tight
response times of the tasks and use them to model the overall
timing behaviour of the system.

V. NOTATION

For a and b in Rmax = R∪{−∞}, (max,+) algebra [14]
considers the operations a⊕ b , max(a, b) and a⊗ b , a+ b.
For the sake of readability we use the standard max and addi-
tion notations. For a ∈ Rmax, max(−∞, a) = max(a,−∞) ,
a and −∞+a = a+−∞ , −∞. Rnmax is the set of all n ∈ N
dimensional vectors in Rmax. Similarly, Rn×nmax is the set of all
n×n matrices in Rmax. Addition and max operation on vectors
of the same size are applied to their corresponding elements.
For ā, b̄ ∈ Rnmax, we write ā � b̄ if āi ≤ b̄i for i = 1, · · · , n,
where āi denotes the ith element of ā. Vector dot-product ā.b̄
returns a scalar c ∈ Rmax where c = maxi(āi + b̄i). Scalar to
vector addition results in a vector of the same size where the
scalar is added to each of its elements.

VI. WORST CASE EXECUTION

A. Worst Case Response Times

Actors bound to the same processor, have access to the
resources according to the static order schedule. Therefore
the order in which the actors get access to the resources or
the order of firings can be tracked. Let σp(k) denote the kth
actor that has access to p according to the given static order
schedule σ. Let tuple (p, k) denote firing k on processor p
which corresponds to actor x = σp(k). From the moment
firing (p, k) becomes enabled i.e. actor x becomes able to start
firing, it requires ε(x) units of processing time to be completed
where ε(x) is the execution time of actor x. Since preemption
is allowed by the platform, the actor completes its firing when
the sum of the processing time that it gets after enabling time,
exceeds ε(x). The total time it takes for an actor to complete
its firing once it is enabled, is called the response time of the
firing. An upper bound on the completion time of the actor
firing can be calculated from the time instance it becomes
enabled as

c(p, k) = e(p, k) + ω(x) (1)

where c(p, k) denotes an upper bound on the completion
time of (p, k), e(p, k) denotes its enabling time and ω(x)
denotes the Worst Case Response Time (WCRT) of actor x. To
calculate ω(x), we have to find the minimum amount of time
that guarantees the application ε(x) units of processing time.
For example, let’s consider processor p shared by example
TDMA in Figure 3. Now consider the first firing on processor
p, i.e. (p, 1) which is of actor x for example, with ε(x) = 1.
Assume it becomes enabled at e(p, 1). The worst case enabling
time with respect to the positioning of the allocated slots is
depicted in the same figure. In this situation, the actor has to
wait 4 time units to start processing at the next allocated slot;
hence, ω(x) = 5 and in the worst case it will completely be
processed at c(p, 1) = e(p, 1)+5. This means that 5 time units
is the minimum time that guarantees the application 1 unit of
processing time using the example TDMA.

To find the WCRTs of actor firings with different ex-
ecution times, we use the notion of Worst Case Resource



Curve (WCRC). The WCRC is the same as the lower bound
service curves of real-time calculus [15]. This curve specifies
the minimum amount of service (processing time) that the
application is guaranteed to get in any time interval [5].

Definition 1 (Worst Case Resource Curve): A WCRC
ζ(δ) specifies the minimum amount of processing time
allocated to the application in every time interval of length δ.

For a TDMA scheduler for example, the WCRC has a
periodic behaviour of length w where w is the size of the time
wheel i.e. ζ(δ + w) = ζ(δ)+∆ for some constant ∆. The first
period of the WCRC can be calculated by

ζ(δ) = min
t∈[0,w)

∫ t+δ

t

α(u)du

where α(t) is 1 if at time t the processor is allocated to
the application and 0 otherwise. The WCRC of the example
TDMA scheduler is depicted in Figure 3. According to this
figure, the worst case response time of a firing is the earliest
time that the processor dedicates the required processing time
to the actor. Therefore the WCRT of a firing actor can be
obtained from the WCRC of the processor by the following
equation

ω(a) = inf{δ ∈ R+ | ζ(δ) ≥ ε(a)} (2)

where inf (.) is the infimum operation. As an example, a
firing with execution time of 1 has WCRT of 5 and execution
time 2 has WCRT of 7 time units. As explained, using WCRC
to find the completion time of the firings assumes the longest
waiting time for the actor; i.e. it starts from the beginning of the
curve where the processor is not available for the application.
It is well known that this assumption can be avoided for
time intervals in which we can ensure the processor will be
kept busy within those time intervals. Such time intervals are
called the busy periods of the processor [16]. Within a busy
period, the first firing starts from the beginning of the curve
and the next firings that follow, continue on the same curve
because they can start as soon as the processor completes the
previous firing. One way to be sure that the processor is kept
busy is when a sequence of consecutive firings are enabled. A
sequence of firings is said to be consecutive if we know that
for all its firings, their enabling is no later than the completion
of the previous firing.

Definition 2 (Consecutive Firings): A sequence of firings
R = (p, k), · · · , (p, k + n) is said to be consecutive if the
enabling time of firing (p, i) is guaranteed to be at most the
completion time of firing (p, i− 1) for k + 1 ≤ i ≤ k + n.

For example, let’s assume p has completed the first firing
and from the properties of the application holds that the second
and third firings on p enable once the previous firing completes
i.e. e(p, i) = c(p, i− 1) for i = 2, 3. Let’s also assume the
actors y and x with execution times of 1 correspond to these
firings respectively. The second firing can start at the same time
as the first firing completes. Therefore it starts from the point
on the curve where (p, 1) completed, and hence it holds that
c(p, 2) = e(p, 1) + 7. Similarly, the third firing also continues
the same curve and c(p, 3) = e(p, 1)+8 as shown in Figure 3.
Note that if we fail to exploit the fact that these firings are
consecutive, we obtain the pessimistic upper bound of 15 time
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Fig. 3. An example TDMA and its corresponding WCRC. Only the green-
coloured slots are allocated to the application.

units, since Equation 2 returns the WCRT of 5 time units for
all actors and the firings start one after another.

From the example one can realize that the completion
time of firings within a sequence of consecutive firings are
computed from the enabling time of the first firing and the
WCRT for a task with the same execution time as the sum
of the execution times of the individual actors. Now we
adapt Equations 1 and 2 to obtain tight upper bounds for the
completion times of firings in busy periods. Let Ri denote a
subsequence of R with the first i firings and [R]i denote the ith
firing in R. An upper bound on the completion time of firing
[R]i can be calculated by adding the accumulated worst case
response time, ω(Ri) to the enabling time of the first firing in
R i.e.

c([R]i) = e([R]1) + ω(Ri). (3)

ω(Ri) is equal to the WCRT of an execution time equal
to the sum of execution times of the corresponding actors of
the firings in Ri i.e.

ω(Ri) = inf{δ ∈ R+ | ζ(δ) ≥
i∑
l=1

ε([Ri]l)}. (4)

In the following, we will identify the busy periods and
obtain tight upper bound on the completion times of the firings
based on the above equations.

B. Worst Case Actor Firing Semantics

An actor in the next position of the static order schedule
can start firing when the processor and the tokens consumed
by the actor are available. Therefore, the start time of the firing
is synchronized with the latest time that the processor and the
consumed tokens are available.

To illustrate, consider the timed-SDFG shown in Figure 2.
Lets assume p1 is shared by the example TDMA and p2 is
shared by another TDMA of the same wheel size in which
there is always an allocated slot next to an unallocated slot as
shown in Figure 4. Let ta, tb, tc denote the availability times of
the initial tokens labelled a, b, c in Figure 2 and tp1 , tp2 denote
the initial availability times of processors p1, p2 respectively.
We compute c(p, k) for firings involved in one iteration of the
graph given that ta = tb = tc = tp1 = tp2 = 0.

z is the first actor in the static schedule of p2 but it is
not enabled initially because it does not have enough tokens
on channel (y, z). The first firing on p1, i.e. (p1, 1), is of x,
which is dependent on the availability of token b and on p1.
Thus, it completes at the latest at c(p1, 1) = max{tb, tp1} +
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ω(σp1(1)) = 0 + ω(x) = 5. By completion of this firing,
a token is produced on channel (x, y) and the availability
time of p1 for the next firing is c(p1, 1). The availability of
p1 and the token produced on (x, y) together with tokens a
and c are required for the second firing on p1 which is of
y. Therefore, c(p1, 2) = max{tc, ta, c(p1, 1)} + ω(σp1(2)) =
max{0, 0, 5}+ω(y) = 5+5 = 10. Now, z is enabled and x is
enabled for the second time. (p2, 1) is a firing of z and requires
the availability of p2 and the token produced on channel (y, z)
by y. Thus, c(p2, 1) = max{tp2 , c(p1, 2)} + ω(σp2(1)) =
max{0, 10} + ω(x) = 10 + 2 = 12. By the completion of
(p, 3) at c(p1, 3) = max{c(p1, 2), c(p1, 2)} + ω(σp1(3)) =
10 + 5 = 15 the iteration is complete.

C. Symbolic Simulation & Temporal Bounds

Next, we simulate the graph symbolically. That is, we
consider symbols for the availability times of initial tokens
and initial availability times of processors as opposed to the
concrete simulation we did above. This way we can represent
the production time of a token for example, in a form called
symbolic time stamp, that contains all time differences between
the production time of the token and the availability time of
initial tokens. This enables us to find relations between the
start and completion times of actors within one iteration that
hold for any arbitrary iteration.

Following [12], the production times of each token and
consequently the start and the completion times of each actor
firing can be represented by a symbolic time stamp of the
form t = maxi(ti + gi) where ti are the availability times of
initial tokens (a, b, c) and initial availability times of processors
(p1, p2). gi ∈ Rmax are suitable constants that indicate the
minimum time difference between t and ti if ti is a limiting
factor in production (completion/start) of the token (actor
firing). It is −∞ if there is no dependency between t and
ti. In the (max,+) algebra domain we can represent such a
symbolic time stamp with the vector dot-product i.e. t = t̄.ḡ
where t̄ = [ta; tb; tc; tp1; tp2]T and g ∈ R5

max for the example.
Using the time stamps, the completion time of (p1, 2) and
consequently the production times of the tokens produced by
it, c(p1, 2) = max(ta + 5, tb + 10, tc + 5, tp1 + 10) can be
represented as [5; 10; 5; 10;−∞]T . This vector representation
of the start (completion) time of firings is called the symbolic
start (completion) time and it is denoted by ē(c̄). Another
important interpretation of the elements of the symbolic time
stamp t = maxi(ti + gi), is that if of all limiting factors of t,
tj is the actual limiting factor i.e. j = argmax(tj + gj), gj is
the maximum time difference between t and tj . For example,
the maximum time difference between c(p1, 2) and tb is equal

to the second element of c̄(p1, 2) i.e. 10, if we know that
the availability of b is limiting the completion of (p1, 2). For
symbolic simulation of the example, let t̄a, t̄b and t̄c denote the
following symbolic time stamps: [0;−∞;−∞;−∞;−∞]T ,
[−∞; 0;−∞;−∞;−∞]T and [−∞;−∞; 0;−∞;−∞]T re-
spectively. Similarly, let t̄p1 and t̄p2 denote the initial availabil-
ity time of the processors and correspond to the time stamps
[−∞;−∞;−∞; 0;−∞]T and [−∞;−∞;−∞;−∞; 0]T re-
spectively. Now we can simulate the example symbolically.
The first firing on p1 starts at ē(p1, 1) = max{t̄b, t̄p1} =
[−∞; 0;−∞; 0;−∞]T and completes the latest at c̄(p1, 1) =
[−∞; 0;−∞; 0;−∞]T + 5 = [−∞; 5;−∞; 5;−∞]T . Sim-
ilarly the symbolic completion times of other firings are
determined as c̄(p1, 2) = [5; 10; 5; 10;−∞]T , c̄(p1, 3) =
[10; 15; 10; 15;−∞]T and c̄(p2, 1) = [7; 12; 7; 12; 2]T . At
the end of the iteration, the symbolic production times of
the tokens remaining on the graph will be regarded as the
availability times of the initial tokens from the point of the next
iteration. Moreover, the completion times of the last firings on
the processors will be regarded as the initial availability times
of the processors. For the next, let t̄′ = [t′a; t′b; t

′
c; t
′
p1 ; t′p2 ]T

denote the new availability times of the tokens and processors.
From [5], the relation between t̄′ and t̄ can be found by
collecting the symbolic time stamps of the tokens remaining
on the graph at the end of the iteration and the time stamps of
the last firings on the processors. This relation is determined
by the (max,+) characterization matrix M .


t′a
t′b
t′c
t′p1
t′p2

 =


7 12 7 12 2
5 10 5 10 −∞
10 15 10 15 −∞
10 15 10 15 −∞
7 12 7 12 2

 ·


ta
tb
tc
tp1
tp2


M is obtained by noticing that a, b and c are produced

when (p2, 1), (p1, 2) and (p1, 3) completed respectively. Thus,
t′a = c̄(p2, 1), t′b = c̄(p1, 2) and t′c = c̄(p1, 3). The last firings
on processors are (p1, 3) and (p2, 1). Thus t′p1 = c̄(p1, 3) and
t′p2 = c̄(p2, 1). Using M we can compute an upper bound for
any arbitrary iteration with the recurrent relation γ̄k+1 = M ·γ̄k
where γ̄k ∈ Rnmax is a vector of time stamps that marks an
upper bound to iteration k. With this recurrence, the cycle time
of the application i.e. the average rate in which the iterations
of the application complete can also be computed. An upper
bound on the cycle time can be obtained by calculating the
(max,+) eigenvalue of M [2]. For this example we obtain
the cycle time of 15.

VII. TIGHTER TEMPORAL BOUNDS

In [5] an approach has been developed to provide tighter
upper bounds on the completion times of firings. This approach
sets up a condition to identify consecutive firings on the
processors symbolically in order to avoid using WCRTs for
each individual firing. To calculate the symbolic completion
time of a firing, the authors initially assume that it will
start a new sequence of consecutive firings on the processor,
then if the symbolic start time of the next firing is not
greater than the symbolic completion time of the firing, i.e.
ē(p, k + 1) � c̄(p, k), then the next firing is appended to the
sequence of consecutive firings. Then the accumulated worst
case response time can be used to calculate its completion



time based on Equation 3. Otherwise it is assumed to start a
new sequence of firings and therefore, its completion time is
calculated by Equation 1. For our example, execution of actor
x starts a sequence of consecutive firings on p1 at ē(p1, 1) =
[−∞; 0;−∞; 0;−∞]T . It completes at c̄(p1, 1) = ē(p1, 1) +
ω(x) = [−∞; 0;−∞; 0;−∞]T + 5 = [−∞; 5;−∞; 5;−∞]T .
The next firing can start at the symbolic time stamp
max{t̄a, t̄c, c̄(p1, 1)} = [0; 5; 0; 5;−∞]T . Since ē(p1, 2) =
[0; 5; 0; 5;−∞]T � c̄(p1, 1) = [−∞; 5;−∞; 5;−∞]T , the
second firing on p1 also starts a new sequence of consecutive
firings and completes at ē(p1, 2) +ω(y) = [0; 5; 0; 5;−∞]T +
5 = [5; 10; 5; 10;−∞]T . The third firing on p1 starts at
[5; 10; 5; 10;−∞]T . Since ē(p1, 3) � c̄(p1, 2) the completion
of the third firing is calculated using Equation 3. Therefore, for
this firing, c̄(p1, 3) = ē(p1, 2)+ω(y · x) = [7; 12; 7; 12;−∞]T .
We have obtained a tighter upper bound on the completion
time of (p1, 3). This also affects the upper bound on the
cycle time of the application, which reduces from 15 to 12.
This method of symbolically identifying consecutive firings
has been proposed in [5]. Next we present our symbolic
identification of consecutive firings.

We show that condition ē(p, k + 1) � c̄(p, k) is too
restrictive. It requires all elements of ē(p, k + 1) not to be
greater than c̄(p, k) and if this condition is not satisfied then
the WCRT is used according to Equation 1. This creates overly
pessimistic dependencies between the availability times of the
tokens/processors and the completion times of the firings. For
example recall that ē(p1, 2) = max{t̄a, t̄c, c̄(p1, 1)} � c̄(p1, 1)
since

max
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0
−∞
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5
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0
5
0
5
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 �


−∞

5
−∞

5
−∞

 .

This means that every time an initial token is consumed
by actors, the condition is not met. Therefore for such cases
we always have to use Equation 1. In this example it leads to

c̄(p1, 2) =


0
5
0
5
−∞

 + 5 =


5
10
5
10
−∞


The second element of c̄(p1, 2) is 10. This expresses that

there is at most a time difference of 10 time units between tb
and c(p1, 2) when b is limiting the completion. This however is
too pessimistic because in case b is indeed the limiting factor,
then (p1, 2) will immediately start when (p1, 1) completes;
we can conclude that in this situation, (p1, 1) and (p1, 2) are
consecutive. Therefore the maximum time difference between
tb and (p1, 2) cannot be more than the accumulated response
time of ω(z · y) = 7. However, if tc or ta is the limiting factor
then the maximum time difference between ta and (p1, 2) or
tc and (p1, 2) can be at most the WCRT of ω(y) = 5. This
means that the symbolic completion time of (p1, 2) should be
[5; 7; 5; 7;−∞]T . To avoid such pessimistic completion times,
we propose to compute the completion time of each firing with
respect to each ti, separately.

To be able to find the maximum time differences between
the completion times of firings and all ti separately, we
have to find all dependencies between firings for the firings
involved in one iteration of the application graph. This enables
us to separately capture all possible dependency paths that
connect the completion times of firings to all ti. Then for each
dependency path we can separately determine which firings are
consecutive in it. To do so, we first find all firings on which
the start of a firing directly depends.

Definition 3 (Dependency Set): The dependency set
D(p,k) comprises the firings the completions of which are
required for (p, k) to start, i.e. D(p,k) = {(p′, k′) | (p, k)
consumes a token produced by (p′, k′)} ∪ {(p, k − 1)}.

Note that the first firing on the processor i.e. (p, 1) is
dependent on the initial availability of p which can be denoted
by (p, 0) as if it was released by completion of firing 0 on
p. In addition, to be able to represent the dependency on the
availability of initial tokens, we represent them as if they were
produced by completion of firings with negative indices on an
arbitrary processor i.e. (p, k) with k < 0. The firings with non
positive indices are referred to as initial dependencies.

During symbolic simulation, for each token that is pro-
duced by firings, in addition to the symbolic time stamp
that shows its production time, we add extra information
regarding the firing that produced them. By keeping track of
the tokens produced and consumed by firings, we can extract
the dependency sets of firings. Figure 5 shows the dependency
graph associated with the execution of the example SDFG
for two subsequent iterations. It is obtained by simulating the
graph and finding the dependency set of each firing during
the simulation. In this graph, the nodes represent the firings.
A directed edge from (p′, k′) to (p, k) indicates that (p, k)
is dependent on (p′, k′). The black edges indicate the firing
dependencies on the same processor and the red edges indicate
the dependencies on different processors. For the sake of
readability, the initial dependencies are given their own names
instead of firings with non positive indices. Using this graph
we can track the dependencies of each firing back to the
initial dependencies and separately compute the time difference
between them. The key point is that if two nodes are connected
only by black edges, then the time difference between them
is equal to the accumulated worst case response times of all
firings between them including the last node. For example the
time difference between (p1, 3) and tb (b in the figure) is equal
to ω(z · y · z) = 8 which is less pessimistic compared to 12
obtained by the method of [5]. However, if the connecting path
contains red edges, we have to separate the path on the red
edges. For each separate piece of the path then, we can use
the accumulated response times to compute the partial time
differences. Finally, the response time is equal to the sum of
all partial time differences. For example the time difference
between (p2, 1) and tb is equal to ω(z · y)+ω(x) = 7+2 = 9.
If there is more than one path between two nodes, then the
time difference is equal to the maximum of time differences
in all paths. For example there are two different paths between
(p2, 2) and tp2 (p2 in the figure). The maximum time difference
between them is max{ω(x · x), ω(x)+ω(y)+ω(x)}– the first
term for the path with black edges and the second term for the
path with the red edges.

Algorithm 1 sketches the construction of the character-
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Fig. 5. Dependency graph associated with the execution of the example
SDFG for two iterations

ization matrix based on separate analysis per dependency
for a given timed-SDFG application graph g, platform Π,
binding function β, WCRCs and static order schedules ζ and
σ per processor. The algorithm stores the dependency sets and
completion times of all firings in sets D and Φ respectively.
D and Φ are computed following a symbolic execution of
an iteration of the graph. D is initially empty and Φ is
initialized with the completion times of initial dependencies
(lines 2,3). The repetition vector is calculated in line 4. Then,
the algorithm picks an enabled actor (line 7). The processor
which the enabled actor is bound to is found from β in
line 8. Then the firing counter on this processor is updated
(line 9). Initially, it is assumed that the firing is not part
of any previously started consecutive firing sequences; thus
R = (p, k) (line 10). The dependency set of the firing is
constructed in line 11 and added to D in line 12. Line 13
calls Algorithm 2 to compute the upper bound on the symbolic
completion time of the firing. This algorithm first constructs
the dependency graph. Starting from node (p, k), it connects all
nodes representing the firings in the dependency set of (p, k)
to this node. Then, the same action is taken for each node
in the dependency set of (p, k) only if it represents a firing
on the same processor. This process continues until all source
nodes of the graph (the ones without input edges) are either
representing initial dependencies or firings on other processors.
Then, the symbolic completion time of the firing is obtained by
adding the maximum time difference of all paths that connect
the source nodes to (p, k) i.e. the accumulated response time
of all firings in the path, to the symbolic completion time of
firings represented by source nodes and taking the maximum
of all. The calculated symbolic completion time of the firing is
added to the set of completion times (line 14). When all firings
involved in one iteration of the graph are stored in Φ, the
algorithm terminates after collecting the completion times of
tokens left on the graph and of the last firings on the processors
(line 17).

Algorithm 2 computes the upper bound on the symbolic
completion times of firings in a recursive fashion from its
dependencies. The inputs of this algorithm are: firing (p, k),
set Φ of all symbolic completion times of stored firings, set D
of their stored dependency sets, sequence R of the consecutive
firings and the WCRCs of the processors. Initially c̄(p, k) is
set to a vector of appropriate size with all of its elements equal
to −∞ (line 2). The algorithm picks a dependency from D(p,k)

(line 4). A symbolic completion time for (p, k) is computed
form this dependency as follows: if the dependency is either
initial i.e. (p′, k′) s.t. k′ ≤ 0 or not from p i.e. (p′, k′) s.t
p′ 6= p, the symbolic completion time from this dependency
is calculated by adding ω(R) to the symbolic completion time
of that dependency (line 6); if the dependency is such that

Algorithm 1 Construct the (max,+) matrix of a SDFG
1: ConstructMaxP lusMatrix(g,Π, β, ζ, σ)
2: D ← ∅
3: Φ← initial dependencies
4: r̄ ← compute the repetition vector of g
5: r̄′ ← r̄
6: while r̄′ 6= zero vector do
7: a← pick an enabled actor such that r̄′(a) ≥ 0
8: p← β(a)
9: k ← update the firing counter on p = β(a)

10: R← (p, k)
11: D(p,k) ← construct the dependency set for (p, k)
12: D ← D ∪ {D(p,k)}
13: c̄(p, k) = WCCTF((p, k), D,Φ, R, ζ)
14: Φ← Φ ∪ {c̄(p, k)}
15: r̄′ ← r̄′ − 1
16: end while
17: M ← collect the new time stamps of initial tokens and

processor availabilities from Φ

Algorithm 2 Worst Case Completion times of firings
1: procedure WCCTF((p, k), D,Φ, R, ζ)
2: c̄(p, k)← [−∞; · · · ;−∞]
3: while D(p,k) 6= ∅ do
4: (p′, k′)← pick a dependency form D(p,k)

5: if p′ 6= p ∨ k′ ≤ 0 then
6: ˜̄c(p, k)← c̄(p′, k′) + ω(R)
7: else
8: R← prepend (p′, k′) to R
9: ˜̄c(p, k)←WCCTF((p′, k′), D, φ,R, ζ)

10: end if
11: c̄(p, k) = max(˜̄c(p, k), c̄(p, k))
12: D(p,k) ← D(p,k) \ (p′, k′)
13: end while
14: end procedure

p′ = p, (p′, k′) is prepended to R i.e. R = (p′, k′), (p, k)
(line 8) and Algorithm 2 is invoked recursively for (p′, k′)
and new R to obtain the symbolic completion time from this
dependency (line 9). The symbolic completion time of (p, k) is
updated to the maximum symbolic completion time from the
dependency and itself (line 11). The algorithm terminates when
the completion times from all dependencies in all invocations
are computed.

VIII. MATRIX OF MULTIPLE ITERATIONS

In obtaining the characterization matrix by symbolic simu-
lation of the graph for one iteration, we treated the completion
times of tokens and the last firings on processors at the end of
the iteration, as the initial dependencies for the next iteration.
This implies that no consecutive firings can be identified across
multiple iterations. However, by continuing the simulation for
more than one iteration, we can keep track of consecutive
firings for firings involved in the next iterations. This indeed
improves the upper bounds on the completion times of firings
for the next iterations. Let’s assume we want to compute the
time difference between the completion time of (p1, 4) in the
second iteration and the availability of b. Figure 5 shows a
time difference equal to ω(z · y · z · z) = 9. However, by
stopping the simulation at the end of the first iteration, the time
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Fig. 6. Average improvements in throughput lower bounds compared to [5]

difference can only be calculated by adding ω(z) = 5 to the
time difference between b′ and b i.e. ω(z · y · z) = 8 which
gives the time difference of 13 time units. In our example
the cycle time obtained by constructing the matrix for two
iterations is 7 1

2 and for three it reduces further to 6 1
3 . Note

that extending the scope of simulation comes at the cost of
increased analysis time.

IX. EVALUATION

We have implemented our temporal analysis method in the
SDF3 tool [17]. We compared the throughput (1/cycle time)
lower bound obtained by our approach with the state of
the art analysis of [5] for three real life applications: H.263
encoder, H.263 decoder and sample rate converter, all available
in the SDF3 tool. To have a fair comparison in terms of
analysis run-time, we do not analyse across iterations in this
comparison. For each application, we used SDF3 to map it
to a multiprocessor platform with four processors such that
the total work load is evenly distributed between processors
as much as possible. We limit the replenishment intervals
to 0.01 × Cf ≤ w ≤ 0.1 × Cf where Cf is the cycle
time of the application when all processors are fully allocated
to the application. Large replenishment intervals cause huge
delays in execution of the application, which is not desired;
small replenishment intervals are less useful because of the
context switch overhead. Figure 6 shows the average relative
improvements in the throughput lower bounds of applications
for different replenishment intervals and allocated budgets.
For each combination of replenishment interval and allocated
budget, the (max,+) characterization matrix is constructed by
Algorithm 1. Then a lower bound on throughput is computed
by obtaining the (max,+) eigenvalue of this matrix. As
shown in the figure, the improvement ratio decreases when
the application gets smaller or larger processor shares. In
these cases using the accumulated worst case response times
does not have much improvements over WCRTs. The average
analysis run-time for the mentioned applications on a standard
computer is 320 milliseconds which is 17% longer compared
to [5]. It is still in the practical range.

X. CONCLUSION

We have proposed an analysis technique that provides
conservative, but tight temporal bounds for SDFG applications
running on shared resources. Our approach uses WCRCs to
obtain the WCRT of the tasks and then uses them in the
symbolic simulation of the application graph. It results in the

(max,+) characterization matrix that mimics the worst case
execution of the application. We obtain tighter bounds than
the state of the art by identifying consecutive firings on the
processors. For consecutive firings, we are able to use the ac-
cumulated worst case response times that are less pessimistic.
By identifying consecutive firings across iterations, we obtain
even tighter bounds. This analysis can be extended to give
tighter bounds for dynamic dataflow models such as Scenario
Aware Dataflow.
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